MEASURE THEORY, FALL 2010

Exam 25/02/2011 (max 10 points)

(1) [2 points] Suppose € is a non-empty set, and A is a collection of subsets 2 such that

e Qc A
e A, B € A implies that AN B¢ € A.

Show that A is an algebra.

(2) [2 points]
e Suppose f : R — R is non-decreasing. Prove that f is Borel measurable.
e Suppose f : R — R is differentiable, i.e., f'(z) is defined for every x € R. Prove that f’ is a
Borel measurable function.

(3) [2 points] State the dominated convergence theoreom, and use this theorem to find

lim h fn(x)dx
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(4) [2 points] Suppose (€, A, i) is a measure space, and real numbers p, ¢, s > 1 satisfy
1 1 1
S S4 - =1,
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Show that for any f € L,(Q, 1), g € L,(Q, ), h € L(€, 1), the function f - g - h is integrable.

(5) [2 points] Let m be the Lebesgue measure on [0,1]. Suppose K(z,y) : [0,1] x [0,1] - Ris a
square-integrable function:

1 1
| [ 1K Emdnmay) < .
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The corresponding Hilbert-Schmidt integral operator Ay is given by
(Axf)(z / Ko, y)fy)m(dy), @ € [0,1]

Prove that for a square-integrable kernel K, the operator Ax maps L5([0,1],m) into itself, i.e.,
Ak f € L5([0,1],m) for every f € L5([0,1],m). Show also that the norm of Ag:

| Ak|| :=sup{|[Ax fll2: [ € L([0,1],m), [|f]l2 <1}
is bounded.



