Arakelov Class Groups

Rene Schoof

Let F' be an number field. We will construct the Arakelov class group of
F' (a topological group) and introduce reduced divisors (a finite set of regularly
distributed divisors in this group).

1. Arakelov Class Group

First, a bit of history. In 1970, Shanks computed the units and class group of the
real quadratic field (@(\/E)7 d € Z~q, and utilized the idea of ‘infrastructure’. In
1980, Lenstra explained this phenomenon by introducing a circle group and the
theory of reduced binary quadratic forms, e.g. the continued fraction expansion of
V.

To generalize this situation, we define the Arakelov class group. Associated
to the ring of integers O C F, we have the ideal group Ir, which is isomorphic
to @p prime Z. We add in the infinite primes o : F — C up to conjugation, real
and complex as o(F) C R. Added together, we obtain the Arakelov divisor group

Divp = @, Z x @, R.

An arbitrary divisor is of the form

D=3 npp+>, 2,0
where n, € Z, z, € R. For example, for f € F*, we have the principal Arakelov
divisor where n, = ord, f, z», = —logl|o(f)|. The assocation F* — Divg by
f — (f) is easily seen to be a homomorphism, and we see that we have the
following exact sequence

0— pup — F* — Divp — Picp — 0

as any element which has trivial valuation at all places must be a root of unity.
The cokernel is called the Picard group of F', which is a quotient of the idele class
group of F.

We also have the degree map

deg : Divp — R
deg(p) = log(Np)

1
deg(0) = {
2, o complex

o real
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where Np = #Op/p. The degree map is clearly surjective and a homomorphism.
Fact 1.1 (Product formula). We have deg((f)) = 0 for any principal divisor f.

Proof. This follows immediately from the ordinary product formula on F'. O

Example 1.2. Let o = 2+1 € Z[i]. We see that ord,(2+1) =0 for all p # (2+1),
and otherwise is 1 at the prime p = 2 + 1.

We see ord, (o) = log|2 +i| = 1/2logh for o : Q(i) — C, so the degree of
the principal divisor is indeed

deg(a) = deg((2+ 1) 4+ 1/2log5(0))
=—1log5+ (1/2log5)(2) =0

since #Z[i)/(2+ 1) = #F5 = 5.

Within the Arakelov class group we consider elements of degree zero and have
the following exact sequence:

0 — pup — F* — Divl, — Pic% — 0
where the middle map sends f — (f). We say the group PicOF is the Arakelov class

group.
Putting these maps together, we obtain:

0 ZJR Divg Ir 0
0 T Picg Clg 0
0 0 0

We now take degree 0 parts:
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0 0 0
0——=0%/pr ——F"/up ——= Pr ——0
log
00— (>, R)° DivY, Ip 0
0 T0 Pic). Clp 0
0 0 0

Notice that by the Dirichlet unit theorem, the unit group O%/ur is a full lattice
in the real vector space (3, R)Y of dimension 7y + 75 — 1; therefore the quotient
TY is a compact topological group. Since the class group is finite, the Picard group
Pic% is a compact topological group. In fact, it is equivalent: the compactness of
Pic% implies the Dirichlet unit theorem and the finiteness of the class group.

2. Ideal Lattices

We would like to now interpret this group. Recall that the class group Clg, the
group of fractional ideals modulo principal fractional ideals, is the same as the
group of fractional ideals up to Op-isomorphism, which is the same as the group
of projective rank 1 Op-modules up to Op-isomorphism. We would like to know
if we have a similar moduli interpretation for Picp.

Now consider

Op CFCFr=F®uR=R[T]/(f(T))
where F = Q(«) if v is a root of f(7T'). Then Fg is a product of R or C as o ranges
over the infinite primes of F"
Fr 2 R™ x C™.
The algebra Fy is an étale R-algebra.
The Divisors gives an additive notation, but we would also like a multiplica-

tive notation. Let D be the Arakelov divisor D = ) nyp + > x,0. To the finite
component we associate the ideal T = [[p~ ", and to the infinite component we

consider
(z0)o € [[R =5 [ R%0 C Fi;
(e (o8

we let u be the inverse of the totally positive unit that comes from ) z,0. Then
we write D = (I, u).
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Example 2.1. The neutral element of this group is D = 0, which is D = (Op,1).
Therefore —D = (I7*,u™t). For a principal divisor we have D = (f~*Op,|f]),
where |f|, = |oy].

As the algebra FR is étale, there is a canonical involution. On the real co-
ordinates it acts as the identity, and on all of the complex coordinates we apply
complex conjugation: (z,)s = (Tos)s. Given this, we have a canonical Euclidean
structure on the algebra where for z € Fg,

[12]Zan =[] = Tr(a7).

can

This involution does not preserve F', unfortunately. With this structure, Op C
F C Fg becomes a lattice.

Example 2.2. For F = Q(i), we have Z[i] C Q(i) C C, the usual square lattice in
the complex numbers.

For F = Q(v/2), we have Z[/2] C Q(v/2) C R x R. In this lattice, the image
of the rational numbers is along the diagonal 1 — (1,1), whereas /2 — (v/2, —/2)
maps to the antidiagonal.

The covolume of the lattice associated to the ring of integers is y/|Ap|, where
|Ap| = det(Tr(wiw;)), if Op =Zw1 & - - & Zw,,.
For a more general Arakelov divisor D = (I, u), then we map

I — F]R

f=uf
In this way, I C I ®g R becomes a lattice. We then transport the metric and
define ||f||p = ||wf]||can- Therefore I has both a structure of an Op-module and

a Euclidean lattice, where (\z,%) = (z, \y) for z,5y € I ® R, A € Fg. In this case,
the lattice has covolume +/|Ap|e~ 98D,

We say that an ideal lattice is a fractional ideal with such a Euclidean struc-
ture; this is equivalent to giving a totally positive unit u.

We saw that the class group classifies projective rank 1 Op-modules up
to isomorphism. Likewise, Picp classifies ideal lattices up to isometry (an Op-
homomorphism which preserves length under the metric). Therefore PiCOF classifies
ideal lattices with fixed covolume /|Ap| up to isometry.

Recall from our complex we had the exact sequence

0— (I[,R)/log|O%| — Picp — Clg — 0.

The last map is the forgetful map (I, u) — I. Therefore different u give different
metrics unless they arise from the image of log|O%|.

Example 2.3. For F' = Q, Picp = R = RY, by the exponential map. Every lattice
looks like Z., and the real number says how long the vector 1 is. If F' is an imaginary
quadratic field, then the factor ([ ,R)/log|O%| = R, again a scaling factor. The
first interesting example is of a real quadratic field.
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3. Infrastructure and Reduced Divisors
First we see that ideal lattices do not contain very short vectors.

Proposition 3.1. If D = (I,w) is an ideal lattice of degree 0, then for 0 £ f € I,
then ||f||p > /n, where n = [F : Q).

Proof. We write down
1£1 = luf[2 = Te(ufaF).
By the arithmetic-geometric mean, this is
Tr(ufaf) > nN(ufuf)/™ = nN(uf)?/™.

A short computation shows that deg D = —log(NINwu); since deg D = 0, we
see N(Tu) =1, and since f € I, Nf > NI, we conclude that

nN (uf)?™ > nN(ul)*>™ = n.

For F' = Q(V/d), d > 0, O% = +¢”. We have the exact sequence
0— (HR)O/log |03 — Pic% — Clp — 0;

the first factor
(JIR)°/10g |07 = R/(log €)Z

is a circle group. Dan Shanks first investigated this circle group in the 1970s to
compute class groups of real quadratic fields and coined the term ‘infrastructure’.
This is already related to binary quadratic forms and the continued fraction ex-
pansion of v/d. Lenstra in the 1980s and Buchmann in the 1990s generalized this
our setting of Arakelov theory; now one computes the Picard group, and as a
byproduct one obtains the class group.

We have seen that Pic%. is a finite number hr = # Clp of circle groups (real
vector space modulo a lattice). We will define a finite set of uniformly distributed
divisors in Pic% to help us compute with this group. First we take the canonical
metric on I coming from O and scale it uniformly so that it has degree 0.

Definition 3.2. The Arakelov divisor D = (I, u) is reduced if I C Op,
u=(NI)"Y" e R%, C Fy

embedded diagonally, and 1 € I~! is a minimal element.
If J is a fractional ideal, then we say that 0 # f € J is minimal if g € J has
lo(g)] < |a(f)] for all o, then g = 0.

Note that deg D = —log NI+nlog NI'/™ = 0. Put another way, f is minimal
if there is no other nonzero lattice point in the ‘box’ defined by f.
We have the following:
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e The statement that f is minimal in J does not depend on the metric on
J (the unit only serves as a scaling factor).

o If f is a shortest nonzero element, then f is minimal. (However, the short-
est vector might depend on the metric.) For example, 1 € Op is a shortest
vector for D = (O, 1), so it is minimal, and this is independent of the
metric.

e If fin J is minimal, and h € F*, then hf € hJ is minimal. In particular, if
h = € is a unit, then ef € J is minimal. Therefore there are infinitely many
minimal elements, but there are only finitely many shortest elements.

Example 3.3. The neutral element (O, 1) is reduced, because 1 is a shortest vector.

For a nonexample, if « € Op has |o(a)| > 1 for all o, then I = («) has
D = (I, NI7'Y/™) is not reduced. For 1/a € I™Y, and |o(1/a)| < |o(1)| for all o,
so the divisor is not reduced.

Proposition 3.4. If D = (I, NI~'/™) is reduced, then

N{I™Y < V|AF]
Corollary 3.1. There are only finitely many reduced divisors.

In fact, with a bit of work we see that there are approximately \/|Ar| ideals
I with N(I) < \/|AF|.
Proof. Consider —D = (I~', NI~'/™). This gives rise to the lattice

I'< Fy
f NITY™f = uf.
Then the ‘box’ B of the image of 1 does not contain any lattice point, so by
Minkowski
UNT < 27 (27)"2 (NIY™)™ = vol(B) < 2"/|A.
O
We now want to say that these reduced divisors are regularly distributed. To

do this, we put a metric on Picy. But this is disconnected (it is a product of circle
groups); recall we have

0— (I[,R)/log|O%| — Picp — Clg — 0;

We define the translation invariant metric on the connected component [][ R C
Fr. But HU R C Fg, which has a canonical metric which we carry back to Picg.
Writing this down explicitly, we see for the element (Op,u) € [, R/log |O%| we
define

llul2an = D _ deg o|log(uq)[?

and thereby
e = mip lleul
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(Note that these are not the metrics on I, which are the objects parametrized by
Picp.) From this we see that

vol(Pic%) = hpRpv/n/2m

which by Brauer-Siegel is ~ /|AFp|.
Now we show that for every divisor D, there is a reduced divisor which is
close to it in Pick.

Theorem 3.5. For all D € Div%, there exists a reduced divisor D' and an f € F*,
and v € Fgr such that
D-D'= (f)+(OF’U)
with
[vllcan = [[(OF, v)llpic < vnlog|AFp|.
Proof. Let D = (I,u), where u = (uy),. By Minkowski, there is a 0 # f € I~}
such that
o (f)ust| < covol(D)V/" = /TAam] "
Take a shortest such vector f, which is therefore minimal. Since f € I~!, then
1€ f~'I! is minimal, so D' = (fI, N f(I)~'/") is reduced.
Then
D—D"=(f)+(OF,v)
with
Vo = “Ula(f)l_lN(fI)l/n~
We want to show this is small, so we want to show log|u,| small. First we
estimate the length of its inverse:

log(v, ") = log(u o (f)IN(FI)~/™) <log|u; o (f)] < (1/n)log |Ap|
since N(fI) > 1. Also, since D, D’ (f) have degree 0, so does (Op,v), and

-1
log(v, 1) > _nn log /Ap.

|log(vs)| < log /AR = [[v]|can < Vnlog VIAF|.

Therefore

O

This is an algorithmic proof, since there are good algorithms for computing
shortest vectors in lattices. Also, this is more or less best possible, as one can see
in the case of the real quadratic fields.

Now we would like to show that two reduced divisors cannot be too close to
each other, but first we must modify the setup a bit.

The modified Arakelov divisors is the group

Divpy = I x Fj
where D = (I,u), v any unit (not necessarily totally positive). A principal modified
divisor f € F*is (f) = (f'Op, f). The quotient group is Picg, and defining the
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——0
degree deg(I,u) = deg(!, |u]), we see that inside we have the degree 0 part Picp .
This is the modified Arakelov divisor group.
We have the exact sequence

0 — (T"2 x {£1}™)/ur — Pic% — Pick — 0.
Here T = {z € C: |z| = 1}. The kernel is often very small, e.g. for F' real quadratic,
it is {+1}. We see that the reduced divisors in Pic% are ‘rather dense’ while they
are ‘rather sparse’ in Pic%..

——

But now we must also define a metric on Pic%. Again we do it only on the
connected component. Now we have an exact sequence

O(H U,)/O0F — Picp — Clp+ — 0

where U, is R{, or C* as o is real or complex, and Clg , is the narrow class group.
We have a map

Fa/exp ' (05) =% ([ U,)/O%

by the exponential map; but now we have a translation-invariant canonical metric
on Fr, which we transport back.
—0
Theorem 3.6. If D, D’ € Divy are reduced divisors and
D~ D' = (f) +(Or,v)
with
[[v]| 55, < log(4/3)
then D = D'.

Proof. Let D = (I, NI~'/"), D’ = (J,NJ~'/"); then 1 € I,.J minimal. Since
IJ ' = (f)"tifand only if fJ ' =171 wesee f € ["' and 1 € ["! is minimal.
Now A = (NJ/NI)Y/™ = o(f)v, for all sigma, where A € R%, C Fy.

We will see now that f is very close to A in Fg. To see this, we will show

lo(f) — Al < A/3.
This follows from
(0(f)/A) = 1] = vyt — 1] = | exp~1o8(v) 1]
< expllo8(o)l=1 < oyplos4/3) _1 — 1/3.
If 0 < A < 1/2, then clearly f is in the box defined by 1. Indeed
()] <lo(f) = A+ A< A/3+X<(4/3)(1/2) =2/3 <1 =0(1)

for all o, a contradiction.
If A > 3/2 is large, then

lo(N) = A=lo(f) = Al = A=A/3>(3/2)(2/3) =1=o(1)|

contradicting the minimality of 1.
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So 1/2 < A < 3/2. But now the vector 1 — f lives in the box of 1:
lo(f =DI<|o(f) = A+ A =1 < (N)/3+1/2<(1/3)(3/2) +1/2 = |o(1)].
Sol—f=0,s0 I =J,and the two divisors are equal. O

For example, if ' = Q(v/21), and I = Z + Z(3 + v21)/6. Then 1 € Z is
minimal, and show that for no metric u, 1 is the shortest vector.

Exercises

Exercise 5.1. Let a = V/2 and F' = Q(«). Compute all valuations of the elements
o, @« — 1 and a + 1 and check that the degrees of the corresponding principal
Arakelov divisors are zero.

Exercise 5.2. Show that the natural homomorphism from the group Div% of
Arakelov divisors of degree 0 to the ideal group I is surjective.

Exercise 5.3. The ring of integers Op of a number field F' is in a natural way a
lattice in the R-algebra F'® R equipped with its canonical metric. Make a drawing
of this lattice for F' = Q(v/—23) and F = Q(v/21). Find the shortest vectors and
exhibit all minimal vectors x for which |z|.,, < 5.

Exercise 5.4. Let F' = Q(v/—5). For the fractional ideals I = Op and I = (2,1 +
V/=5)71, the Arakelov divisors (I, N(I)'/?) are reduced. Show this and draw the
corresponding lattices.

Exercise 5.5. Let F' be a number field. Show that the group of roots of unity ug
of F is finite. Show that for z € OF one has that |z|.,, = /7 if and only if z is a
root of unity.

can

Exercise 5.6. Let F = Q(v/61). Draw the Arakelov class group Pic% and the images
of all reduced divisors in Pic%.
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