Class Field Theory

Peter Stevenhagen

Class field theory is the study of extensions Q ¢ K ¢ L ¢ K*» ¢ K = Q,
where L/K is a finite abelian extension with Galois group G.

1. Class Field Theory for Q

First we discuss the situation where K = Q. In this case, we have the cyclotomic
extension K = Q C L = Q((,,), and

(Z/mZ)* = Gal(L/Q)
amod n i (oq: Cm— ()
It is the theorem of Kronecker-Weber that
Gal(Q**/Q) = lim Gal(Q(¢,)/Q) = lim(Z/nZ)* = Z* = [ [ Z;.
n n D

In addition to an explicit description of the Galois group, we also can describe
the splitting behavior of a prime p in Q C Q((,,)—it is determined by p mod m.
For example, a prime p = 22 + y? = (z + iy)(z — iy) € Z[i] = Z[{4] if and only if
p=2orp=1 (mod 4). In particular:
(a) If p ramifies in Q((y,), then p | m; the ramification index e, of the primes
over p is ¢(p*) = (p — )pF~—L if p* || m.
(b) The prime p is wildly ramified in Q((,,) if and only if p? | m.
(¢) If p1m, then p is unramified. In the ring of integers Z[(,,] of Q((n ), we ob-
tain pOr, = [[7%, p:. The primes p; have residue class degree f, = [F, ()
IF,], which (by looking at the Frobenius x — P acting on Fp,((n) = kyp,)
is equal to the order of p mod m in (Z/mZ)*. The number of such primes
is
9p = #{pislp} = [(Z/mZ)" : (p mod m)].
In particular, a prime splits competely if and only if p = 1 (mod m).

If Q C L¥ C L = Q((n) is a subfield given by a subgroup H C (Z/mZ)*,
then one has the Artin map

A:(Z/mZ)*/H — Gal(L/Q).

If m is the minimal such number, it is called the conductor of L.
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2. Weak Reciprocity

We would like to generalize this situation to a general number field K.

Let K C L be an abelian extension of number fields. We first would like to
make sense of the statement that the splitting behavior of primes p of K in L is
determined by p mod m.

Let G = Gal(L/K) be the Galois group of L over K, and let K and L have
ring of integers Ok and Op, respectively. Let p € Ok be an unramified prime.
We see that Op,/p = [[7_, Or/q;, where Or/q; over Ok /p is a finite extension of
finite fields. This extension has a cyclic Galois group with a distinguished generator
Froby, which maps x +— %, We see that f, = #(Frob,) C G, and g, = #{q:|p} =
[G : (Froby)].

Lemma 2.1. If L/K is an abelian extension of number fields and p is unramified
in L/K, then the Frobenius Froby is locally induced by a unique element in G =
Gal(L/K).

We let Ik be the group of (fractional) Og-ideals, which is exactly

I = @ 7.

pCOK
prime

Let D be the discriminant of L/K. We denote by Ik (D) the subgroup of Ix
generated by ideals which are coprime to D. We then define the Artin map

Ix(D) - G = Gal(L/K)
p — Frob, .
As for the case of Q, we would like that the kernel of this map contains all primes
which are 1 mod m. We must be careful: we have ideals, so we must restrict to the

case of principal ideals, and we must take care of units of the field. From this, we
have the following first weak form of reciprocity:

Theorem 2.1. There exists an ideal m C O (divisible by all ramifying primes)
such that
ker AD {(m) : m=1€ (Ox/m)*, 7 totally positive}.

3. Cycles

We invent ‘cycles’ to allow us to talk about these congruences in a uniform way.
A cycle in K is m = mgm,,, where mg is an ideal in Og and m, is a set of real
primes of K. We also write

m= H pm (),

p<oo

so that m(p) € Z>¢ for all p, m(p) is zero for almost all p, and m(p) is 0 or 1 for
a real prime, 0 for a complex prime.
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If « € K*, then we say & = 1 (mod*m) if and only if a« =1 € (O/mpO)*
and a >, 0 for all real primes p. This says that:

e For p | m finite, ord,(a — 1) > m(p);
e For p | oo, given by 0 : K — R, then o(a) > 0.

For example, 1/5 = —1 (mod * 6).

In this language, the theorem becomes: ker A D {aOk : @ = 1 (mod*m)}
for a suitable cycle m.

If m is a cycle in K, we define

I(m)={a€Ix:ordy(a) =01if p|mp}.
The denote by P(m) C I(m) the subgroup of principal ideals with this property.
We also have the ray modulo m,
R(m) ={aOk :a=1 (mod*m)},
with the containment R(m) C P(m).
Since any element of the ideal class group of K is generated by an ideal prime

to the discriminant, we see that I(m) C Clg. We define the ray class group of m,
I(m)/R(m) = Cly. It admits a surjection Cl, — Clg with kernel

P(m)/R(m) = (O /m)* = (Ox /mo)” x [] (-1).
plmoo
All together, we have the exact sequence
O} — (Og/m)* — Clyy, — Clg — 0.

For an example, consider again Q. Then any cycle is m = (m) or m = (m)oo.
In the first case, we have the ray class group (Z/mZ)*/{+1}, and in the other case
simply (Z/mZ)*, which is what we would expect from the description above.

4. Class Field Theory

We now can state the main theorem of class field theory.

Theorem 4.1. If K C L is a finite abelian extension of number fields, then:

(a) There exists a cycle m divisible by all ramifying primes (a real prime ram-
ifies if it has a complex extension) such that the Artin map

A:I(D) — Gal(L/K)
p — Frob,
factors through Cly, and the map
A: Cly — Gal(L/K)
[p] — Frob,

18 surjective.
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(b) There exists a minimal such cycle f, called the conductor of L/K, with
the property that p | f if and only if p is ramified in L/K, and p? | f if and
only if p is wildly ramified in L/ K.

(c) (Ewistence) Given a cycle m, there exists a ray class field Hy C K2 which
is maximal in the sense that R(m) C ker A, and

Cly = Gal(Hp/K).

Therefore, Kb = Us Hy C Q.

This construction is highly nontrivial. For example, for m = (1), we see that
from the exact sequence that Cl,, = Cli gives us H = H;, the ray class field mod
1, which is usually called the Hilbert class field. It has the property that

Clx = Gal(H/K),

and H/K is unramified at all primes of K (including the infinite primes), which
is often called totally unramified.

For example, the field K = Q(y/—5) has class group Clgx = Z/27Z. In this
case, the Hilbert class field is H = K (v/5). Also, for K = Q(v/—23), Clx = Z/3Z,
with H = K(a) where a® — a — 1 = 0. In each case, these extensions are in fact
unramified everywhere.

5. Ideles

However, we would like to deal with the maximal abelian extension K2*"/K in
one stroke. We have seen that Gal(K®"/K) = lim Cl;, a projective limit of ray

class groups. For example, for K = Q we get Gal(Q**/Q) = im(Z/nZ)* = Z*. To
realize this in general, we need to define the ideles.
Let K, be the completion of K at p, so that if p is real or complex, K = R
or C, respectively. We denote by A, C K, the valuation ring
Ay ={z e Ky :|zf, <1}
with unit group
Ay ={r e K, :|z][, = 1}.
Then we define the idéle group as the restricted direct product

J= H Ky ={(zp)p € [[,<oo K 7p € Ap for almost all p}.
p<oo

Each of these factors has a topology, and we make J into a locally compact group
by defining the open subgroups U to be, for S a finite set of primes,

U=1]4; <] 0
pegs pesS

where O, C K is an open subgroup.
We have a filtration

K;DA=U">1+4pD14p° D> D14p"=U">D. ...
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If p is archimedean, we let U,SO) = Ky, and if p is real, we let Uél) = R%,. From
this we see that H C J is an open subgroup if and only if
Ho H U;L(P)
p<oo

with n(p) = 0 for almost all p, n(p) € {0,1} for p real, n(p) = 0 for p complex.
In particular, if § = Hp”(p) is a cycle, it corresponds to an open subgroup W; =
Hpgoo Ug(p), and H is open in J if and only if # O W; for some cycle f.

We map K* C J by & — (z),. We then obtain the idéle class group Cx =

J/K*.
Lemma 5.1. There exists an isomorphism
A:J/(K*W,) = C)
m = [pl, (p17)-

Corollary 5.1 (Idelic Main Theorem). If L/K is abelian, the Artin map gives a
surjection

Ck — Gal(L/K) — 0
mp — Frob,, (p1f).

This yields a surjection Cr — Gal(K*/K), and we obtain a bijection between
open subgroups of Cx and finite abelian extensions L/ K inside an algebraic closure
K, where L corresponds to Np/kCr.

6. Local Class Field Theory
If p is a finite prime, given an abelian extension L/K of number fields, we obtain
for a prime q which lies over p a corresponding local extension Lq/K,, with
Gp ={o € Gal(L/K):0q=q} = Gal(Ly/K,) C Gal(L/K).
Then in the Artin surjection J — Gal(L/K), if we restrict to the factor Ky, this
maps surjectively onto exactly the factor Gal(L,/K,). We have
1 — I, — Gal(Lq/K,) — Gal(kq/k,) = (Frob,) — 1,

where I, is the inertia group, a factor which is nontrivial only if p ramifies at q.
We then obtain maps:

J Gal(L/K)

]

Ky —— Gal(Lq/Ky)

]

Ap— T,
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Theorem 6.1. Let F' = K, be a local field. Given E D F' a finite abelian extension,
there is an Artin map

(ry x Ay = F* — Gal(E/F)
7 +— Frob, modI,
Ap— I,

In fact, ker A= Ng,p(E*) C F*, so

F*/NE* = Gal(E/F).

One can show in fact that F* — Gal(F#P/F), with dense image. (The dis-
crepancy occurs by replacing (7) & Z mapping into the group 7= Gal(F"™ /F)
consisting of powers of the Frobenius.)

Local class field theory allows us to compute conductors f of L/K. We see
that f =[], p"(®) | p is unramified if and only if n(p) = 0, p is tamely ramified
if and only if n(p) = 1, and p is wildly ramified if and only if n(p) > 2. From the
explicit description of the kernel of the Artin map in the local case, we see that
the exponent n(p) is the smallest integer k such that U,Sk) C A} C K is contained

in USF < Ny, (LY.

Example 6.2. Let us find all quadratic extensions of Q,. If we use class field theory,
we see that every such extension corresponds to subgroups H = Ng g, E* C Q,
of index 2, with Q5/H = Gal(E/Q,). We have that Q} = (p) x Z, and (Q})* =
(p?) x (Z;)Q, and for p # 2 in between there are exactly three subfields of index 2,
giving the three quadratic extensions of Q.

It is in fact easy to find these fields directly: the extensions correspond to
Qp C2 Qp(z) for x € Q;/(Q;)2, with x = p, * = a, x = ap, for a € Z such that
a e F;\ (F;)?. More precisely:

N(Qy(v=p)" = (p) x (Zy)? (ramified)
N(Quy(v/—ap)* = {(ap) x (Z;;)2 (ramified)
N(Qp(Va)" = (p?) x (Z3)* (unramified)

Exercises

In the first three exercises, we let K be an algebraic number field, Clg its ideal
class group, and hxg = # Clk its class number. Let K be an algebraic closure of
K, and H(K) the Hilbert class field of K, which is the maximal abelian totally
unramified extension of K inside K. It is a consequence of the main theorem of
class field theory that H(K) is a finite abelian extension of K of degree hg, and
that the Artin symbol induces a group isomorphism Clg — Gal(H(K)/K).

The three exercises below illustrate how properties of the Hilbert class field
can be used to obtain information about the class number.
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Exercise 2.1.

(a) Let F be a finite extension of K. Prove that H(K) C H(FE), and that hx
divides hg - [E : K.

(b) Let E, F be two finite extensions of Q inside Q. Prove: if hgy = hp = 1,
then hpnp = 1.

Exercise 2.2.

(a) Let E be a finite extension of K, and denote by L the maximal abelian
totally unramified extension of K inside E. Show that the cokernel of the
norm map Ng/k: Clg — Clg is isomorphic to Gal(L/K).

(b) Let n be a positive integer, and denote by ¢, a primitive n-th root of unity.
Prove that the class number of Q(¢, + ¢, ') divides the class number of

Q(Gn)-
Exercise 2.3. The Hilbert class field tower of K is the sequence of fields
HYK)=Kc HY(K)=HK)c HY(K)=HHK))c...c HY(K)c ... ]

where each H*)(K) is the Hilbert class field of H(~1(K). It is said to be finite
if HO+D(K) = HW(K) for some i. Prove that the Hilbert class field tower of K
is finite if and only if there is a finite extension E of K with hgy = 1. [Golod and
Shafarevich proved in 1964 that there exist number fields K for which the Hilbert
class field tower is infinite.

Exercise 2.4. Show that the Hilbert class field of Q(y/—5) equals Q(v/—5,v/5).

Exercise 2.5. Let a be a zero of X? — X — 1 € Z[X] in an algebraic closure of Q,
and write K = Q(v/—23), L = K(«).
(a) Prove that L is the Galois closure of Q(«) over Q, and that K C L is an
abelian extension of degree 3.
(b) Prove that exactly two primes of Q(«) are ramified over @, and that they
lie over 23 and oco. Prove that in both cases the ramification index equals
2.
(¢) Prove that K C L is totally unramified.
(d) Prove that L is the Hilbert class field of K.

Exercise 2.6. For a prime number p, let m, be the number of distinct zeros of
X3 — X —1in F,. Prove the following:
(a) m, =0 if and only if (%) = 1 and p cannot be written as p = a® + 23b?
with a, b € Z.
(b) my =1 if and only if (£) = —1.
(c) myp =2 if and only if p = 23.
(d) m, = 3 if and only if p can be written as p = a* + 23b? with a, b € Z,
a # 0.

Exercise 2.7.
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(a) Prove that the field Q(v/5) has class number 1, and that the group of units
of its ring of integers is generated by —1 and (1 4 /5)/2.
(b) Let p be a prime number. Prove that there exists a field K satisfying

[K:Q =4, V5€K, |Ak /ol = 25p

if and only if p # 2, 3 mod 5. Prove also that if such a field exists, it is
uniquely determined by p, up to isomorphism. We denote this field by
Kp)-

(c) Prove that among all fields K;), the only one that is Galois over Q is the
field K(5). Can you embed K(s) in a cyclotomic extension of Q7

Exercise 2.8. A number field is called totally real if it has no complex primes,
totally complex if it has no real primes, and mized if it is neither totally real nor
totally complex. The Fibonacci sequence (F,)5 is inductively defined by Fy = 0,
=1, F,492=F,41 + F,. Let p be a prime number with p =1 or 4 mod 5, and

K(;,) as in the previous exercise.

(a) Prove that K, is mixed if and only if p = 3 mod 4.

(b) Suppose that p = 1 mod 8. Prove that K, is totally real if p divides
F(p—-1)/4, and totally complex otherwise.

(¢) Suppose that p =5 mod 8. Prove that K ;) is totally complex if p divides
F(p—1)/4, and totally real otherwise.

Exercise 2.9. Let p be a prime number with p = 11 or 19 mod 20, and let K, be
as above. Prove that K(,) has exactly one prime lying over 5 if p = 11 mod 20,
and exactly two primes lying over 5 if p = 19 mod 20.

In the next two exercises, we let K C L be a finite abelian extension of number
fields, and F(L/K) the conductor of L over K this is the greatest common divisor
of all cycles m of K for which L is contained in the ray class field modulo m of
K. Denote by m;, the exponent to which a prime p of K appears in [F. It is part
of the main theorem of class field theory that m, > 1 if and only if p is ramified
in L, and that my, > 2 if and only if p is finite and wildly ramified in L. We want
to find an upper bound for m. We may and do assume that p is finite. Denote by
p be the prime of Q over which p is lying, and let e = e(p/p) be the ramification
index of p over p.

Exercise 2.10. For an integer i > 0, denote by U; the open subgroup 1+ p* of K.
Prove the following assertions.

(a) If 4, j are positive integers with j # 0 mod p, then the map U; — U;
sending every x to #7 is an isomorphism.

(b) If i > e/(p — 1), then there is an isomorphism U; — U;,. sending every x
to zP.

(c) If j is a positive integer, then (K;‘)j is an open subgroup of K7, and it
contains Ug 4k, where €' denotes the least integer > e¢/(p — 1) and k is
the number of factors p in j.
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(d) If K, C E is a finite extension, then Ng,x, [E*] is an open subgroup of
K, and it contains Ue tke, With €’ as in (c) and k the number of factors
pin [E: K.

Exercise 2.11.

(a) Prove that m < e’ + ke, where e’ denotes the least integer > e/(p—1) and
k is the number of factors p in [L : K].

(b) More precisely, prove that m < e’ 4 ke, with ¢’ as before, but with k now
equal to the number of factors p in the exponent of the inertia group of p
in Gal(L/K).
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