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1 Preface

There is a construction of the tensor product of Riesz spaces due to B. de Pagter as a quotient
of a free Riesz space over a suitable chosen set. In my master thesis "Tensor products in Riesz
space theory’ (Leiden University, supervisors: Onno van Gaans and Marcel de Jeu) I give new
constructions for the tensor product of integrally closed directed partially ordered vector spaces
and for the tensor product of Banach lattices as quotients of free Riesz spaces and free Banach
lattices respectively. The main results are in chapters 5 and 6.

2 Preliminaries

Definition 2.1. Let E be a partially ordered vector space. Then E is Archimedean if nz < y for
all n € Z implies that x = 0, for all x,y € E. We say that E is integrally closed if nx < y for all
n € Ny implies that = < 0, for all z,y € E.

Remark 2.2. Every integrally closed partially ordered vector space is Archimedean. The converse
is not true. In a Riesz space the notions are equivalent.

For a non-empty set X C E we denote by X* the set of all upper bounds of X and by X' the set
of all lower bounds of X.

Definition 2.3. Let E be a partially ordered vector space. Then E is a pre-Riesz space if E is
directed and (z + X)* C X™ implies that > 0 for all € E and for all non-empty finite sets
X CE.

Remark 2.4. Every Riesz space is pre-Riesz and every directed integrally closed partially ordered
vector space is pre-Riesz.

Theorem 2.5 (Van Haandel). For every pre-Riesz space E there is an essentially unique Riesz
space E" and a bipositive linear map vg : E — E" such that ¢g(E) is order dense in E" and
generates E" as a Riesz space. We say that (E", pg) is the Riesz completion of E. Suppose (L, ¢)
and (M,1) are Riesz completions of E then there is a unique Riesz homomorphism f: L — M

with ¥ = f o .

In a Riesz space L, an ideal is a subspace I C L such that if y € I and « is in L such that |z| < |y],
then x € I [1, page 25]. A good definition for general partially ordered vector spaces is difficult.
Maybe the best choice is the following definition. It coincides with the definition of an ideal in a
Riesz space. For a comprehensive discussion see [8].

Definition 2.6. Let E be a partially ordered vector space. An ideal I of E is a subspace of E
that is directed and it has the following property: for every y € I and for every x € E such that
{=z,z}" D {—y,y}" one has that z € I.

Remark 2.7. If F is a Riesz space, then {—z,z}* = {|z[}* 2 {—y,y}* = {|y[}" if and only
if |z| < |y|. Clearly every Riesz ideal is directed. Thus Definition 2.6 coincides with the usual
definition of a Riesz ideal.

Proposition 2.8. Let E be a partially ordered vector space and I an ideal of E. For everyy € I,
we have that [—y,y] C 1.

Proof. Let E be a partially ordered vector space and let I an ideal of E. Let y € I and suppose
that [—y,y] # (0. Let x € [—y,y]. We have to show that x € I. Note that z < y and that —x < y.
Let z € {—y,y}", then z > y > {£z}. Thus z € {xx}". It follows that {£y}* C {xx}*. Thus
rxel O

Remark 2.9. From Proposition 2.8 follows that our ideal is solid in the sense of [5, Definition 351
I]: a subset A of E is solid if A = J, [, ].
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Definition 2.10. Let E be a partially ordered vector space. A sequence {z,},>1 converges
relatively uniformly (ru-converges) to z € E, if there exist a u € ET and a sequence of positive
real numbers {e,},>1 with &, | 0 such that —e,u < z, — 2z < epu, foralln e N. Aset ACFE
is relatively uniformly closed (ru-closed) if for every sequence {z,}n,>1 C A that is relatively
uniformly convergent to an x € L, we have that x € A. Clearly, the intersection of an arbitrary
collection of relatively uniformly closed sets if relatively uniformly closed. We define the relatively
uniformly closure (ru-closure) of a set A to be the intersection of all relatively uniformly closed
sets B that contain A. This collection is not empty since it contains FE.

Theorem 2.11. Let E be a partially ordered vector space. Let I be an ideal of E. If E/I is
Archimedean, then I is relatively uniformly closed. If E is a Riesz space, then E/I is Archimedean
if and only if I is relatively uniformly closed.

Proof. Let E be a partially ordered vector space and let I be an ideal of E. Let ¢ : E — E/I
be the canonical quotient map. Suppose E/I is Archimedean. Let {z,},>1 be a sequence in
I that relative uniform converges to z € E. By definition, there is a sequence of positive real
numbers {e,},>1 and a u € E7* such that €, | 0 and —c,,u < =, — = < e,u, for all n € N. Thus
—enq(u) < —q(x) < enq(u), for all n € N. For every m € N there is an n,,, € N such that - > ¢, ,
so Lg(u) < —q(z) < Lq(u), for all m € N. It follows that ng(z) < q(u), for all n € Z. Since E/I
is Archimedean we have that g(x) = 0. Thus z € I and I is relatively uniformly closed.

Assume further that F is a Riesz space. Suppose that I is relatively uniformly closed. Let z,y € E
be such that n[z] < [y], for all n € Z, then [y] > 0. Therefore we may assume that y > 0. We have
for all n € N,

—nly < 2] < 3l
Thus there are iy, 1, € I such that
T +in < Ly,
and
—x+iy, < Ly,

for all n € N. Thus for x,, = (x +i,) V (—z + 1) VO € |x| + I C E we have
—ly<0<ua,-0< Ly

Hence {z,}52, is a sequence in |z| + I that converges relatively uniformly to 0. We have that
|z| + I is ru-closed hence 0 € |z| + I. Thus [z] = 0. We conclude that E/I is Archimedean. O

Theorem 2.12. Let E and F' be partially ordered vector spaces with F Archimedean. Let ¢ : E —
F' be positive. Then ker ¢ is ru-closed.

Proof. Let E and F' be partially ordered vector spaces with F' Archimedean. Let ¢ : E — F be
positive. Let {z,}52; be a sequence in ker ¢ that is ru-convergent to = € E. So there exists a real
sequence {€,}5° ,&, | 0 and a u € E™, such that

—EplU S Tp — T S Enll,

for all n € N. Thus
—end(u) < ¢(x) < end(u),

for all n € N. For every m € N, there is an n,, € N, such that ¢,,, < % Thus

—Lo(u) < ¢(z) < Lo(u),

for all n € N. Furthermore ¢(u) > 0, so né(z) < ¢(u), for all n € Z. Since F' is Archimedean, we
have that ¢(z) = 0, that is € ker ¢. We conclude that ker ¢ is ru-closed. O

Definition 2.13. Let L be a Riesz space. A Riesz norm or lattice norm || || on L is a norm on L
such that if || < |y| then ||z|| < ||y||, for all 2,y € L. The pair (L,|| - ||) is called a normed Riesz
space. If the induced metric on L through || - || is complete, then we call (L, || -||) a Banach lattice.
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Definition 2.14. Let L, M and N be Riesz spaces. A Riesz bimorphism is a bilinear map ¢ :
L x M — N such that for all z € Lt : ¢(z, ) is a Riesz homomorphism and for all y € M : ¢(-,y)
is a Riesz homomorphism.

Proposition 2.15. Let L, M and N be Riesz spaces and ¢ : L Xx M — N be bilinear. Then ¢ is a
Riesz bimorphism if and only if for allx € L and y € M we have |¢(z,y)| = ¢(|z|, |y|)-

3 Free spaces

The free vector space over a set A are all linear combinations of elements of A. Thus A is the vector
space basis for the free vector space. Something similar can be done for Riesz spaces, normed Riesz
spaces and Banach lattices. We define and study these objects here. We need the free spaces for
the construction of various tensor products.

Let B be a set and let A C B. We define r4 : RB — R4 to be the restriction map, thus for f € RP
we define r4(f) = f|a. It is clear that r 4 is a surjective Riesz homomorphism. Sometimes we write

€4 = a(8) for ¢ € R¥. We define ja : R*" — R by ja(/)(©) = f(€a) = J(ra(€) = f(€l),
where f € RR" and ¢ € RE. Then j4 is an injective Riesz homomorphism and hence bipositive.

3.1 Free vector spaces and free Riesz spaces

In this subsection we study the free vector space and the free Riesz space and we will show that
the free vector space is a subspace of the free Riesz space.

Definition 3.1. A free vector space over a set A is a pair (V,¢) where « : A — V is a map and V
is a real vector space, such that for every real vector space W and for every map ¢ : A — W there
is a unique linear map ¢, : V — W such that ¢ = ¢, o ¢.

vy

17

A

Lemma 3.2. Let A be a set. Suppose (V,1) and (W, j) are free vector spaces over A. Then there
s a unique bijective linear map ¢ : V. — W such that j = ¢ o .

Proof. Let A be a set. Suppose that (V, ) and (W, j) are free vector spaces over A. By definition
there are unique linear maps ¢, : W — V and j. : V — W such that « = ¢, 0j and j = j. o¢.
Thus ¢ = 14 0 j, o t. Note that also the identity map idy on V is a linear map such that « = idy o¢.
From the uniqueness statement it follows that idy = ¢4 o j,. Similarly, we have that the identity
map idy on W is equal to j, o ty. Define ¢ = j, : V. — W. Then ¢ is the unique isomorphism
¥ :V — W such that j = o..

O

Definition 3.3. A free Riesz space over a set A is a pair (L,t) where ¢ : A — L is a map and L
is a Riesz space such that for every Riesz space M and every map ¢ : A — M there is a unique
Riesz homomorphism ¢, : L — M such that ¢ = ¢, o¢.

Li>M

1.4

A
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The next lemma can be found in [14, Proposition 3.3].

Lemma 3.4. A free Riesz space is unique if it exists, in the following sense: let (L,¢) and (M, j) be
two free Riesz spaces over a set A, then there is a unique (surjective) Riesz isomorphism T : L — M
such that T o v = 3. In particular T is an order isomorphism.

Proof. Let A be a set and suppose that (L,¢) and (M, j) are two free Riesz spaces over A. There is
a unique Riesz homomorphism j, : L — M such that j = j, o¢ and a unique Riesz homomorphism
tx : M — L such that « = 1, 0 j. Note that t = 1,05 =1, 07,075 and ¢, 0j, : L — L is a Riesz
homomorphism. Note that also that the identity map ¢d; on L is a Riesz homomorphism such
that ¢ = idy, o t. From the uniqueness statement follows that id;, = 14 o j.. Likewise is the identity
map idy; on M satisfies idy; = ji 0 ty. Define T = j, : L — M, then T is an invertible Riesz
homomorphism and T~! = ¢, is a Riesz homomorphism and T o = j, o ¢ = j. Moreover T is the
unique Riesz homomorphism with this properties. In particular 7" is an order isomorphism.

O

Theorem 3.5. ([1/, Proposition 3.2]). If (L,.) is a free Riesz space over a set A, then L is
generated as Riesz space by 1(A).

Proof. Let (L,t) be a free Riesz space over a set A. Let M be the Riesz subspace of L generated
by ¢(A). Define the map ¢ : A — M by ¢(a) = t(a). By definition, there is a Riesz homomorphism
¢« : L — M such that ¢ = ¢, 0. Let j : M — L be the inclusion map. Then jo ¢, : L — L
satisfies j o ¢, ot = ¢. By definition, the identity map on L, idy, is the unique Riesz homomorphism
v : L — L that satisfies © = ¢ o t. Thus j o ¢, = idy. But that implies that j is surjective, so
M = L. We conclude that L is generated as Riesz space by ¢(A).

O

For every set the the free Riesz space exists, see [14, Proposition 3.7]. The case A = () is trivial.

Theorem 3.6. Let A be a set. If A =0, then (0,0) is the free Riesz space over A. If A # () then
(FRS(A), 1) is the free Riesz space over A, where FRS(A) is the Riesz subspace of RE" generated

by elements &, € RR*, defined by &,(f) = f(a) fora € A and f € R4, and where 1 : A — FRS(A)
is defined by a — &,. Moreover v is injective and FRS(A) is Archimedean.

Lemma 3.7. Let A be a set. Let ¢ be as in Theorem 3.6. Then 1(A) is a linearly independent set.

Proof. The case A = () is trivial, so suppose that A # . Let ay,...,a, € A be finitely many
mutually different elements. Let A1,...,\, € R be such that Y 7" | \;&,, = 0. Then, for all f € RA

we have that . .
(Z Ai'fai) (f) = Z)\if(ai) = 0.
i=1 i=1

Define fi, € R4 by f(ax) =1 and f(a) =0 for a € A\{ax}, where k € {1,...,n}. Then

<Z /\iftu) (fk) = Z)\ka(al) = )‘k: =0.
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Thus A\, =0, for k € {1...,n}. It follows that &;,...,&, are linearly independent. O

Theorem 3.8. Let A be a set. If A =10, then (0,0) is the free vector space over A. If A # 0, let
&a be as in Theorem 3.6 on the previous page, where a € A. Let FVS(A) = Span{, : a € A} C
FRS(A) C R Define v : A — FVS(A) by a — &,, where a € A. Then (FVS(A), 1) is the free
vector space over A.

Proof. Let A be a set. The statement is trivial if A = ). So suppose that A has at least one element.
Let FVS(A) and ¢ be as in the statement of the theorem. By Lemma 3.7 on the preceding page
{€. : a € A} is a linearly independent set. Let W be an arbitrary vector space and let ¢ : A — W
be a map. Define a linear map ¢, : FVS(A) — W on its basis elements &, by &, — ¢(a), where
a € A. Thus ¢ = ¢, or. For any other linear map ¢ : FVS(A) — W that satisfies ¢ = 1o, we have
that (&) = ¢(a) = ¢.(€a). Since the &, generate FVS(A) as vector space, we have that ¥ = ¢,
thus ¢, is unique. We conclude that (FVS(A), ) is the free vector space over A. O

Remark 3.9. We view the free vector space as a subspace of the free Riesz space.

Theorem 3.10. Let B be a set and let A C B be a subset. Let (FRS(B),.p) be the free Riesz
space over B. Let FRS(A) be the Riesz subspace of FRS(B) generated by the elements tp(a), where
a € A, andlet ta = tp|a. Then (FRS(A), 1) is the free Riesz space over A.

Proof. Let B be a set and let A C B be a subset. The map jg : RE" — RR” is an injective Riesz
homomorphism, and hence j A|FRS( A FRS(B) is an injective Riesz homomorphism. O

Proposition 3.11. Let A be a finite set. Let (FRS(A), ) be the free Riesz space over A. Then
> acalt(@)] is a strong order unit for FRS(A).

Proof. Let A be a finite set with free Riesz space (FRS(A),¢). Then the statement is clear from
the fact that A is finite and that FRS(A) is generated by elements ¢(a). O

Proposition 3.12. Let A be a non-empty set and let F(A) denote the set of all finite subsets of
A. Then
FRS(A)= |J FRS(B),
BEF(A)

where we view FRS(B) as a Riesz subspace of FRS(A).
Proof. Let A be a non-empty set with free Riesz space (FRS(A), ). From Theorem 3.10 it is clear
that

J FRS(B) C FRS(A).
BeF(A)

On the other hand every element © € FRS(A) is generated by finitely many elements ¢q,, ..., tq,,
so z € FRS({ay,...,a,}) and hence

FRS(A)= | J FRS(B).
BeF(A)

Proposition 3.13. Let A be a set.

1. If ¢ € RA, then we : FRS(A) — R defined by we(f) = f(€), where f € FRS(A), is a Riesz
homomorphism.

2. If w: FRS(A) — R is a Riesz homomorphism, then there is a & € R? such that w = we.

Here, we view FRS(A) as a Riesz subspace of RE".
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Proof. The first statement is trivial. Suppose w : FRS(A) — R is a Riesz homomorphism. Define
¢ € R4 by £(a) = w(i(a)), for a € A. Then for a € A we have w(i(a)) = £(a) = t(a)(€) = we(i(a)).
Thus w and we coincide on the set {t(a) : @ € A} that generates FRS(A) as Riesz space hence
W= we. O

3.2 Free normed Riesz space and free Banach lattice

Something similar to free Riesz space exists for Banach lattices. It is easy to generalize the results
of De Pagter and Wickstead for Banach lattices [14] to normed Riesz spaces. We give an overview
of the main results.

Definition 3.14. Let A be a non-empty set and let X be a normed space. A map ¢ : A — X
is (norm) bounded, if there exists an M > 0 such that ||¢(a)|| < M, for all a € A. We define the
norm of a (norm) bounded map ¢ : A — X to be ||¢|| = sup{||¢(a)|| : a € A}.

Remark 3.15. Note that || - || is norm on the vector space of all norm bounded maps ¢ : A — X.

Definition 3.16. Let A be a non-empty set. The free normed Riesz space (free Banach lattice)
over A is a pair (L,:) where L is a normed Riesz space (Banach lattice) and ¢ : A — L is a
bounded map such that for any normed Riesz space (Banach lattice) M and for any bounded map
¢ : A — M there is a Riesz homomorphism ¢, : L — M with the property ||¢.|| = ||¢||. Moreover
¢« is the unique Riesz homomorphism v : L. — M that satisifies ¢ = ¢ o ¢.

From the fact that ¢, = idy, follows that ||¢|| = ||t«|] = 1. But even more is true.

Lemma 3.17. ([1/, Proposition 4.2].) Let A be a non-empty set, and suppose that (L,t) is a free
Banach lattice or free normed Riesz space over A. Then ||c(a)|| =1, for every a € A.

Proof. Let A be a non-empty set, and suppose that (L,¢) is a free Banach lattice over A. Define
jiA—Rbyawr Lae A Then |[jl| = [ljl| = 1. Futher, 1 = [j(a)] = [lj-((a))]] <
[l7:]]e(a)]] = [|e(a)]], thus |[e(a)]| > 1, for all a € A. Since ||| = 1 we have ||c(a)]| < 1, for all
a € A. Therefore ||c(a)|| = 1, for all a € A.

The case that (L,¢) is a free normed Riesz space over A is proven similarly.

Jx 2
—R -

R

The free Banach lattice or normed Riesz space is unique if it exists, see [14, Proposition 4.3].

Lemma 3.18. Let A be a non-empty set, and suppose that (L,t) and (M, j) are free Banach lattices
over A (free normed Riesz spaces over A.) Then there exists a unique isometric order isomorphism
¢: L — M, such that ¢ o = j.

Proof. Let A be a non-empty set, and suppose that (L,¢) and (M, j) are free Banach lattices over
A. Let j, : L — M be the unique Riesz homomorphism such that j = j, o¢. Then by Lemma 3.17,
[l74]] = ||7]] = 1. Similarly, there is a unique Riesz homomorphism ¢, : M — L of norm 1, such
that t = ¢, 0j. So tx 0, : L — L is a Riesz homomorphism and ¢ = ¢, 0 j = ¢4 0 j, 0o ¢t. From the
uniqueness statement in the theorem follows that ¢, o j, is the identity map on L. Similarly, j, o ¢,
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is the identity map on M. So ¢, is an isometric order isomorphism.
The case that (L,¢) is a free normed Riesz space over A is proven similarly.

L ™M

NoA

A
O

For an ordered vector space F we denote by E~ the space of all order bounded linear functionals
on E. According to [1, Theorem 1.18] E™ is equal to the space of regular linear functionals as soon
as E is an Archimedean Riesz space. De Pagter and Wickstead define in [14] a lattice norm || - ||»
on FRS(A), that turns FRS(A) into the free normed Riesz space over A and its norm completion
is the free Banach lattice over A. We will now review this construction.

Definition 3.19. ([14, Definition 4.4]) For a non-empty set A we define a map ||-||T : FRS(A4) —
[0, 00] by
161l" = sup{|#l(l(a)]) : a € A}.

Let
FRS(A)" = {¢ € FRS(A)™: ||¢]|" < o0}

The following is clear from the definition.
Lemma 3.20. FRS(A)' is a vector lattice ideal in FRS(A)~

Lemma 3.21. Let A be a non-empty set. Let & € RA. Let we : FRS(A) — R be defined through
we(z) = x(§),x € FRS(A) (See Proposition 3.13 on page 7). Then ||we|| < oo if and only if £ is
bounded. Or, equivalently, we € FRS(A)T if and only if & is bounded.

Proof. Let & € RA. Since |£(a)| = |¢(a)(&)] = lwe (¢(a))| = we(|e(a)]) = |wel(|e(a)]), for all a € A, it
follows that ||we||f < oo if and only if ¢ is bounded. O

Lemma 3.22. If A is a non-empty set, then || - ||T is a Riesz norm on FRS(A).

Proof. Let A be a non-empty set. || || is clearly a Riesz seminorm. Suppose that [|¢||f = 0.
Then |¢|(|¢e(a)]) = 0, for all a € A, thus ¢(|e(a)]) = 0, for all € A. Let z € FRS(A). By
Proposition 3.12 on page 7 there are finitely many a1, ... ,a, € A such that z € FRS({aq,...,an}).
By Proposition 3.11 on page 7 e = >, [t(a)| is a strong order unit for FRS({a,...,a,}). Thus
there is an A € R such that |z| < Xe. It follows that |¢(z)| < [¢|(|z]) < A|¢|(e) = 0 and hence
#(z) = 0. So ¢ = 0. We conclude that || - || is a Riesz norm. O

Definition 3.23. For a non-empty set A and for z € FRS(A) we define ||z||r = sup{¢(|z]) : ¢ €
(FRS(A)N)*, [lol|T < 1}.

Theorem 3.24. If A is a non-empty set, then || - ||r is a lattice norm on FRS(A).

Proof. From the definition it is clear that for =,y € FRS(A) with |z| < |y| we have that ||z||r <
|ly||F and that || - ||p is positive homogenious and subadditive. First we will show that for all z €
FRS(A) we have that ||z||r < co. Let x € FRS(A). By Proposition 3.12 on page 7 there are finite
ai,...,a, € Asuch that z € FRS({a1,...,a,}). By Proposition 3.11 on page 7 e = >_""_| |¢(a;)| is
a strong order unit of FRS({ay, ..., a,}). So there is a A > 0 such that |z| < Xe. So ||z||F < Alle]|F-
For ¢ € (FRS(A)")T,[|¢]|T < 1, we have ¢(e) = D1, ¢(|e(a;)|) < n. Thus |le||p < n and hence
[lz]|F < An < 0.

It only remains to show that for all z € FRS(A) we have that ||z||p = 0 implies that = 0. Let
x € FRS(A) with ||z||r = 0. Clearly, for all ¢ € (FRS(A)")* we have ¢(x) = 0. In particular
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we(z) = z(€) = 0, for every & € RA. By Proposition 3.12 on page 7 there is a finite subset B of
A such that z € FRS(B). In particular for every ¢ € RE € RA we have that (¢) = 0. But that

means that = 0, since z € FRS(B) C RR”. O

Theorem 3.25. Let A be a non-empty set. Then ((FRS(A),|| - ||F),¢) is the free normed Riesz
space over A.

Proof. Let A be a non-empty set. Consider the free Riesz space over A, (FRS(A),¢). Let M be an
arbitrary normed Riesz space and let ¢ : A — M a bounded map that maps into M;, the closed
unit ball of M, and suppose that ||¢|| = 1. By the definition of the free Riesz space, there is a
unique Riesz homomorphism ¢, : FRS(A) — M such that ¢ = ¢. o¢. It only remains to prove that
oIl = llol]-

By Lemma 3.17 on page 8 we have for all a € A, |[c(a)|| = 1. So ||¢«]| > ||¢«(e(a))|] = ||p(a)ll,
thus ||¢«|| > ||¢||- Suppose that ||¢.|| > [|#]|. So for some z € FRS(A) with ||z|| =1 is ||¢«(z)|| =
[ld«(|z])|| > ||#]|. By Hahn-Banach there exists a positive functional ¢ on M of norm at most one
and (6. [2]) > [19]]

We have ||y 0 ¢, ||" = sup{[v: 0 6.|(|u(a)]) : @ € A} = sup{[¢) 0 ¢ (e(a))| : @ € A} = sup{|1)(¢(a))| :
a € A} < 1. Thus ||z||F > ||¢(¢«(|z]))|| > ¢ = 1. This is a contradiction. Therefore ||¢.|| = ||¢]]-
Suppose ¢ : FRS(A) — M is a bounded map and ||¢|| > 0. Then ¢ = ¢/||¢|| is of norm one and
maps into M;. It is clear that ¢. = ¢./||d||, so ||¢«]| = ||#]|- Suppose ¢ : FRS(A) — M is zero.
Then ¢, =0, so ||¢.|| = ||¢||. This concludes our proof. O

Remark 3.26. We denote the free normed Riesz space over a non-empty set A by FNRS(A).

For the next theorem see [1, Theorems 4.1 and 4.2].

Theorem 3.27. Let E be a normed Riesz space and let E' denote its norm dual space. Then
E' is a Banach lattice. Consider E as a subspace of its double dual E"” = (E')'. Then the norm
completion of E is a Banach lattice.

According to [1, Theorem 4.3] we have.

Theorem 3.28. Let L be a Banach lattice and M a normed Riesz space. FEvery positive linear
map ¢ : L — M 1is continuous.

Theorem 3.29. Let A be a non-empty set. Let FBL(A) be the || - ||p-norm completion of FRS(A).
Then FBL(A) is a Banach lattice and (FBL(A),t) is the free Banach lattice over A.

Proof. Let A be a non-empty set and let FBL(A) be the || - || p-norm completion of FRS(A). By
Theorem 3.27, FBL(A) is a Banach lattice. Suppose M is Banach lattice and ¢ : A — M a bounded
map. By Theorem 3.25 there is a Riesz homomorphism ¢, : FRS(A) — M such that ¢ = ¢. o
and ||¢«|| = ||@||, moreover ¢, is the unique Riesz homomorphism v that satisfies ¢ = 1 o . The
Riesz homomorphism ¢, extends by continuity to a Riesz homomorphism ¢, : FBL(A) — M and
we still have ¢ = ¢, o¢ and ||¢.|| = ||¢]|- Suppose ¥ : FBL(A) — M is also a Riesz homomorphism
that satisfies ¢ = 1 o.. Since FBL(A) and M are Banach lattices, by Theorem 3.28 1) is continuous.
Note that ¢ and ¢, coincide on FRS(A). Since the continuous extension is unique, we have that
¥ = ¢.. So (FBL(A),¢) is the free Banach lattice over A. O

4 The Archimedean Riesz tensor product

Here we study the construction of the tensor product of (Archimedean) Riesz spaces due to B. de
Pagter.
The following definition is taken from [13].
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Definition 4.1. Let L and M be (Archimedean) Riesz spaces. The (Archimedean) Riesz tensor
product of L and M is a pair (T,b) where T is an (Archimedean) Riesz space and b: Lx M — T a
Riesz bimorphism, such that for every (Archimedean) Riesz space N and every Riesz bimorphism
¢: L x M — N there is a unique Riesz homomorphism ¢, : T'— N such that ¢ = ¢, o b.

LxM-2 T

[
X

N

The next theorem can be found in [13]

Theorem 4.2. The (Archimedean) Riesz tensor product is unique if it exists, in the following
sense: let L and M be (Archimedean) Riesz spaces and suppose that (S,b) and (T,c) are two
(Archimedean) Riesz tensor products of L and M, then there is a unique bijective linear map
¢: 8 — T such that ¢ and ¢~ are Riesz homomorphisms and ¢ o b = c. In particular, ¢ is an
order isomorphism.

Proof. Let L and M be (Archimedean) Riesz spaces and suppose that (S,b) and (7, ¢) are two
(Archimedean) Riesz tensor products of L and M. By definition there is unique Riesz homomor-
phism ¢, : S — T such that ¢ = ¢, o b and a unique Riesz homomorphism b, : T" — S such that
b="bsoc.Sob=b,oc="b,oc,0b. Note that b,oc, : S — S is a Riesz homomorphism and that also
the identity map idg on S is a Riesz homomorphism such that b = idg o b. From the uniqueness
statement it follows that b, o ¢, = idg. Likewise we have that c, o b, is the identity map on T.
Define ¢ = ¢, : S — T. Then ¢ is bijective, ¢ and ¢~! = b, : T — S are Riesz homomorphisms,
c = ¢oband ¢ is the unique Riesz homomorphism with these properties. In particular ¢ is an
order isomorphism.

LxM-2 =g

L

T

~

O

Theorem 4.3. Let L and M be (Archimedean) Riesz spaces. If (T, b) is the (Archimedean) Riesz
tensor product of L and M, then T is generated as Riesz space by elements b(x,y),x € L,y € M.

Proof. Let L, M and (T,b) be as in the theorem. Let S be the Riesz subspace of T' generated
by the elements b(z,y),x € L,y € M. Let N be an arbitrary (Archimedean) Riesz space and
¢: L x M — N a Riesz bimorphism. Let ¢! : T — N be the unique Riesz homomorphism with
¢ = ¢, ob. Note that b maps into S. Let ¢, : S — N be the restriction of ¢’, to S. Then ¢, is a Riesz
homomorphism and ¢ = ¢, o b. Let ¢ : S — N be any Riesz homomorphism with ¢ = 1 o b. For
all x € L and y € M we have that ¢.(b(z,y)) = ¥(b(x,y)). Since S is generated as Riesz space by
elements b(z,y),z € L,y € M, we have that ¢, = 1. Thus (5,b) is also the (Archimedean) Riesz
tensor product of L and M. From Theorem 4.2 follows that S = T. This concludes our proof. [

With thanks to B. de Pagter [13] we have the following nice representation of the (Archimedean)
Riesz tensor product.

Theorem 4.4. Let L and M be (Archimedean) Riesz spaces. Let J be the ideal in FRS(L x M)
generated by the elements

L(OZI +ﬁy72) - O[L(I,Z) 7/8L(yaz)7 T,y € L,Z € MaOL?ﬁ € Ra
L(aay—i—ﬂz) - O[L(.’E,y) - ﬂb($72), T e L,y,Z € Maaaﬁ € ]Ra
(@, y)| = o(lzl; ly]), rel,yeM.
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Let J; = J, and in the Archimedean case, let J; be the uniform closure of J in FRS(L x M). Let
T := FRS(L x M)/Jy and let q : FRS(L x M) — T be the quotient map. Letb: L x M — T be
defined by b(x,y) = q(¢(x,y)). Then b is a Riesz bimorphism and (T,b) is the (Archimedean) Riesz
tensor product of L and M.

Proof. Let L and M be (Archimedean) Riesz spaces and let J, J1,T, ¢ and b be as in the theorem.

Claim 4.5. b is a Riesz bimorphism.
Proof of Claim 4.5. Note that for all z,y € L and z € M and for all a, 5 € R, we have that

blaz + By,z) = q(az+ By, 2))
= Q(al'(l‘7z) +ﬁ1/(yaz))
= oaq(u(z,2)) + Ba(u(y, 2))
= ab(z,z) + Bb(y, ).
Likewise, for all x € L and y,z € M and for all «, 5 € R we have that b(z, ay + 5z) = ab(x,y) +

Bb(y, z). Thus b is bilinear.
Note that for all z € L and y € M we have

b(lz), lyl) = q(
q(
lg
|b

(=], [y])
ez, y)])
(e(z, 9))|
(

X
z,y)|

Hence b is a Riesz bimorphism. O

Let N be an arbitrary (Archimedean) Riesz space. Let ¢ : L x M — N be a Riesz bimorphism.
By definition, there is a unique Riesz homomorphism 1 : FRS(L x M) — N such that ¢ = ¢ o..

Claim 4.6. J; C ker.

Proof of Claim 4.6. Since ¢ is a Riesz homomorphism, we have that ¢(azx + By, z) — ad(z, z) —
Bo(y,z) =0 for all 2,y € L,z € M and «a, 5 € R. Thus

0 = olax+ Py, 2) —ag(z,z) — P(y, 2)
= Yllax+ By, 2)) — ap(u(z, 2)) — B (u(y, 2))
= w(L(ax‘f‘ﬁ%Z) —O[L(J},Z) —ﬁb(y,Z))
So t(ax + By, z) — aw(z, z) — Bu(y, z) € ker1p. Likewise, for all z € L and for all y,z € M and for

all a, 8 € R we have that «(z, ay+ 82) — aw(z,y) — Bi(x, z) € ker ). Since ¢ is a Riesz bimorphism,
we have

|6(, y)| = o(]], |y])
= [

(e(@,y) = (el ly]))
= P(lulz,9))) = (e, [y]))
= ez, 9)] = (], ly]),

for all x € L and y € M. Thus |c(z,y)| — ¢(|z],|y|) € keryp. We have that kere is an ideal
and it contains the set that generates J = Ji, so J; C ker, and in the Archimedean case by
Proposition 2.12 on page 4, we have that kert is relatively uniformly closed too, thus J; C
ker . [



5 THE POSITIVE TENSOR PRODUCT 13

Define ¢, : T — N by ¢.(q(z)) = ¢(z),x € FRS(L x M). Suppose that ¢(z) = ¢(y), for z,y €
FRS(L x M), then x —y € J; C ker ), so ¥(z) = ¥(q). Thus ¢, is well defined and clearly a Riesz
homomorphism.

Suppose x : T — N is a Riesz homomorphism that satisfies ¢ = x o b. Then, for all x € L,y € M,
we have x(b(z,y)) = x(q(u(z,y)) = é(z,y) = ¢:(q(e(z,y)) = ¥(u(z,y)). By Theorem 3.5 on
page 6, FRS(L x M) is generated as Riesz space, by {u(z,y) : © € L,y € M} and xoq is a
Riesz homomorphism. Thus we have that x o ¢ = 1. Thus x = ¢,. It follows that (T,b) is the
(Archimedean) Riesz tensor product of L and M.

FRS(L x M) ——=T = FRS(L x M)/.J;

O

Remark 4.7. 1. If L and M are Archimedean Riesz spaces, then both the Riesz tensor product
and the Archimedean Riesz tensor product exists, but are in general not isomorphic, see [13].

2. For (Archimedean) Riesz spaces L and M we denote the Riesz tensor product by L&M and
the Archimedean Riesz tensor product by L&M. The constructed Riesz bimorphism b in the
previous theorem is denoted by ®. For € L and y € M we define x @ y = b(z, y).

3. From the construction follows that L&M is Riesz isomorphic to M®L and that LM is
Riesz isomorphic to M®L.

Theorem 4.8. Suppose L and M are Riesz spaces, L' is a Riesz subspace of L and M’ is a Riesz
subspace of M. Let (T,b) be the (Archimedean) Riesz tensor product of L and M. Let S be the
Riesz subspace of T generated by elements b(x,y),x € L',y € M'. Let ¢ = bl xn. Then (S, c) is
the (Archimedean) Riesz tensor product of L' and M'.

Proof. Let L and M be (Archimedean) Riesz spaces. Let L' a Riesz subspace of L and M’ a Riesz
subspace of M. Let (T7,V’) the (Archimedean) Riesz tensor product of L’ and M’ and let (7', b) be
the (Archimedean) Riesz tensor product of L and M. Note that ¢ = b|pxp : L' x M' — T is a
Riesz bimorphism. By definition there is a Riesz homomorphism ¢, : T’ — T such that c, o b’ = c.
Thus b(x,y) = e (b (z,y)), for all z € L',y € M'. Thus ¢, : T" — T is injective. It follows that we
can view T’ via ¢, as a Riesz subspace of T generated by elements b(z,y),z € L',y € M'.

Lo MY

5 The positive tensor product

In this section we define the positive tensor product, prove some elementary properties and give two
constructions of the positive tensor product. One construction is due to Van Gaans and Kalauch
and the other construction is new.

Positive bimorphisms are just what one thinks they are.

Definition 5.1. Let E, F' and G be partially ordered vector spaces and let b : E x F — G be
bilinear. Then we call b a positive bimorphism or positive bilinear map, if b(z,-) is positive, for
all z € ET, and b(-,y) is positive, for all y € F*. This is equivalent to b(z,y) > 0 for all z € ET
and y € F1.
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Definition 5.2. Let E and F be integrally closed pre-Riesz spaces. A pair (T,b), where T is
an integrally closed pre-Riesz space and b : F x F' — T is a positive bimorphism, is a positive
tensor product of F and F' if for all integrally closed pre-Riesz spaces G and positive bimorphisms
¢ : E X F — G there is a unique positive linear map ¢, : T'— G such that ¢ = ¢, o b.

ExF-t T (1)

oM
X

G

The positive tensor product is unique, if it exists. In the following sense.

Theorem 5.3. Let E and F be integrally closed pre-Riesz spaces and suppose that (S,b) and (T, c)
are positive tensor products of E and F. Then there is a unique order isomorphism ¢ : S — T such
that po b = c.

Proof. The proof is similar to the proof of Theorem 4.2 on page 11. O

Theorem 5.4. Let E and F be integrally closed pre-Riesz spaces. If (T,b) is the positive tensor
product of E and F, then T is generated as vector space by elements b(x,y),x € E,y € F.

Proof. Let E,F and (T,b) as in the theorem. Let S be the subspace of T generated by the
elements b(z,y),z € E,y € F. Clearly, S is integrally closed and generated by positive elements
b(z,y),x € ET,y € F* and hence directed. Thus S is an integrally closed pre-Riesz space. Let
G be an arbitrary integrally closed pre-Riesz space and ¢ : E X F — G a positive bimorphism.
Let ¢, : T — G be the unique positive linear map with ¢ = ¢/, o b. Note that b maps into S. Let
¢« : S — G be the restriction of ¢, to S. Then ¢, is a positive linear map and ¢ = ¢, o b. Let
¥ : S — G be any positive linear map with ¢ = @ ob. For all x € F and y € F we have that
. (b(x,y)) = ¥(b(z,y)). Since S is generated as vector space by elements b(z,y),z € E,y € F, we
have that ¢, = . Thus (5,b) is also the positive tensor product of L and M. From Theorem 5.3
follows that S = T. This concludes our proof. O

Example 5.5. Let F be an integrally closed pre-Riesz space. We calculate the positive tensor
product of R and E. Define b : R x E — E through b(r,z) = rx. Let F be an arbitrary integrally
closed pre-Riesz space and let ¢ : RxE — F be a positive bimorphism. Note that ¢(r, ) = ¢(1, rz),
for all r € R and = € E. Define ¢, : E — F through ¢.(x) = ¢(1,z). Then ¢, is a positive linear
map and for all 7 € R and z € E we have ¢(r, z) = ¢(1,72) = ¢ (rz) = ¢4 (b(r,z)). Thus ¢ = ¢, 0b.
Let ¢ : E — F be any positive linear map with ¢ = v ob, then ¢ (z) = ¥(b(1,z)) = ¢(1,z) = ¢.(z),
for all z € E. Thus ¢, = . It follows that (E,b) is the positive tensor product of R and E.

5.1 Tensor cones

In this section, we give a short overview of the results of Van Gaans and Kalauch [7]. We skip
most of the proofs.

Definition 5.6. Let F and F' be partially ordered vector spaces and let £ ® F' be the usual vector
space tensor product of E and F. We define the projective tensor cone K1 to be

Krp = {Z)\ixi(@yi:neNand N eRT,z; e ET,y; € FT, forie{l,...,n}}.

i=1
It is just the wedge generated by positive elements = ® y. But it is in fact a cone and generates

E ® F according to the following lemma.

Lemma 5.7. (See [7, Theorem 2.5].) Let E and F be partially ordered vector spaces, then the
projective cone Kr is a cone and (E ® F, Kr) is directed.
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Definition 5.8. (See [7, Definition 4.1].) Let E and F' be integrally closed pre-Riesz spaces. A
cone Ky in E ® F is called an integrally closed tensor cone if the projective cone K is contained
in Kr,(E ® F,Ky) is an integrally closed pre-Riesz space and the following universal mapping
is satisfied. For every integrally closed pre-Riesz space G and for every positive bilinear map
¢ : E x F — G the unique linear map ¢, : (E ® F, K) — G, with ¢ = ¢, o ®, is positive.

Remark 5.9. Van Gaans and Kalauch call the integrally closed tensor cone the Archimedean
tensor cone.

Theorem 5.10. Let E and F be integrally closed pre-Riesz spaces. Suppose K1 and Ko are
integrally closed tensor cones of E ® F, then K1 = Ko.

Proof. Let E and F be integrally closed pre-Riesz spaces. Suppose K7 and K5 are integrally closed
tensor cones of E ® F. Note that ¢ : E x F — E ® F defined by ¢(z,y) = z ® y is positive with
cones K7 and Ks, since both contain K.

By definition there is a unique positive linear map ¢; : (E ® F,K;) — (F ® F, K3) such that
01 (z®y) = ¢(z,y) = 2Qy, forall x € E,y € F, and a unique positive linear map ¢» : (EQF, K3) —
(F® F,K;) such that ¢go(z @ y) = ¢(z,y) = 2 ®y, for all v € E,y € F. Thus ¢; = ¢2 is the
identity map on F ® F', and the identity map is bipositive hence K7 = Ko. O

Definition 5.11. Let E and F' be integrally closed pre-Riesz spaces. Let (E”,cg) and (F",tp) be
the Riesz completions of E and F' respectively. Consider the Archimedean Riesz tensor product
E"®F" of E™ and F". We can view the usual vector space tensor product E” ® F" as a subspace of
E"®F" with the induced ordering. Define p: Ex F — E"® F" by p(z,y) = (®o0 (tg,tr))(z,y) =
tg(x) ® tp(y). Then p is positive bilinear and induces a unique linear map p, : EQ F — E" ® F"
with p(z,y) = p(z ®y) for all x € F and y € F. By [7, Lemma 2.4] p, is injective. We define the
Fremlin tensor cone to be
Kr={x € E®F :p.(x)>0}.

ExFrEr w2 s poF
\ lp*
p
> E" @ Fr
Er®F"

Proposition 5.12. (See [7, Lemmas 4.2 and 4.3].) The Fremlin tensor cone is a generating
integrally closed cone. Moreover Ky C Kp and Kp is relatively uniformly closed in (E ® F, Kr).

Theorem 5.13. (See [7, Theorem 4.4].) Let E and F be integrally closed pre-Riesz spaces. For a
cone K in E® F the following four statements are equivalent.

(i) K is the integrally closed tensor cone.

(ii) For all integrally closed pre-Riesz spaces (S, Kg) and for any linear map ¢ : EQ F — S with
¢(x) € Kg for all x € K, we also have that ¢(z) € Kg for all x € K.

(iii) K is the intersection of all integrally closed cones in E ® F that contain Kr.
(iv) K is the relatively uniformly closure of Ky in (E ® F, Kr).

Proposition 5.12 and Theorem 5.13 yield the following.

Theorem 5.14. For any pair of integrally closed pre-Riesz spaces E and F, the relatively uniformly
closure Ky of Kr in (E ® F,Kr) is a cone. That is, K is the integrally closed tensor cone in
E®F and (E ® F, K1) is the positive tensor product of E and F.
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Proof. Let E and F' be integrally closed pre-Riesz spaces and let K be the relatively uniformly
closure of Kp in (F ® F, Kr). By Proposition 5.12 on the preceding page we have that Ko C Kp
and that K is a relatively uniformly closed cone in (E®QF, KT). Since K7 is the relatively uniformly
closure of K7 in (E® F, Kr), it follows that K; C Kp. Thus K7 is a cone. From Theorem 5.13 on
the previous page follows that K is the integrally closed tensor cone in E ® F thus (F ® F, K7)
is the positive tensor product of E and F. O

Remark 5.15. We denote the positive tensor product by £ ® F.

From the construction follows clearly the following two theorems.

Theorem 5.16. Let E', E, F' and F be integrally closed pre-Riesz spaces, such that E' C E,F' C
F then there exists a bipositive linear map ¢ : E' @ F/ — EQ F with ¢(z Qy) = xR y.

Theorem 5.17. Let E and F' be integrally closed pre-Riesz spaces. Then there is an order iso-
morphism ¢ : EQF - FQE,¢p(zx®y)=yQuz,x € E,y € F.

5.2 Construction of the positive tensor product via a free Riesz space

Now we give another construction of the positive tensor product of two arbitrary integrally closed
pre-Riesz spaces. This construction does not make use of the results of Fremlin.

Let E and F be two arbitrary integrally closed pre-Riesz spaces. We construct the positive tensor
product (7', b) of E and F out the free Riesz space (FRS(E X F'), ) over E x F, by choosing a suitable
ideal J in FRS(E x F') and by choosing a vector subspace T of 7" = FRS(E x F')/J generated
by elements ¢(¢(z,y)),z € E,y € F, where ¢ is the quotient map. The positive bimorphism b is
chosen to be q o ¢ restricted to T.

Theorem 5.18. Let E and F be integrally closed pre-Riesz spaces. Consider the free Riesz space
over E x F (seen as a set), (FRS(E x F),.). Let J be the intersection of all relatively uniformly
closed ideals that contain the following set.

vax + By, z) —ou(w,2) — Buly,z), zy€E,z€Fa,BER,
L(x,ay—i—ﬂz)—om(x,y)—ﬂL(m,z), $€E,ZJ,Z€F,O¢,5€R, (2)
vz, y) — |u(z,y)| veEf,yeFt.

Let T" = FRS(E x F)/J and let q : FRS(E x F) — T’ be the quotient Riesz homomorphism.
Define b : ExXF — T by b (z,y) = q(t(z,y)) = (qot)(z,y). Let T = Span{b'(z,y) : x € E,y € F}
and let b : E x F — T be the restriction of b'. Then T is an integrally closed pre-Riesz space, b is
a positive bilinear map and (T, b) is the positive tensor product of E and F.

Proof. Let E,F,J,T',T,V',b and ¢ be as in the theorem. Since FRS(E x F') is a Riesz space, J is
a relatively uniformly closed ideal, by Theorem 2.11 on page 4 we have that T” is an Archimedean
Riesz space.

Claim 5.19. b’ is a positive bimorphism.

Proof of Claim 5.19. Let x,y € E and z € F. Let a, 8 € R. Then 0 = ¢q(¢(az + By, 2) — au(x, 2) —
Buy2) = qlelo + By, 2)) — aq(u(z, 2)) — Pa(uly,2)) = V(az + By, 2) — ab(z,2) — BV (3, 2).
Therefore V' (ax + By, z) = ab/(x,z) + BV (y, z). Likewise, we have for all z € E,y,z € F and
a,f € R :V(x,ay + B2z) = ab/(z,y) + BV (x,2). Thus ¥ is bilinear. Let x € ET,y € FT.
Then ¥(z,y) = a(u(z,9)) = all(e.9)) = la@(z9)) = V(@) > 0. Hence b is a positive
bimorphism. O

Note that T is generated as subspace of T by positive elements b (z,y),x € E*,y € FT, thus T is
a directed integrally closed partially ordered vector space and hence an integrally closed pre-Riesz
space. Since b'(E x F') C T, we have that b is well defined and clearly a positive bilinear map. Let
G be an arbitrary integrally closed pre-Riesz space and let ¢ : E x I' — G be an arbitrary positive
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bimorphism. Let G" be the Riesz completion of G and we may assume that G C G". We view
¢ as a positive bimorphism from F x F' to G". Let ¢ : FRS(E x F') — G" be the unique Riesz
bimorphism that satisfies ¢ = 1) o ¢.

FRS(E x F) "~ ¢r (3)

1

E x F

Note that ker (1)) is a relatively uniformly closed ideal of FRS(L x M ). We will show that J C ker ().
To do that, it is sufficient to show that the set that generates J is contained in ker(y). Note
that for all o, € R and z,y € F and z € F we have ¥(t(ax + By, z) — au(x, 2) — By, 2)) =
oz + By, 2) — (e, 2) — BU(ily,2)) = dlaw + By,2) — ad(z,2) — B6(y,2) — 0. So
tlax + By, z) — au(z, z) — Buly, z) € ker(¢). Likewise o(z, ay + Bz) — aw(z,y) — Bz, z) € ker(),
for all x € E,y,2 € F and o, € R. Let x € ET,y € F*. Since ¢(x,y) > 0, we have that
alr,y) — 1@ W)]) = B0 9)) — [0 1) = 6(z,y) — [6(z, )] = 0. Thus i{z,y) — oz, )| €
ker(v) for all x € E* y € FT. We conclude that J C ker(¢). Now define ¢, : T/ — G" by
@' (q(x)) = ¢¥(z). Suppose q(x) = q(y) for z,y € FRS(E x F). Then y —x € J C ker(¢)). Thus
O (q(2)) =Y(x) = Y@ +y—x) = ¥(y) = ¢«(q(y)). It follows that ¢/, is well defined. Clearly, ¢/, is
lincar. Lt © € FRS(E x F). Then ¢, (lg(@)]) = 6, (a(|])) = w(|z]) = [¢(z)| = |6} (g(z))], since v
is a Riesz homomorphism. Hence ¢’ is a Riesz homomorphism and in particular a positive linear
map and ¢ (V' (2, y)) = ¢, (q(u(z,y)) = P ((z,y)) = ¢(z,y).

It is clear that ¢ = ¢, o b and that b is positive. It remains to show that ¢, is the unique
positive linear map with this property. Let x : T' — G be a positive linear map that satisfies
¢ = xob. Let t € T. Then there are x1,...,2, € E,y1,...,y, € F such that ¢t = >""" | b(z;, ;).
So x(t) = >0 x(b(z4,y:)) = >y (@i yi) = Diq G (b(24, ;) = ¢u(t). In fact, we proved that
¢, is the unique linear map x with the property that ¢ = x ob. Hence (T, b) is the positive tensor
product of E and F. O

We have shown something stronger. Remark that we only use the fact that E and F' are partially
ordered vector spaces, that G is pre-Riesz, but not that it is integrally closed. Note that T is
directed if E and F are directed. Therefore we have the following.

Theorem 5.20. Let E and F be partially ordered vector spaces. Then there exists a pair (T,b)
where T is an integrally closed partially ordered vector space and b : E X F — T is a positive
bimorphism, such that for any pre-Riesz space G (either integrally closed or not integrally closed)
and for any positive bimorphism ¢ : E X F — G there exist a unique linear map ¢, : T — G, such
that ¢ = ¢, o b. Moreover ¢, is positive. If E and F are directed, then T is an integrally closed
pre-Riesz space.

ExF-2—sT (4)

oM
X

G

6 The normed Riesz space tensor product and Banach lat-
tice tensor product

If Riesz spaces L and M have a Riesz norm, then it will be natural if the Archimedean Riesz
tensor product also has a Riesz norm, likewise the tensor product of Banach lattices should be a
Banach lattice. In this section we define and study the Banach lattice tensor product. We give a
construction of the Banach lattice tensor product as a quotient of a free Banach lattice.
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6.1 Definitions and properties

Definition 6.1. Let L and M be normed Riesz spaces (Banach lattices). The normed Riesz space
(Banach lattice) tensor product of L and M is a pair (T,b), where T is a normed Riesz space
(Banach lattice) and b : L x M — T is a continuous Riesz bimorphism with ||b|| < 1 and the
property that for every normed Riesz space (Banach lattice) N and for every continuous Riesz
bimorphism ¢ : L x M — N there is a continuous Riesz homomorphism ¢, : T — N such that
¢ = ¢.0ob and ||d.|| < ||P||. Moreover, we require that ¢, is the unique Riesz homomorphism
X : T — N with the property that ¢ = x o b.

LxM-" T

RN

N

Remark 6.2. Later on we will see that [|¢.|| = ||¢]| and when the spaces are non-trivial, that
[lol] = 1.

If the normed Riesz space (Banach lattice) tensor product exists, then it is unique as Riesz space
and as normed space.

Theorem 6.3. Let L and M be normed Riesz spaces (Banach lattices). Suppose (S,b) and (T, c)
are normed Riesz space (Banach lattice) tensor products of L and M. Then there is a unique Riesz
homomorphism ¢ : S — T such that ¢ o b = c. Moreover ¢ is invertible, p~' : T — S is a Riesz
homomorphism and ¢ is isometric. In particular, ¢ is an order isomorphism.

Proof. The proof is similar to the proof of Theorem 4.2 on page 11. O

Theorem 6.4. Let L and M be normed Riesz spaces (Banach lattices). If (T,b) is the normed
Riesz space (Banach lattice) tensor product of L and M, then T is generated as Riesz space (Banach
lattice) by elements b(x,y).

Proof. Let L and M be normed Riesz spaces (Banach lattices). Suppose (T, b) is the normed Riesz
space (Banach lattice) tensor product of L and M. Let S be the Riesz subspace (Banach sublattice)
of T generated by elements b(x,y). Note that b maps into S. Let N be an arbitrary normed Riesz
space (Banach lattice) and let ¢ : L x M — N be a continuous Riesz homomorphism. Let ¢, : T —
N be the unique continuous Riesz homomorphism with ¢ = ¢/, o b. Note that ||¢.|| < ||#L]] < ||#]]-
Let ¢, : S — N be the restriction of ¢, to S. Then ¢, is a Riesz homomorphism and ¢ = ¢, o b.
Let ¢ : S — N be any Riesz homomorphism such that ¢ = 1 ob. Then ¢, (b(x,y)) = ¥ (b(x,y)), for
all x € L and y € M. Thus ¢, and v coincide on S. Hence ¢, = 1. We conclude that (S,b) is also
the normed Riesz space (Banach lattice) tensor product of L and M. From Theorem 6.3 follows
that S = T. This concludes our proof. O

Theorem 6.5. Let L and M be Banach lattices. Suppose (T",b) is the normed Riesz space tensor
product of L and M. Let T be the norm completion of T'. Then (T,b) is the Banach lattice tensor
product of L and M.

Proof. Let L and M be Banach lattices. Suppose (T”,b) is the normed Riesz space tensor product
of L and M. Let T be the norm completion of 7”. Then by Theorem 3.27 on page 10 T is a Banach
lattice. Note that b: L x M — T is a continuous Riesz bimorphism. Let N be any Banach lattice
and ¢ : L Xx M — N a continuous Riesz bimorphism. Then there exist a unique continuous Riesz
homomorphism % : 7" — N such that ¢ = 1 ob. Let ¢, be the continuous extension of 1) to T. Then
¢+ is a Riesz homomorphism and ¢ = ¢, ob. Let x : T' — N be an arbitrary Riesz homomorphism
such that ¢ = x o b. Since b maps into T, we have that ¢ = x|7v o b. From the uniqueness of 1
follows that x|7» = ¢. The continuous extensions of x|7» and v coincide thus y = .. Note that
[lo«|| = 19| < |l¢l| and ||b]] < 1. We conclude that (7', b) is the Banach lattice tensor product of
L and M. O
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6.2 Construction of the normed Riesz space and Banach lattice tensor
product via a free normed Riesz space.

Theorem 6.6. Let Ly and Ly be normed Riesz spaces (Banach lattices). If L1 = 0 or Ly = 0,
then (0,0) is the normed Riesz space (Banach lattice) tensor product of Ly and Ls. Suppose Ly
and Lo are non-zero, let S; = {x € L; : ||z|| = 1}, for i € {1,2}. Consider the free normed Riesz
space (FNRS(S1 x S2),1) (free Banach lattice FBL(Sy x S3)) with Riesz norm || - ||p. Let J be the
intersection of all || - || p-norm closed ideals that contain

z+y _ x =z o Yz
e+ gl lzlle (2, r2n) = el zlle (s ) = il iztle (s v )
x,y € L1\{0},z € Lo\{0}, and x +y # 0,

llaz|] |yl (HMHaHyH) 04||$||||ZUH’/( 3E| ﬁ)
x € L1\{0},y € Lo\{0}, a € R\{0},

el 1y + 2lle (72 122) = el gl (2 i) = el 2l (2 o) 5
xz € Li\{0},y,z € Lo\{0}, andy+ 2z # 0,

el ayle (127, nety) = allell lglle (w27 )
x € L1\{0},y € L2\{0}, a € R\{0},

el g1 Je (o 2 )| = Vel e (2 ).

x € L1\{0},y € L2\{0}.

Let T = FNRS(Sy x S2)/J, and let q : FNRS(S1 x So) — T be the quotient homomorphism, define
b: Ly x Ly — T through

o) = | fa=0, ory=0, (6)
Z, = x .
Y (HxH [lyl|e (ﬁ ﬁ)) otherwise.

Then b is a continuous Riesz bimorphism and (T,b) is the normed Riesz space (Banach lattice)
tensor product of Ly and Lo. Moreover for any normed Riesz space (Banach lattice) M and any
continuous Riesz bimorphism ¢ : L1 x Ly — M, the induced continuous Riesz homomorphism
¢« : T — M that satisfies d = ¢. o b also satisfies ||p«|| = ||@||. Furthermore if L1 and Lo are
non-trivial then ||b|| = 1.

Proof. Since the proof of the Banach lattice case is similar to the proof of the normed Riesz space
case, we only do the latter. Let L; and L, be normed Riesz spaces. The case that L; or Lo is
0 is trivial, so suppose that both L; and Lo are non-trivial. Let S1,S5,J,T,q and b be as in the
theorem. We will show that b is a Riesz bimorphism and that (7', b) is the normed Riesz space
tensor product of L; and Lo.

Claim 6.7. b is a continuous Riesz bimorphism.

Proof of Claim 6.7. Note that b(x,y) =0,if x =0 or y = 0. Let a € R. If &« = 0, then b(ax,y) =
b(0,y) = 0 = ab(x,y). Suppose a # 0. Clearly, if x = 0 or y = 0 or both, then b(ax,y) = ab(z,y).
If x # 0,y # 0 and « # 0, then

blax,y) = (HawHHyHL( faal] L))

a (allall st (2. 727))
— g (Jll il (s 27))

= b('r’y)'

Let x,y € L1,z € Lo. If 2z =0, then b(z +y,2) =0=0b(z,2) + b(y,2). f z#40,and x =0 or y =0
or both are 0, then, clearly, b(z + vy, z) = b(z,2) +b(y,2). If z# 0,2 #0 and y # 0 but z +y =0,
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then x = —y. Thus b(x, z) = b(—y, z) = —b(y, z). Hence b(z + y, z) = 0 = b(x, ) + b(y, z). Finally,
ifex#0,y#0,2%# 0 and x +y # 0, then

be+y.2) = e+l ()

— (el lelle (s ) + Wit el (i )
= g (Illlltzle (e ) + o (Ioilizle (e )

= b(x,2) + by, 2).

Hence b(-, z) is linear, for all z € L. Likewise b(z, -) is linear, for all x € Ly. Thus b is bilinear.
Let € L1,y € Ly. Suppose z = 0 or y = 0 or both, then |b(z,y)| = 0 = b(|=|, |y|). Suppose = # 0
and y # 0. Then

bl = Ja (el ol (2 )|
= a(lelioh |+ (s v)])
= q (llell e (. )
— b(jal, ly).
Thus b is a Riesz bimorphism. Clearly b is continuous. =

Let N be an arbitrary normed Riesz space and let ¢ : L1 x Ly — N be a continuous Riesz
bimorphism. Let ¢ : S1 X So — N be the restriction of ¢ to S; x S;. Note that ¢; is a bounded
map. Let ¢ : FBL(S; X S2) — N be the unique Riesz homomorphism that satisfies ¢1 = 1) o with
the property |[|¢|| = ||p1]| = ||#]|. We will prove that J C ker(t)). Since ker(v) is a || - || p-norm
closed ideal, we only have to prove that the set that generates J is contained in ker(¢)).

Let o € R\{0},z € L;\{0},y € L2\{0}. Then

o (llaal liylle (722, 77 ) = ellel Hyllb(
ol 1yl (¢ (722, i) ) — el Iyl

= llallllyllor (1227 1) —a||x\|||y||¢1(
d(az,y) — ag(z,y)

0.

Thus [loce| lylle (. i) = ollelllolle (2. ) € ker(), for all @ € Li\{0}.y € L2\{0}

|
and o € R\{0}. Likewise ||z||||ay||t (WH, IIayH) allz| ||yl (Ii H—%) € ker(¢), for all z €

Li1\{0},y € L2\{0} and a € R\{0}.
For all z,y € L1\{0} and z € Ly\{0} with  + y # 0 we have

o (lle -+ wll e (222 vz ) = el el (2 ) = Wil (s 727)
e+ il 12119 (¢ (s ) = lal 2l ( En)) = il (e (v )

||x+y||||z||¢>1( e Z)—\lelllz\lsbl( o en ) = sl izllon (v v)

= Pr+y,2)—ox,2) - oy,
= 0.

H /\a
/—\
i‘%
gﬁ
~
N—

HZI

‘%@ /\&‘

Thus (| 121le (&b, 1) = el =l (e ) = 1ol (i ) € Ker(@). Likewise,

for all x € L1\{0} and y,z € L2\{0} with y + 2z # 0, we have that ||z|| ||y + z||¢ ( TSIt I\gizll) —
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eyl (2 1) = el 1zlle (5o 1) € ker().
For all z € L1\{0} and y € Ly\{0} we have

o (Il ol |e (1) | = Nl e (424
el Iyl e (¢ (s ) )| = Nl gl (o (,i =)

=zl gl o1 (2 v )| = Vel o (2 12)

o(, y)| = ¢(|, |y])
0.

Thus [|z||[|y]| ‘L (L L)‘ /| 1ylle (L, M) € ker(+). Tt follows that J C ker(x)).

[z Tyl Iyl
Define ¢, : T — N through ¢.(q(z)) = ¢(z), for € FBL(S1 x S2). Then ¢, is a well defined

Riesz homomorphism. We have

¢« (b(z,y))

6. (a (1ol (7 7))
alt il (x (e )

=l lllor (72 LH)
= d)(:c,y),

for all x € L;\{0} and y € Ly\{0}. If z € L1,y € Ly and * = 0 or y = 0 or both, then
$+(b(z,9)) = ¢+(4(0)) = ¥(0) = 0 = ¢(2,y). S0 ¢ = p. 0 b.

Suppose x : T'— N is a Riesz homomorphism that satisfies ¢ = y o b. In particular ¢; = xy ogo .
From the uniqueness statement in the definition of a free normed Riesz space follows that x o ¢ :
FNRS(S1 x S2) — N is equal to ¥. Thus x(q(z)) = ¥(z) = ¢«(q(x)), for all z € FBL(S; x Sa).
Hence x = ¢.

Note that [[b(z, 1)I| = lla(e(z, )| < lle(e, )l = 1 =[]l [lyll, for all & € Sy, € Sp. Thus [[b]] < 1.
For all € FBL(S; x S2) of norm one, we have ||¢.(q(x))|| = [|2(z)]| thus ||¢«]| = ||¥]] = ||¢1]| =
[|¢]]. This concludes our proof that (T,b) is the normed Riesz space tensor product of Ly and Ls.
Note that b is non-trivial. Thus |[b]| > 0. We have already seen that ||b|| < 1. Suppose ||b]| =
1—¢e <1 for some 0 < e < 1. Then for all z € S1,y € S we have that ||b(z,y)|| = ||b«(b(z,y))|| <
[1b:£]]110(z, »)|] < (1 —&)||b«|] = (1 —€)||b]], and that is a contradiction. We conclude that ||b]| = 1.
This concludes the proof of the theorem.

FNRS(S; x Ss) —>1T

t\ .

SlXSQ?N
1

O

Remark 6.8. D.H. Fremlin proved also the following fact for Banach lattices [4, Theorem 1E(iii)]:
let L, M and N be Banach lattices and let (T',b) be the Banach lattice tensor product of L and
M. Then there is a one-to-one norm preserving correspondence between the continuous positive
bimorphisms ¢ : L x M — N and the continuous positive linear maps ¢, : T — N such that
¢ = ¢, o b. Moreover ¢ is a continuous Riesz bimorphism if and only if ¢, is a continuous Riesz
homomorphism. We could not find a proof for this fact with the new construction.

Theorem 6.9. Let L', L, M’ and M be normed Riesz spaces (Banach lattices) with L' C L and
M’ C M. Let (T',V') be the normed Riesz space (Banach lattice) tensor product of L' and M’ and
let (T, b) be the normed Riesz space (Banach lattice) tensor product of L and M. Then there is an
injective continuous Riesz homomorphism ¢ : T' — T such that o(b/ (x,y)) = b(x,y), for all x € L'
and y € M’'. In particular v is bipositive.
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Proof. The proof is similar to the proof of Theorem 4.8 on page 13. Note that ||¢|]| < |[b|| < 1.
Hence ¢ is continuous. O

Remark 6.10. 1. For Banach lattices L and M we denote the Banach lattice tensor product
T by L&M and the bimorphism b by ®.

2. From the construction follows clearly that L&M is isomorphic as Banach lattice to M&L.
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