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Final Exam: 23 January 2008Duration: 3 hoursNeither books, nor written notes are permitted. Please do not use pen-ils!Exerise 1. For simpliity, we onsider the Abelian ategory Ab of

Z-modules. Reall that the ategory of ohain omplexes in Ab isdenoted Ch•(Ab). Let f : X• → Y • be a morphism in Ch•(Ab). Sup-pose that f is homotopi to 0. Prove that for any n ∈ Z, the naturalmorphism:
Hn(f) : Hn(X) → Hn(Y )is 0.Exerise 2. A funtor F : C → C′ is said onservative, if: ∀f : X → Yin C, F (f) : FX → FY is an isomorphism =⇒ f : X → Y is anisomorphism. Let F : A → A′ be an additive funtor between Abelianategories. Consider the three following assertions:(i) F is faithful.(ii) F is onservative.(iii) ∀X ∈ A, FX ≃ 0 =⇒ X ≃ 0.1. Prove that (i) =⇒ (ii).2. Prove that (ii) =⇒ (iii).3. Suppose that F is exat, prove that (iii) =⇒ (ii).4. Suppose that F is exat, prove that (ii) =⇒ (i).Exerise 3. Let C be a ategory and onsider in C the two followingdiagrams:

X
f

//

g

��

Y

��

Z // U1



2and
X

f
//

g

��

Y

��

Z // VSuppose that the �rst square is Cartesian and the seond square isoartesian. Prove that the seond square is also Cartesian.Exerise 4. Consider the ategory TopHausdorff of Hausdor� topologialspaes. Show that the anonial morphism i : Q → R is an epimor-phism but that the morphism of underlying sets is not surjetive.Exerise 5. In the ategory of ommutative rings, give an example ofan epimorphism that is not a surjetion on the underlying sets.Exerise 6. Let A be a ommutative ring. Consider the followingexat sequenes in A − Mod:
0 // N1

// P1
// M // 0

0 // N2
// P2

// M // 0where P1 and P2 are projetive. Show that N1 ⊕ P2, N2 ⊕ P1 and
Ker(P1 ⊕ P2 → M) are isomorphi where the morphism P1 ⊕ P2 → Mis the anonial one dedued from P1 → M and P2 → M .Exerise 7 (Ext of Abelian groups). 1. Let X be a Z-module. Showthat for any injetive Z-module I and any injetive morphism X →

I, the quotient module I/X is injetive1.2. Fix an Abelian group A and onsider the left exat funtor F : Ab →

Ab de�ned as F (X) = HomAb(A, X). Prove that for any Abeliangroup X, and any integer i > 2, we have
RiF (X) = 0.

1One may use Baer's lemma: an R-module J is injetive if and only if for anyideal a ⊂ R the anonial morphism
HomR(R, J) → HomR(a, J)is surjetive.


