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Introduction

» Mixingales are stochastic processes which combine the
concepts of martingales and mixing sequences.

» McLeish introduced the term mixingale at the 4"
Conference of Stochastic Processes and Applications, at
York University, Toronto in 1974.

» We generalize the concept of a mixingale to the
measure-free Riesz space setting. This generalizes all of
the 17,1 < p < oo variants.

» We also generalize the concept of uniform integrability to
the Riesz space setting and prove that a weak law of large
numbers holds for Riesz space mixingales.



Background - McLeish

» McLeish defines mixingales using the L>-norm.

» In McLeish? proves invariance principles under strong
mixing conditions.

» McLeish?® also proves a strong law for large numbers for
dependent sequences under various conditions.
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Background - Andrews and de Jong

» In 1988, Donald W. K. Andrews* defined an L! analogue of
McLeish’s mixingales and presented a weak laws of large
number for L!-mixingales.

» The L!-mixingale condition of Andrews is weaker than
McLeish’s mixingale condition.

» Andrews makes no restriction on the decay rate of the
mixingale numbers, as was assumed by McLeish.

» Mixingales have also been considered in a general
L7, 1 < p < oo, by de Jong® 6.
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Outline

» We define mixingales in a Riesz space and present a weak
law of large numbers for mixingales in this setting.

» This order approach highlights the underlying mechanisms
of the theory.

» This develops on the work of Kuo, Labuschagne, Vardy
and Watson 7 8 9 on formulating the theory of stochastic
processes in Riesz spaces.

» Other closely related generalizations were given by Stoica
10 and Troitsky .
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Preliminaries - Bands and Principal Bands

» A non-empty linear subspace B of the Riesz space E is a

band if:
(i) the order interval [—|f], |f|] is in B for each
f € B;
(if) for each D C B with supD € E we have
supD € B.

» A principal band is a band generated by a single element.

» If e € E4 and the band generated by e is E, then e is called
a weak order unit of E and we denote the space of ¢
bounded elements of E by

E°={f € E : [f| < keforsome k € R, }.



Preliminaries - Band Projections

» In a Dedekind complete Riesz space with weak order unit
every band is a principal band and, for each band B and
ueck,,

Pgu :=sup{v : 0 <v <u,v e B}

exists.
» The above map Pp can be extended to E by setting
Ppu = Pgu™ — Pgu~ foru € E.
» With this extension, P is a positive linear projection which

commutes with the operations of supremum and infimum in
that P(u vV v) = PuV Pvand P(u Av) = Pu A Pv.

» Moreover 0 < Pgu < u for all u € E, and the range of Py is
B.



Preliminaries - Order Continuity

Let T : E — F be an operator where E and F are Riesz spaces.

» We say that T is a positive operator if T maps the positive
cone of E to the positive cone of F, denoted T > 0.

» Here a set D in E is said to be downwards directed if for
f,g € D there exists h € D with h < f A g. In this case we
write D | or f |sep. If, in addition, g = inf D in E, we write
D] gorflrep g

» Let T be a positive operator between E and F. We say that
T is order continuous if for each directed set D C E with
f drep 0in E we have that Tf |;cp 0.

» Band projections are order continuous.



Riesz space Conditional Expectation Operators

» Let E be a Dedekind complete Riesz space with weak
order unit, e. We say that T is a conditional expectation
operator in E if T is all of the following

» positive

» order continuous

» a projection

» maps weak order units to weak order units

» has range, R(T), a Dedekind complete Riesz subspace of
E.

» If T is a conditional expectation operatoron E, as T is a
projection it is easy to verify that at least one of the weak
order units of E is invariant under T.



f-algebras

>

To access the averaging properties of conditional
expectation operators a multiplicative structure is needed.

In the Riesz space setting the most natural multiplicative
structure is that of an f-algebra. This gives a multiplicative
structure that is compatible with the order and additive
structures on the space.

The space E¢, where ¢ is a weak order unit of E and E is
Dedekind complete, has a natural f-algebra structure
generated by setting (Pe) - (Qe) = PQe = (Qe) - (Pe) for
band projections P and Q.

Using Freudenthal’s Theorem this multilpication can be
extended to the whole of E¢ and in fact to the universal
completion E*.

Here ¢ becomes the multiplicative unit.

This multiplication is associative, distributive and is positive
in the sense that if x,y € E; then xy > 0.



Averaging Operators

» If T is a conditional expectation operator on the Dedekind
complete Riesz space E with weak order unit e = Te, then
restricting our attention to the f-algebra E¢ T is an
averaging operator, i.e. T(fg) = fTg for f,g € E¢ and
feR().

» Infact E is an E¢ module which allows the extension of the
averaging property, above, to f, g € E with at least one of
them in E°.

» f-algebras and the averaging properties of conditional
expecation operators have been well studied. '2 13 14 15
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T-universal completeness

» Let E be a Dedekind complete Riesz space with weak
order unit and T be a strictly positive conditional
expectation on E. The space E is universally complete with
respect to T, i.e. T-universally complete, if for each
increasing net (f,) in E with (7f,) order bounded in E*, we
have that (f,,) is order convergent in E.

» If E is a Dedekind complete Riesz space and T is a strictly
positive conditional expectation operator on E, then E has
a T-universal completion which is the natural domain of T,
denoted dom(7) in the universal completion, E*, of E.

» Here dom(T) = D — D and Tx := Tx" — Tx~ for x € dom(T)
where

D = {x € E|3(xa) C E4,xq T x, (Tx,) order bounded in E"},

and Tx := sup,, Tx,, for x € D, where (x,) is an increasing
netin E; with (x,) C E4, (Tx,) order bounded in E".



Martingales in Riesz spaces

>

Let (7;) be a sequence of conditional expectations on E
indexed by either N or Z, we say that (T;) is a filtration on E
if

T,Ti=T; =TT, foral i<j.
If (7;) is a filtration and T is a conditional expectation with
T;T = T = TT; for all i, then we say that the filtration is
compatible with T.
Given a conditional expectation T, the sequence (T;) of
conditional expectations in E compatible with 7 being a
filtration is equivalent to R(7T;) C R(T;) for i <.
If (7;) is a filtration on E and (f;) is a sequence in E, we say
that (f;) is adapted to the filtration (7;) if f; € R(T;) for all i in
the index set.
The double sequence (f;, T;) is called a martingale if (f;) is
adapted to the filtration (7;) and in addition

fi=Tf;, for i<j.



Martingale difference sequences in Riesz spaces

» The double sequence (g;, T;) is called a martingale
difference sequence if (g;) is adapted to the filtration (T;)
and

Tigi+1 = 0.

» We observe that if (f;) is adapted to the filtration (7;) then

(fi — Ti—1fi, T;) is a martingale difference sequence.

» Conversely, if (g;, T;) is a martingale difference sequence,
then (s, T,) is a martingale, where

n
snzzgh n>1,
i=1

and the martingale difference sequence generated from
(S}'H Tn) IS preCISely (gnu Tn)



Conditional Independence

Let E be a Dedekind complete Riesz space with conditional
expectation T and weak order unit e = Te.

» Let P and Q be band projections on E. We say that P and Q
are T-conditionally independent if

TPTQe = TPQe = TQTPe. (1)

» We say that two Riesz subspaces E; and E, of E
containing R(T), are T-conditionally independent if all
band projections P;,i = 1,2, in E with Pie € E;,i = 1,2, are
T-conditionally independent.

» Let P;,i = 1,2, be band projections on E. Then P;,i = 1,2,
are T-conditionally independent if and only if the closed
Riesz subspaces E; = (Pie, R(T)),i = 1,2, are
T-conditionally independent.



Uniform Integrability in L'

» If (Q, A, 1) is a probability space and f,,, « € A, is a family
in L1(Q, A, 1), indexed by A, the family is said to be
uniformly integrable if for each ¢ > 0 there is ¢ > 0 so that

/ [faldp <e, forall aeA,
Qalc)

where
Qa(c) ={x e Q : |falx)] > c}.

» This concept can be extended to the Riesz space setting
as T-uniformity, see the definition below, where T is a
conditional expectation operator.



T-Uniformity

» Let E be a Dedekind complete Riesz space with
conditional expectation operator 7 and weak order unit
e=Te. Letf,,a € A, be afamily in E, where A is some
index set. We say that f,, « € A, is T-uniform if

SUp{TP(|f,|—ceytfal : €« €A} =0 as ¢ — oo 2)

» In the case of the Riesz space being L' (2, A, u) and T
being the expectation operator, the two concepts coincide.



T-uniform families

Lemma

Let E be a Dedekind complete Riesz space with conditional
expectation T and let e be a weak order unit which is invariant
underT. Iff,, € E,a € A, is a T-uniform family, then the set
{T|fs| : o € A} is bounded in E.



Proof
Proof:As the sequence f,,a € A, is T-uniform

Jo = sup{TP(f,|—ce)+|fil - @« €A} =0 as ¢ — oo

In particular this implies that J,. exists for ¢ > 0 large and that,
for sufficiently large K > 0, the set {J. : ¢ > K} is bounded in E.
Hence there is g € E so that

TP(f,|—ce)tfal < g, forall ae€A,c>K,
By the definition of P |_ce)+,
(I = P(py|—ce)t fa| < ce, for a €A e>0.
Combining the above for ¢ = K gives
Tlfal = TP(1,|—key+ [fal + T(I = P(p,|—ke)+ )fal| < g+ Ke,

for all o € A. ]



Mixingales in L!

In classical probability theory ((f;)ien, (Ai)icz) is @ mixingale in
the probability space (2, A, u) if the following hold:

» (A))icz is an increasing sequence of sub-o-algebras of A
(i.e. (A))iez is afiltration);
» (f)ien is a sequence in L (Q, A, p);

> there are sequences (c;), (®;) C Ry with ®; — 0asi — oo
so that
EHE[}CL’Al—m”] < Ci(I)m

and
E[lﬁ - E[fl|~’41+mm < CicI)m-H .



Mixingales in Riesz Spaces

Definition
» Let E be a Dedekind complete Riesz space with conditional
expectation operator, T, and weak order unit e = Te.
» Let (T;);ez be a filtration on E compatible with 7.

» Let (fi)ien be a sequence in E.
» We say that (f;, T;) is a mixingale in E compatible with T if
there exist (¢;)ien C E+ and (®,,)meny C R4 such that
®,, — 0asm — oo and for all i, m € N we have
(i) T|Ti—wfil < Puci,
(i) Tlfi — Tixmfil < Prmparci



Mixingales

» The numbers ®,,,m € N, are referred to as the mixingale
numbers. These numbers give a measure of the temporal
dependence of the sequence (f;).

» The constants (c¢;) are chosen to index the ‘magnitude’ of
the the random variables (f;).

» In many applications the sequence (f;) is adapted to the
filtration (7).



Means of mixingales

Lemma

Let E be a Dedekind complete Riesz space with conditional

expectation operator, T, and weak order unite = Te. Let

(fi, T:)ien be a mixingale in E compatible with T.

(a) The sequence (f;) has T-mean zero, i.e. Tf; = 0 for all
ieN.

(b) Ifin addition (f;):en is T-conditionally independent and
R(T;) = {fi,...,fi—1, R(T)) then the mixingale numbers
may be taken as zero, where (fi,...,fi—1, R(T)) is the
order closed Riesz subspace of E generated by fi, . .. ,fi_1
and R(T).



Proof
Proof{a) Here we observe that the index set for the filtration
(T;) is Z, thus

|7 | TT;_ fi]
T|T;—nfil
C,'(I)m

0 asm— o

VARV

giving 7f; = 0 for all i > 0.
(b) As (f;) is adapted to the filtration (T;), f; € R(T;) foralli e N
it follows that

fi—Tivmfi =0, forall i,meN.

As (f;) is T-conditionally independent and as (f;) has T-mean
zero (from (a)), we have that

Ti—mfi = Tﬁ = 07

for i,m € N. Thus we can choose ®,, = 0 for all m € N. L]



Lemma to the Weak Law of Large Numbers

Lemma

Let E be a Dedekind complete Riesz space with conditional
expectation operator T, weak order unit e = Te and filtration
(T:)ien compatible with T. Let (f;) be an e-uniformly bounded
sequence adapted to the filtration (T;), and g; :== f; — T;—.f;, then
(gi, T:) is @ martingale difference sequence with

T|g,| >0 asn— oo,

where

N
8n = n;&-
i—



Weak law of large numbers

Theorem

[Weak Law of Large Numbers] Let E be a Dedekind complete
Riesz space with conditional expectation operator T, weak
order unit e = Te and filtration (T;),cz. Let (i, T;)ien be a
T-uniform mixingale with ¢; and ®; as defined previously.

(a) If (i > ci> is bounded in E then
i=1

neN

1 n
w2t

i=1

TIf,| =T —0 asn— .

(b) Ifc; =T|f;| foreachi > 1 then

1 n
w2

i=1

TIf,|=T —0 asn— co.
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