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ils!Exer
ise 1Let A be a 
ommutative ring and p be a prime ideal of A. Set S = A\p.1. Show that (S,≤) is a �ltrant pre-ordered set if we de�ne ≤ as follows :

f ≤ g ⇐⇒ ∃h 6∈ p, fh = g.2. Let M be an A-module. For a ∈ A, de�ne Ma = M [ 1
a
], and set Mp = S−1M . Prove thatthe natural morphism

lim
−→
t6∈p

Mt →Mp.is an isormophism of A-modules.3. Show that for any short exa
t sequen
e of A-modules
0 // M ′ // M // M ′′ // 0and any t ∈ S, the sequen
e

0 // M ′[1
t
] // M [1

t
] // M ′′[1

t
] // 0is exa
t.4. Dedu
e that for any short exa
t sequen
e of A-modules

0 // M ′ // M // M ′′ // 0the sequen
e of A-modules obtained after applying the fun
tor −⊗A Ap :
0 // M ′ ⊗A Ap

// M ⊗A Ap
// M ′′ ⊗A Ap

// 0is exa
t.Exer
ise 2Let C be a 
ategory with an initial obje
t denoted αC and a terminal obje
t denoted ωC. Let
I be the empty 
ategory. Let F : I → C and G : Iop → C be two fun
tors. Show that :

lim
−→
I

F = αC,(1)
lim
←−
I

G = ωC.(2) 1



Exer
ise 3Let C be a 
ategory. The 
ategory C is 
artesian if the following holds :(1) C has a �nal obje
t, denoted ωC.(2) For all X and Y in C, the produ
t X∏

Y exists.A 
ategory is said 
o
artesian if its opposite 
ategory is 
artesian, and bi
artesian if it is
artesian and 
o
artesian.1. Show that C is 
o
artesian if and only if the following holds(a) C has an initial obje
t, denoted αC.(b) For all X and Y in C, the 
oprodu
t X ∐

Y exists.2. Suppose C is 
artesian. Prove that for any X ∈ C, the obje
ts X∏

ωC, ωC

∏

X and Xare isomorphi
.3. Suppose that C is a 
artesian 
ategory. Let f : X → Y and a : A → B be morphisms.Prove that there is a unique morphism φ : X
∏

A→ Y
∏

B su
h that :
{

fπX = πY φ,

aπA = πBφ,where the π′s are the 
anoni
al morphisms














πX : X
∏

Y → X,

πY : X
∏

Y → Y,

πA : A
∏

B → A,

πB : A
∏

B → B.The morphism φ will be denoted f × a.4. Let C be a 
artesian 
ategory. To simplify the notations, for A and B of C we will write
A × B instead of A∏

B and, if A∐

B exists it will be denoted A + B. For two obje
ts
A and B of C, denote by Exp(C)A,B the 
ategory whose obje
ts are diagrams (in C) :

X × A
f

// B.and a morphism between X × A
f

// B and Y ×A
g

// B 
onsists of a morphism
φ ∈ HomC(X, Y ) su
h that the diagram :

X × A
f
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φ×IdA

��
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Y × A

g

;;wwwwwwwww
ommutes. Let A and B be two obje
ts of C. If the 
ategory Exp(C)A,B has a �nal obje
t,we will denote it by BA ×A
e

// B , where BA ∈ C and e ∈ HomC(B
A × A,B).Show that Set is a bi
artesian 
ategory. Prove that if A,B are two sets, the 
ategory

Exp(Set)A,B has a �nal obje
t (
onstru
t BA and the morphism e).5. From now on C is a bi
artesian 
ategory su
h that for any A,B ∈ C, the 
ategory Exp(C)A,Badmits a �nal obje
t. 2



a. Show that for any obje
t X, Y, Z ∈ C, we have an isomorphism :
HomC(X × Y, Z) ≃ HomC(X,Z

Y ).b. From now on, we �x three obje
ts A,B and C of C. Prove that there is a 
anoni
almorphism :
φ : (A× C) + (B × C)→ (A +B)× C.
. Show that we have a 
anoni
al morphism :
ψ̄ : A+B → ((A× C) + (B × C))C .And show that it 
orreponds uniquely to a morphism ψ :

ψ : (A+B)× C → (A× C) + (B × C).d. Prove that ψ ◦ φ = Id(A×C)+(B×C).e. Prove that φ ◦ ψ = Id(A+B)×C .
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