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1 Intr oduction.

The aim of this articleis to prove a specialcaseof the following conjectureof André andOort
on subvarietiesof Shimuravarieties.For theterminology notation,history andresultsobtained
sofarwe referto theintroductionof [8], andthereferencesherein.

Conjecture 1.1 (André-Oort) Let (G, X) bea Shimuradatum.Let K beacompactopensub-
groupof G(A¢) andlet S be a setof specialpointsin Shy (G, X)(C). Thenevery irreducible
componenbf the Zariski closureof S in Shk (G, X )¢ is a subvarietyof Hodgetype.

The choiceof the specialcasethat we will prove is motivatedby work of Wolfart [20], (see
alsoCohenandWaistholz[4]) on algebraicityof valuesof hypegeometridunctionsat algebraic
numbers. The hypegeometricfunctionsconsideredn [20] are the multi-valuedholomorphic
F(a,b,c) onP*(C) — {0,1, 00} definedby:

ab  ala+1)b(b+1) 22
F =14 —2z+ Z 4.

ze€C, |z <1,

with a, b andc rationalnumbers—c notin N. For thefollowing propertiesof the F'(a, b, ) the
readeris referredto [20]. ThefunctionsF'(a, b, c) satisfythedifferentialequations:

z(z—1)F(a,b,¢)" + ((a+b+ 1)z —c¢)F(a,b,¢) + abF(a,b,c) = 0.

Supposdrom now onthata, b, ¢, a — ¢ andb — ¢ areall not integers. Then, up to a factor
inQ", F(a,b, ¢)(2) is aquotientof a certainperiod P(a, b, ¢)(z) of a certainsubabelianvariety
A(a, b, c, z) of the jacobianof the smoothprojective modelof the curve given by the equation
yV = z4(1 — 2)B(1 — 22)°, for suitableN, A, B, and C dependingon (a, b, c), by a pe-
riod Py(a, b, c) dependingonly on (a, b, c). More precisely P(a, b, ¢)(z) is the integral of the
differentialform y~'dx (all of whoseresiduesarezero)over a suitablecycle. The fixed period
Py(a, b, c) isaperiodof anabeliarvarietyof CM type. Usingatheorenof Wistholz[21, Thm.5]

(on Grothendiecls conjectureon therelationbetweerrelationsbetweerperiodsandcorrespon-
dencegseel[1]) in the caseof abelianvarieties)it follows thatif z andonevalueof F'(a, b, ¢) at

z arealgebraicthenA(a, b, ¢, z) is alsoof CM type,with thesametypeas P, (a, b, c), andhence
all valuesof F(a, b, c) at z arealgebraic. Becauseof this, it makessenseo askthe following

guestion:

underwhatconditionson (a, b, ¢) isthesetE(a, b, ¢) of zin P*(Q) — {0, 1, 00} such
thatF(a, b, ¢)(z) isin Q finite?



Wolfart proposesin [20, Theorem]that the answershould dependonly on the monodromy
group A(a, b, c¢) (with its two-dimensionakepresentationdf the differential equation. If this
monodromygroupis finite, then F(a, b, ¢) is algebraicover Q(z), andhenceE(a, b, ¢) equals
P1(Q) — {0, 1, c0}. Supposeow thatthe monodromygroupis infinite. Thenonedistinguishes
two cases:A(q, b, ¢) is arithmeticor not. In termsof Shimuravarieties,thesetwo casesorre-
spondto theimageof P! (C) — {0, 1, oo} in asuitablemodulispaceof polarizedabelianvarieties
underthemapthatsends: to theisomorphisntlassof A(a, b, ¢, z) beingof Hodgetypeor not. If
thisimageis of Hodgetype, thenthesetof z in Q suchthat A(a, b, c, z) is of CM typewith type
thatof Py(a, b, c) is densdn P! (C) (evenfor theArchimedeartopology),andWolfartshavsthat
undercertainadditionalconditionson (a, b, c) thesetE(a, b, ¢) is infinite. Supposenow thatthe
imageof P*(C) — {0, 1, oo} is notof Hodgetype. ThenWolfart's Theoremclaimsthat £ (a, b, c)
is finite. But Walter Gublerhaspointedout an errorin Wolfart's proof: in [20, §9], thereis no
reasorthatthe group A fixestheimageof H in the productof copiesof the unit disk underthe
productof themapsD,,, andthereforetheidentity 67 (f (w)) = f(§(w)) for § in A is notproved.

Since by Wustholzs theoremall A(a, b, ¢, z) with z in E(a,b,c) areof afixed CM type,
henceisogeneousand hencecontainedin one Hecke orbit, the following theoremcompletes
Wolfart’s program.

Theorem 1.2 Let (G, X) bea Shimuradatumandlet K bea compactbpensubgroupf G(Ay).

Let V' be a finite dimensionalfaithful representatiomf G, andfor h in X letV}, be the corre-
spondingQ-Hodgestructure.Forx = (h, g) in Shx (G, X)(C), let[V,] denotetheisomorphism
classof V},. Let Z beanirreducibleclosedalgebraiccurve containedn Shi (G, X )¢ suchthat
Z(C) containsaninfinite setof specialpointsxz suchthatall [V,] areequal. ThenZ is of Hodge
type. In particulay if Z is anirreducibleclosedalgebraiccurve containedn Shi (G, X )¢ such
thatZ(C) containsaninfinite setof specialpointsthatlie in oneHecke orbit, thenZ is of Hodge

type.

This theorem,in the casewherethe specialpointsin questionlie in one Hecke orbit, wasfirst
provedin the secondauthors thesis[22], in which one chapter(providing a lower boundfor
Galoisorbits) waswritten by the first author The main differencebetweerthis article andthe
thesisis that now we considerisomorphismclassesf Q-Hodge structuresin steadof Hecke
orbits. This makesit possibleto reducethe proof of thetheoremto the casewhere 7 is Hodge
genericand G of adjointtype (the proof in the thesiscould not achieve this andwastherefore
moredifficult to follow).

The proof givenin this articleis nice becausat is entirelyin “(G, X)-language”;the main
toolsarealgebraiagroupsandtheir groupsof adelicpoints. But it is not completelysatisaictory
in the sensehatit shouldbe possibleto proceedasin [8], i.e., without distinguishingthe two
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casesaswe doin Section7. Ontheotherhand,the proofin thefirst of thesetwo casesanlead
to a generalizatiorto arbitrary Shimuravarietiesof Moonens resultin [14, §5] (Conjecturel.l1
for moduli spaceof abelianvarieties,and setsof specialpointsfor which thereis a prime at
which they areall “canonical”). Finally, it would be nice to replacethe conditionthatall [V,]
arethesamein thetheoremabove by the conditionthatall associatedumford-Tategroupsare
isomorphic(this would give a statementhatdoesnot dependon the choiceof arepresentation).

2 The strategy.

Theaim of this sectionis to explain the stratgy of the proof of TheoremLl.2. In Sectiongl—6we
will prove thenecessaryngredientsthatwill thenbe puttogetherin Section?.

We obsene thatthe compactopensubgroupK in Conjecturel.lis irrelevant: for (G, X) a
Shimuradatum, K and K’ opencompactn G(A¢) with K C K’, anirreduciblesubvariety Z of
Shg (G, X)¢ is of Hodgetypeif andonly if its imagein Shx: (G, X)c¢ is. A bit moregeneral:
if morewver g is in G(Ar) andT, is the correspondencom Sh (G, X)¢ to Shx/ (G, X)c in-
ducedby g, then 7 is of Hodgetypeif andonly if one(or equivalently, all) of theirreducible
component®f T, 7 is (are)of Hodgetype. Anotherobsenrationis thatthe irreduciblecompo-
nentsof intersectionof subvarietiesof Hodgetype areagainof Hodgetype (this is clearfrom
theinterpretatiorof subvarietiesof Hodgetype asloci wherecertainclassesareHodgeclasses).
Hencetheredoesexist a smallestsubvariety of Hodgetype of Shx (G, X)¢ thatcontainsZ; our
first concernis now to describethatsubvariety.

Proposition2.1 Let (G, X) be a Shimuradatum, K a compactopensubgroupof G(As) and
let Z be a closedirreducible subvariety of Shi (G, X)c. Lets in Z be Hodgegeneric. Let
(z,9) in X x G(A¢) lie overs, andlet G' be the Mumford-Tategroupof z. Thenwe have a
morphismof Shimuradatafrom (G', X') to (G, X) with X' theG'(R)-conjugay classof z. Let
K' betheintersectionof G'(A;) andgKg~'. Thentheinclusionof G’ in G, followed by right
multiplication by g inducesa morphismf: Shy:(G', X")¢ — Shg (G, X)c. This morphismis
finite andits imagecontainsZ. Let Z' be anirreduciblecomponeniof f~1Z. ThenZ is of
Hodgetypeif andonly if Z' is.

Proof. Thisfollowsfrom Proposition2.8 andSection2.9 of [13]. O

Proposition2.1 shaws that Conjecturel.l is true if andonly if it is true for S whoseZariski
closureis irreducibleand Hodgegeneric. Similarly, Proposition2.1 reduceghe proof of The-
orem 1.2 to the casewhere 7 is Hodge generic. We note that evenif Z(C) hasan infinite



intersectionwith the Hecke orbit of a specialpoint, thisis not necessarilysofor 7', because¢he
inverseimagein Shy (G’, X')¢ of a Hecke orbit in Shy (G, X )¢ is a disjoint union of a pos-
sibly infinite numberof Hecke orbits. This explainswhy we work with equivalenceclassef
Q-Hodgestructures.

Proposition 2.2 Let (G, X) be a Shimuradatum, let G*4 be the quotientof G by its center
andlet X*4 be the G*(R)-conjugay classof morphismsfrom S to G that containsthe im-
ageof X. Let K be a compactopensubgroupof G*(A;), andlet K be a compactopen
subgroupof G(As) whoseimagein G*(A;) is containedn K. Thenthe inducedmorphism
from Shi (G, X)c to Shg.a(G*, X234)¢ is finite. Let Z be a closedirreducible subvariety of
Shi (G, X)c, andlet Z*4 beits imagein Shy.a (G, X*4)¢. ThenZ is of Hodgetype if and
only if Z* js.

Proof. By [13, §2.1], X is just a union of connecteccomponentof X2, Let S and S* be
the connecteccomponentof Shx (G, X)c and of Shg.a (G2, X2d)¢ thatcontainZ and 724,
respectrely. Let Xt beaconnecteccomponenbf X andlet g in G(A¢) besuchthats is the
imagein Shy (G, X)c of Xt x {g}. Thentheinverseimagesof Z andZ*! in X+ x {g} are
equal,hencethe propertyof beingof Hodgetypefor themis equivalent. O

We want to use Proposition2.2 to reducethe proof of Theorem1.2 to the casewhereG is
semi-simpleof adjointtype. In orderto do that, all we needto do is to constructa faithful
representatiof?’ of G4 suchthat Z2d(C) containsa Zariski densesetof specialpointsz with
all [, ] equal.

Construction 2.3 Let G be a reductire algebraicgroup over Q andlet V' be a faithful finite

dimensionalrepresentation.Let E be a finite extensionof Q suchthat the representatiovy

of G is adirectsumV; & --- ® V, with eachV; absolutelyirreducible. Let C be the center
of G; thenCy, actsvia a charactery; onV;. For eachi, we letd; = dimg(V;), andwe define
W; = VZ.®Ed1' ®p detgp(Vi)*. ThenW = W, @ --- @ W, is a faithful representatiomf G2,

We get a faithful representatiomf G* on W asQ-vector spacevia the sequencef injective
morphismf algebraiagroups:

G* — Resg oGy — ResgoGLE(W) = GLg(W).

Supposenow that Y is a Zariski densesubsetof X suchthatthe Q-Hodge structuresy, with
z in X areall isomorphicto a fixed Q-Hodge structureH. Thenthe Q-Hodge structureswith
E-coeficients EF ® V,, areall isomorphicto £ ® H. Now E ® H is a direct sumof finitely
mary simpleQ-Hodgestructureswvith E-coeficients. Hencethereare,up to isomorphismpnly
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finitely mary waysto decomposé’ ® H into adirectsumof r terms.HenceX is afinite disjoint
union of subsets; suchthatfor eachi the E®@ V, = Vi, @ --- &V, , with z in 3, areall
isomorphictermby term. It followsthatthe W, with z in 3; areall isomorphic.Soit remaingo
prove Theoreml.2in the casewhereG is semi-simpleof adjointtypeand.Z Hodgegeneric.

At this pointwe candescribethe strateyy of the proof of the mainresult. Solet the notation
now beasin Theoreml.2, andsupposeéhat G is semi-simpleof adjointtype, that Z is Hodge
generic,and that K is neat. Let X be aninfinite subsetof specialpoints of Z suchthat all
[Vz] with z in 3 areequal. Let S betheirreduciblecomponenbf Shk (G, X) thatcontainsZ.
We will shawv thatthereexist g in G/(As) suchthatanirreduciblecomponentl;) of the Hecle
correspondencen S inducedby g hasthe propertythatTgOZ =7 = T;’,IZ (with Tgo,1 the
transposef T;’) andis suchthatall theT;) + Tg‘ll-orbitsin S aredense(for the Archimedean
topology). ThisclearlyimpliesthatZ = S, sothatZ is of Hodgetype.

To find sucha g, we proceedasfollows. We will take g in G(Q, ), for someprimenumberp.
For all but finitely mary p, theimageof Z undereachirreduciblecomponenof ary T, with g
in G(Q,) is eitheremptyor irreducible. The proof of this will be givenin Section5, its main
ingredientis Theorenb.2by Nori. Thedensityof all T£+T£_1-orbitswill beprovedin Sectiong,
undertheassumptiorthatno imageof g underprojectionto asimplefactor H of GG is contained
in acompacsubgroupf H(Q,). To gettheequalitieSZ’gZ =7 andTgO_lz = Z wetrytofindg
suchthat7,Z N Z containsalarge numberof thegivenspecialpoints,comparedo the degreeof
the correspondencg;,. In doingthis, we distinguishtwo casesIn onecasetheintersectiorwill
containat leastone big Galoisorbit. In the othercase,it containsinfinitely mary of the given
specialpoints. Themainingredienthereis thedescriptionof the Galoisactionon specialpoints,
plus a lower boundon the numberof pointsin the Galoisorbits of our givenspecialpointsthat
will beestablishedn Section4.

3 Somepreliminaries.

3.1 Mumford-Tate groups.

For V' a free Z-moduleof finite rank, we define GL(V') to be the group schemegiven by
GL(V)(A) = GL4(V,) for all rings A. For h a Z-Hodgestructure,i.e., a free Z-moduleof
finite rank,togethemwith amorphismh: S — GL(V )k, welet MT(V, h) bethe Zariski closure
in GL (V) of theusualMumford-TategroupMT (Vi, h) in GL(V)g.



3.2 Variations of Z-Hodge structur e on Shimura varieties.

Let (G, X') bea Shimuradatum, K a neatcompactopensubgroupof G(A¢) andp: G — GL,
a representatiotthat factorsthroughGG — G2, suchthat p(K) is in GL,(Z). Thenthereis a
variationof Z-Hodgestructured” onShg (G, X) constructedsfollows. On X x G(A¢)/ K, we
considetthevariationof Z-Hodgestructurel; whoserestrictionto X x {g} is Q" Np(g)(Z") x X
(with the Q-Hodgesstructureon Q" x {z} is givenby the morphismpg o = from S to GL,, g).
ThenG(Q) actson Vi, andthequotientis the V' thatwe want(for each(z,g) in X x G(A¢)/K
andq in G(Q) thatstabilizegz, g), theimageof ¢ in G*4(Q) is trivial, hencep(q) is theidentity).

A moreconceptualvayto describé/ is asfollows. We considettwo actionsof G(Q) x G'(A¢)
onA? x X x G(A¢) givenby:

(0, k) %1 (v,2,9) = (qu,qz, qgk),
(¢, k) *2 (v,2,9) = (k 'v,qz, qgk).

ThefirstactionstabilizesQ" x X x G(A;), andthesecondstabilizesZ" x X x G (A ). Thequotient
by thefirst actiongivesa locally constansheafly, of Q-vectorspace®n Shk (G, X)(C), and
the secondnealocally constansheafl;, of Z-modules The automorphism:

A x X x G(A) — A x X x G(A¢), (v,z,9) (g 'v,z,9)

transformghefirst actioninto the secondhencegivesanisomorphismbetweenthe two locally
constansheaesof A¢.-moduleson Shk (G, X)(C). ThenV is the “intersection”of Vg andV,
in VAf .

3.3 Representationsof tori.

A torusover aschemeS is an S-groupschemel” thatis of the form G ¢, locally for the fpgc
topologyon S ([7, Exp. IX, Déf. 1.3]). If S is normalandnoetherianthenatorus7’/S is split
over a suitablesurjectve finite etalecover of S — S, i.e., Ty is isomorphicto someG} ., ([7,
Exp. X, Thm.5.16]); onemaytake S’ — S GaloisandS’ connected.If S is integral normal
andnoetherianwith genericpointn, thenary isomorphismf: Ty, — 15, with T} and7 tori
over S extendsuniquelyto anisomorphismover S (use[7, Exp. X, Cor. 1.2]).

For S aconnectedgscheme]l’ = G} ¢ asplit torusandV an Os-module,it is equivalentto
giveaT-actiononV or an X-gradingon V', with X = Hom(7, G, ) the charactegroupof T’
([7, Exp.1, §4.7]).

Supposaow thatS is anintegralnormalnoetheriarschemethat? is atorusover .S andthat
m: S" — S is aconnectedinite etaleGaloiscover with groupI" overwhich 7" is split. Let X
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be the charactelgroupof Ts/; then X is a free Z-moduleof finite rankwith aI'-action. Then,
to give anactionof 7" on a quasi-coheren®s-moduleV is equivalentto giving an X -grading
Vg = mV = @,Vs , suchthatfor all v in I' andall z in X onehasyVy , = Vg 4, (to See
this, usefinite etaledescenbf quasi-coherenmodulesasin [3, §6.2]). If V andW aretwo
representationsf 7" on locally free Os-modulesof finite rank,thenV and W areisomorphic,
locally for the Zariski topologyon S, if andonly if for all z in X theranksof Vg , andWs
are equal (usethat Home, (V, W) is a direct summandof Home, (V, W), whoseformation
commutewith basechange).

Lemma3.3.1 Letp bea primenumberletT beatorusoverZ,, letV bea freeZ,-moduleof
finite rank equippedwith afaithful actionof Ty, onVy, . LetT' betheschemeheoreticclosure
of Ty, in GL(V'). Thenthefollowing conditionsareequialent:

1. Ty isatorus;
p
2. T' isatorus;
3. theactionof Ty, onVy, extendsto anactionofT onV;

4. T stabilizesthelatticeV in thesensehatfor all finite extensionskK of Q, thelatticeVy,,
is fixedby all elementof T'(O).

The setof Z,,-latticesin Vg, thatarefixedby T form exactly oneorbit underC(Q,), whereC
denoteghecentralizerof T in GL(V).

Proof. Supposdirst thatT[gp is atorus. ThenT”, beinga flat groupschemaaffine andof finite
typeover Z, whosefibersoverF, andQ, aretori, is atorusby [7, Exp. X, Cor. 4.9].

SupposehatT” is atorus. ThenT’ = T by [7, Exp. X, Cor. 1.2]). Hencethe actionof Ty,
on Vg, extendsto anactionof T'onV'.

Now supposehatthe actionof Ty, on Vg, extendsto anactionof 7" on V. ThenT stabi-
lizesV, by definition. Also, the descriptionabove of representationsf tori shavs that7T" acts
faithfully on V', sothatT is a closedsubschemef GL(V'), flat over Z,, andhenceequalto the
schemeheoreticclosureof its genericfiber. So7" = T andTj, is atorus.

Finally, supposehatT stabilizesV'. Let K bethesplitting field of Ty, . ThenTp,. is asplit
torus,andthe actionof Tg, on Vg, is givenby an X-gradingof Vi, where X is the character
groupof Tk. Letm beanintegerthatis primeto p suchthatthecharacters in X with Vi , # 0
have distinctimagesin X/mX. SinceT stabilizesl’, the m-torsionsubgroupschemel’[m| of
T actson V. This actioncorrespondso an X/mX-gradingon Vy,,. thatis compatiblewith the



X-gradingon Vx. Hencethe X -gradingon Vi extendsto an X-gradingon Vj,,., which shovs
thattheactionof Ty, on Vg, extendsto anactionof 7" on V..

Finally, let S be the setof Z,-latticesin Vg, thatarefixedby T'. Let W beary Z,-lattice
in Vg,. The Ty, -actionon Wq, = Vg, correspondgo the X-gradingon V. By finite etale
descentthe O x-submoduled, (Wo, NVk ) of Wo, is of theform W, for auniqueZ,-lattice
W' containedn W. ThenW;,  is thedirectsumof the W, N Vi ., henceis arepresentation
of T. Hencel/’isin S; in fact, W' is thelargestsublatticeof W thatis fixedby 7. In particular
S is notempty Let now V; andV; betwo elementf S. Thenboth arerepresentationsf 7.
Sincefor eachr theV o, , areof equalrank,V; andV; areisomorphicasrepresentationsf 7.
Letg: Vi — V; beanisomorphismTheng is anelemeniof C(Q,) thatsendsl; to V5. O

4 Lower boundsfor Galois orbits.

The aim of this sectionis to give certainlower boundsfor the sizesof Galoisorbits of special
pointson a Shimuravariety. To beprecisewe will prove thefollowing theorem.

Theorem4.1 Let (G, X) bea Shimuradatum,with G semi-simpleof adjointtype,andlet K be
a neatcompactopensubgroupof G(A¢). Via a suitablefaithful representatiomve view G asa
closedalgebraicsubgroumf GL, o, suchthatK isin GL,(Z). LetV betheinducedvariationof
Z-Hodgestructureodn Shy (G, X)c. Letsy bea specialpointof Shi (G, X)c. LetF C C bea
numberfield over which the Shimuravariety Shi (G, X )¢ hasa canonicaimodelShi (G, X ).

Thenthereexist realnumbers:; > 0 ande, > 0 suchthatfor all s in Shi (G, X)r(Q) suchthat
theQ-HodgestructureV; o is isomorphicto Vs, o, we have:

|Gal(Q/F)-s| > c; H Cop-

{p prime| MT (Vs ), is notatorus

Let us notethatvarying F' and K doesnot affect the statemenbf the theorem:if F’ and K’
satisfythe samehypothesess F' and K, thenthe sizesof the Galoisorbitsdiffer by a bounded
factor and K’ N K hasfinite index in both K and K. In the courseof the proof of Theoremé.1
we will assumehat F' is thesplitting field of Mg, with M the Mumford-Tategroupof s.

We notethat M (R) is compact:thekernelof theactionof G(R) on X consistspreciselyof
the productof thecompactactors,.e.,if G is theproductof simpleG;’s,thenthekernelis the
productof theG;(R) thatarecompactand M (R) stabilizesapointin thehermitianmanifold X .
It followsthat M (Q) is discretein M (Ay).



4.2 Galoisorbits and Mumford-Tate groups.

Let the notationbe asin Theorem4.1. We choosea setof representaties R in G(Ay) for the
quotientG(Q)\G(A¢)/K; notethat R is finite. Thenfor s in Shx (G, X)r(C) thereexists a
uniqueg; in R andanelements in X uniqueupto T, := G(Q) N gsKg; ', suchthats = (3, g,).
We fix achoicefor 3.

Lets = (§,gs) bein Shi (G, X)r(Q) suchthatthe Q-Hodge structureV;  is isomorphic
to Vs,,0. Thens givesanembeddingf the Mumford-TategroupMT(s)q in G, andaninclusion
of Shimuradatafrom (MT(s)q, {5}) in (G, X). NotethatMT(s)q is isomorphicto Mg, hence
hassplitting field F'. This givesmorphismsof Shimuravarietiesover F'

(421) SthﬁMT(s)(Af)(MT(S)Q)F — Sth (G, X)F ﬁ) ShK(G,X)F,

with thefirst onegivenby the inclusion,the secondoneby right multiplication by g,, andwith

K, = K nyg;Kg;'. By constructionV; o andV;, o areboth@Q" with Hodgestructuress and
50: S — GL, R, respectiely. Leth in GL, (Q) beanautomorphisnof Q" thatis anisomorphism
from V;, o to V; . Thenwe have § = inn,, o §,. It follows thatthe reciprocity morphismsr;

andr;,, viewed asmorphismsof tori over Q from Resp/qG,,» to G with imagesMT(s)q and
Mg arerelatedby: r; = inny, o r5,. In particular theisomorphismfrom Mg to MT(s)q induced
by inn;, givesanisomorphisnmof Shimuravarietiesover F':

(4.2.2) Sh(Mg)r — Sh(MT(s)g)r

TheGaloisgroupGal(Q/F) actsonSh(Mg) = M (Q)\ M (A¢) viaits maximalabelianquotient,
which we view, via classfield theory asa quotientof (A @ F')*/(R @ F)**. The action of
Gal(Q/F) is thengivenby r;5,: Resy/0G,,r — Mg. We notethat (A ® F)*/(R® F)** is
the productof (A; ® F)* andthe finite group of connecteccomponentof (R ® F)*. Hence
the sizeof the Gal(Q/ F)-orbit of s in the Shx (G, X)(Q) is, up to a boundedfactorwhich is
independenbf s, the sizeof the (A; ® F)*-orbit. Since F** in (As ® F)* actstrivially, and
sincethe classgroup F*\ (As ® F)*/(Z ® Op)* is finite, proving the lower boundwe wantfor
the (A; ® F)*-orbitsis equivalentto proving it for the (Z ® Or)*-orbits. Moreover, sincetheset
R isfinite, andsinceeach-g,: Shg, (G, X)r — Shi (G, X)F isfinite, it is enoughto prove the
lower boundfor the (Z ® Or)*-orbitin Shy, (G, X)#(Q).

4.3 Getting rid of G.

In orderto simplify ourtask(i.e., proving Theoremé.1) we introducethe pair (GL,, g, Y'), with
Y the GL,(R) conjugag classin Homg(S, GL, g) thatcontainsthe imageof X underp. Of
coursethis pairis nota Shimuradatum(if n > 2).
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Fors = (3,¢s) in Shg (G, X)r(Q) andh in GL,(Q) asin the previoussection,we consider
thefollowing commutatve diagram(of sets):

Shc,ner(syan) (MT(s)g) (€) —— Shi, (G, X)(€)-2> Shxe(G, X)(C)
Sh (Mg)(C) —Ly GLA(Q\ (Y % GLy(Ar)) /GL,(2),

where K is the subgroupof M (Ay) thatcorrespondso K, N MT(s)(A¢) via inn,, sothati,
is bijective, andwhere f; is inducedby the morphism(Mg, {so}) — (GL,.0,Y) givenby the
inclusionof Mg in GL,, o followedby inn,, andsy — inny, o p o sq.

The setGL,(Q\(Y x GL,(A¢))/GL,(Z) is the setof isomorphismclassesf Z-Hodge
structures¥” suchthat Wy is isomorphicto V,, g (t0 (y, ¢g) in Y x GL,(A¢) oneassociatethe
Hodgestructurey: S — GL,, g onthelatticeQ" N gZM). Its subsebf isomorphisntlasse®f W
suchthat Vg isisomorphicto V;, o isin bijectionwith S = C(Q)\GL,(As)/GL,(Z), whereCq
isthecentralizein GL,, o of Mq. Beingthecentralizerof atorus,Cq is connecteé@ndreductve
(actually C is isomorphicto a productof GL,, 5's).

Note that M (A¢) actson S by left-multiplication. Theimagein S of (Z ® Og)*-s is now
simplythe (Z® Oy )*-orbit of theclassof h, where(Z® O)* actsviars, : (ZQOp)* — M(As)
andleft multiplicationby M (Ay). Let L = GL,(A¢)/GL,(Z) bethesetof Z-latticesin Q" (or,
equialently, Z-latticesin A?). Thefollowing lemmacanbe seenasa comparisorbetweerthe
sizesof the M (Z)-orbits M (Z)h" and M (Z)&" of hin L andin S.

Lemma 4.3.1 Thereexistsanintegerm > 1 suchthatfor all h in GL,,(A¢) we have:
\M(2) 7% > |M(Z) B"|, whereM (Z) actson L viamth powers.

Proof. ThefactthatC(R) is not necessarilzompactivesus sometrouble,andsowe decom-
poseCq uptoisogery. Thereexistsaconnectedeductve subgroupM, of Cq suchthatwe have
ashortexactsequence:

(4.3.2) 1 — Fp — Mg x Mg — Cp — 1,

with Fp = Mg N My, afinite groupscheme.To getsuchan Mg, considerthe decomposition
up to isogery of Cg into its center(thatcontainsig) andits semi-simplepart,andusethatthe
centerdecomposesp to isogery into Mgy andanotherfactor All groupsin (4.3.2)areclosed
subgroupschemesf GL,, ¢, which giveseachof themaZ-structure Thereis anon-emptyopen
part Spec(Z[1/N]) of Spec(Z) over which F is finite etale, M and M’ tori, C' reductve and
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the sequencexact (for the etaletopology). Let e > 1 be aninteger that annihilatesFy and
M(Q) NnU, whereU is themaximalcompactopen)subgroupof M (A¢) (see[17, Prop.3.16]).
Let h bein GL,(As). Letz bein M (Z) andsupposéhatz stabilizesh in S. Thenthereexist

~

qin C(Q) andk in GL,(Z) suchthatin GL,, (A¢) we have:
(4.3.3) zh = ghk, i.e., x=qhkh '
Sincex andg commute we have:

(4.3.4) 7° = ¢%-hk¢h™'.

As H!(Gal(Q/Q), F(Q)) is annihilatedby e, thereexist ¢, in M(Q) andg, in M’'(Q) such
thatq® = qiqe in C(Q). By (4.3.3),hkh~! isiin C(A¢). Sincethe sequencé4.3.2)extendsas
indicatedover Z[1/N], therearek; andk, in GL,,(A¢) suchthat:

(4.3.5) hk¢h ™t = hkih t-hkoh ', with Rk k1 in M(A¢) andhkoh b in M'(Ar).
Rewriting (4.3.4)gives:

(4.3.6) z¢ = q1go-hkih ™ -hkoh™! = qy-hk R~ -gohkoh ™ .

It followsthatg.hkoh ! isin F(A¢), hencethat:

(4.3.7) 2® = ¢C-hkh™", in M(Ay).

This identity shavs thatgf isin U N M (Q). Henceg,; isin U N M(Q), andsincee annihilates
U N M(Q), wehave:

(4.3.8) 2€ = hkSh™", in M(Ap).

We concludethatfor m = €2, we have, for z in M(Z) stabilizingh’, thatz™ stabilizesh” (for
theusualactionof M (A¢) on L). O

Lemma4.3.1limpliesthatin orderto prove Theorem4.1we mayaswell prove thelower bound
in questionfor the action of M(Z) onthesetL, if we replacethe reciprocitymorphismr;, by
mrs,, for asuitablem > 1. Notethatmr;, is still surjectve,asmorphismof tori over Q.

For h in GL,(Ay¢), its classin L is a Z-lattice V,, in Q*, and@" is equippedwith an ac-
tion of Mg. Let MT(V},) be the schemetheoreticclosureof Mg in GL(V}). In this situation,
Lemma3.3.1saysthatMT(V},)g, is atorusif andonly if M fixesV,.

We have reducedhe proof of Theoremé.1to thefollowing statementthatwill be provedin
thenext section.
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Proposition4.3.9 Let n be a positive integer LetT be a torusover Z[1/n], actingon a free
Z[1/n]-moduleV" of finite rank. Let S = GL(Vy,)/GL(Vy,,,)) be the setof Z[1/n]-lattices
inVg. LetT(Z[1/n]) acton S via left multiplications.ForW in S, let Py, bethe setof primesp

thatdo notdividen andsuchthatTy,, doesnotfix Wy,. Thenthereexistsa positive realnumber
c suchthatfor eachV in S we have:

T@t/n)) W] > ] e
pEPw
Equwalently asS is a restrictedproductover the primesnot dividing n, thereis a positive real
numbere suchthatfor all p notdividingn, andall Z,-latticesW in Vg, thatarenotfixedbyTy,,
we have:
T (Zy) W > ep.

4.4 Proof of Proposition4.3.9.

We will now prove Propositiord4.3.9.Let K beasplitting field of T, andlet X bethegroupof
charactersf T . Letp beaprimenumberthatdoesnotdividen, andlet W beaZ,-latticein Vg,
thatis notfixedby 77, . Let W' bethelargestsublatticeof W thatis fixedby 77 , asconstructed
in thelastpartof theproofof Lemma3.3.1.Let L bethekernelof multiplicationby p onW/W".
We view L asasubF,-vectorspaceof Wy viaL = (W N p W) /W' = (pW nW')/pW’,
wherethe secondequalitycomesfrom multiplicationby p.

An elementof T'(Z,) that stabilizeslV, alsostabilizesL. HenceT(Z,)-W hasat leastas
mary elementssT (F,)-L, wherewe let T (I, ) actonthesetof subspacesf Wy . By construc-
tion, L is non-zeroandhasintersectiorzerowith W%M foreachr in X, WhereW%p = @IW%M
is the X -gradingcorrespondingo the Ty, -actionon er'*p . This impliesthat L, viewed asan
IF,-valuedpointin someGrassmannians notfixedby theactionof T, .

Let Ty, bethestabilizerof L in Tr,. Lemmad4.4.1belov saysthatthe orderof the groupof
connecteccomponent®f T%p is boundedndependentlyf p andW. PutTy := T, /Tlgp. Then
Ty, is anon-trivial torusover F,, andby Lemma4.4.2,themorphismT'(F,) — Ty (F,) hasits
cokernelof orderboundedindependentlyof p andW. The proof of Proposition4.3.9is now
finishedby notingthatTy (F,) hasatleastp—1 elementgsee[15, Lemmag.5]).

Lemma4.4.1 Let k beanalgebraicallyclosedfield, andT ak-torus. LetV be a finite dimen-
sionalk-vectorspacewith anactionbyT'. Thenthe setof stabilizersTy,, for W runningthrough
the setof subspacesf V, is finite. The setof groupsof connectedcomponent®f thesestabi-
lizers, up to isomorphismjs finite, andboundedn termsof the dimensionof V' andthe setof
character®fT thatdooccurin V.
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Proof. LetusconsiderthesetS of subspace$l of afixeddimensiongcall it d. Thenwe have
anaturalinjectionfrom S into P(A%(V)), compatiblewith the T'(k)-action. Theimageof a W
underthismapis theline generatedby w1 A - - - Awgy, wherew is ary k-basisof W. Hencetheset
of stabilizersof the elementof S is containedn the setof stabilizersof elementof P(A(V)).
This reduceghe proof of the lemmato the caseof one-dimensionasubspaceg$we replaceV’
by A4(V)).

Let X bethecharactegroupof 7', andlet V = @,V, bethe X-gradingof V' givenby the
T-action.Of coursealmostall V,, arezero.Forv in V, wehavev = ) _ v,, andwe let Supp(v)
be the setof = with v, # 0. For v non-zero,the stabilizerin 7' of the elementkv in P(V) is
the intersectionof the kernelsof the z — 2z’ with z andz’ in Supp(v). Sincethe setof such
differencess finite, the claim follows. O

Lemma4.4.2 LetT' bethe kernel of a surjective morphismT — T" of tori overk, with k a
finite field. Let® bethegroupof connectedomponentsfT:. Thenwe havetheexactsequence:

0 — T'(k) — T(k) — T"(k) — H'(Gal(k/k), ®),

andthe upperbound:
[H'(Gal(k/k), ®)| < |@].

Proof. Onehas,of coursethelongexactsequenceomingfrom Galoiscohomology:
0 — T'(k) — T(k) — T"(k) — H(Gal(k/k),T'(k)).
We combinethis with the sequence:
HY(Gal(k/k), (T")°(k)) — H'(Gal(k/k),T'(k)) — H'(Gal(k/k), ®)
comingfrom the shortexactsequence:
0— (T —T —T'/(T) —0.

Lang's Theorem([17, Thm. 6.1]) implies that H' (Gal(k/k), (T")°(k)) = 0. The upperbound
for [H*(Gal(k/k), ®)| follows from the fact that this conomologygroup is just the group of
coinvariantsfor theactionof Gal(k/k) on @. O

5 Imagesunder Hecke correspondences.

In this sectionwe prove thatthe imagesunderirreduciblecomponent®f certainHecke corre-
spondencesf anirreducibleHodgegenericsubvariety of a Shimuravariety definedby a semi-
simplealgebraiagroupof adjointtypeareirreducible.
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Theorem 5.1 Considera Shimuravariety definedby a Shimuradatum (G, X) whereG is a
semi-simplealgebraicgroupof adjointtype. Let K bea neatcompactopensubgroupof G(Ay)
thatis the productof compaciopensubgroupds, of G(Q,). Let X+ beaconnectedomponent
of X andletS betheimageof X+ x {1} in Shk (G, X)c. Let Z beanirreducibleHodgegeneric
Subvariety of S containinga non-singularspecialpoint. Thenthereexists a nonzerointegern
suchthatif q is anelemenofG(Q)" := G(Q)NG(R)" whoseéimagein G(Q,) isin K, for every
[ dividingn, thenT,(Z) is irreducible,with T, the correspondencen S givenby theactionof q
onXT.

Proof. By[6,2.1.2lwehaeS =T\X"withT =G(Q)* N K. Forqin G(Q)" thecorrespon-
dencel, is definedasfollows. Considerthe diagram:

S Xt Xt 55,

with 7 the quotientmapfor theactionof I'. Themorphismr o ¢- is the quotientfor theactionof
¢ 'Tq, hencer andr o ¢- bothfactorthroughthe quotientS, = T,\ X" with ', = T'N ¢~ 'Tq.
With thesenotationsT, is thecorrespondence:

Tg,1 Tg,2
st g, Mg

In particulay T, Z = m,(7;1Z). In orderto shav thatT,Z is irreducible,it sufficesto shav
thatZ, := m,1Z is. Sincer,; is acovering, restrictionto the smoothloci in Z andZ, givesa
coveringm,,,: Z;" — Z°". SinceZ;™ is Zariski-densen Z,, it is enoughto prove that Z;™ is
irreducible.

In orderto find anintegern asin the Theoremwe choosea faithful representatiog of G
ona@Q-vectorspacel. Then¢ givesa polarizablevariationof Hodgestructureson the constant
sheafVx ([12, 1.8]). SinceK is neat,I" actsfreely on X+, henceVy+ descends$o S. Let 'V},
be a K-invariantZ-lattice in Vi, andletV; = V, N V. ThenVy is aT'-invariantlatticein V.
This givesus a polarizablevariationV(§) of Z-Hodgestructureon S, henceon Z5™. Let s be
aHodgegenericpointin Z*™ andz a point of X+ lying above it. This givesanisomorphism
betweenthe fiber V(€), of Vz(€) at s and V7, suchthat the Mumford-Tate group of V(&)
correspondso £(G).

On the otherhand,the fundamentagroup (2™, s) actson V;(&), andhenceon Vy; let
IT beits imagein GL(V%). ThenlIl is afinitely generatecdsubgroupof GL(V7). By atheorem
of André (see[13, Theorem1l.4]), the connecteccomponenbf the Zariski closureof II in the
algebraicgroupGL(V) is £(G). SinceTl is anarithmeticsubgroupof G(Q), it is Zariski dense
in G, andthe Zariski closureof £(T") is &(G).
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SinceVz(€) exists over S, theimagell of =, (Z°™, s) is containedin that of 7, (S, s), i.e.,
in £(T"). TheinclusionII C &(I) £ T malesT into am (2%, s)-set. For ¢ in G(Q)*, the
m(Z°™, s)-setthatcorrespondso thecoveringr,; : Z3™ — Z*™ isisomorphictoI' /¢~ T¢NT,
henceZ*™ is connectedandhenceirreducible)if andonly if I'/¢ ''q N T is transitve. Now
sincem (Z*™, s) andI" have the sameZariski closurein the Z-groupschemeGL(Vz), Nori's
Theoremb.2 below givesa non-zerantegern, suchthatfor all non-zerointegersm primeto n,
w1 (Z°™, s) andl’ have thesameimagein GL(Vz/mz). (Indeed,GG(C) is a semi-simplecomplex
Lie group,hencer; (G(C) is finite by [18, thm.2(c)].) Let now ¢ bein G(Q)*, suchthatg, isin
K, for all I dividing n. Thenall we have to show is thatthereis anon-zerointegerm = [[, 1™,
primeto n, suchthatI’ N ¢~'I'q containsthe kernelof the naturalmapl’ — GL(V%/mz). We
have:

¢ 'TgNT =¢ 'KgNn KNGQ)*t = (H g 'Kign Kl) NGQ™.
l
For [ with ¢; € K; (in particulay for / dividing n), we have ¢ ' K;¢ N K; = K;, andwe put
my; = 0. For theremainindfinitely mary [, we take m; sufiiciently large suchthat:

ker (K, — GL(Vz;miz)) C ¢ " Kg.
Thenwe have thelastinclusionfor all /, soby takingthe productoverall I we have:
ker (K — GL(Vz/mz)) C ¢ 'Kq, hence ker (I' — GL(Vz/mz)) C ¢ 'L
U

Theorem 5.2 (Nori (Thm. 5.30f [15])) Let H beafinitely generatedubgroupof GL,(Z). Let
H beits Zariski closurein GL,, 7. SupposehatH (C) hasa finite fundamentabroup, thenthe
closureof H in GL,(Z) is openin theclosureof H(Z) in GLy(Z).

Remark 5.3 A careful readermight be worried by our use of Theorem5.3 of Nori’s article
[15], becauserheorem5.2 of the sameatrticle is clearly wrong. Probably the problemwith
Theorem5.2 is only typographical:should[A, A](R) be replacedby A, A](R)", the closure
of [4, A](R) in GL,(R)? Or by [A(R), A(R)]"? Anyway, TheoremS5.3 canbe deducedrom
Theoremb.4,whichin turn canbefoundin otherreferenceg[17, Thm.7.14],[16]).

6 Density of Hecke orbits.

We will now prove thefollowing resultaboutthe densityof Hecke orbitsin Shimuravarieties.
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Theorem6.1 Let(G, X) bea Shimuradatumwith G = G x - - - x G, asemi-simplealgebraic
group of adjoint type with simplefactorsG,,... ,G,. Let K be a compactopensubgroupof
G(Ay) thatis the productof compactopensubgroupsy, of G(Q,). Let X+ be a connected
componenbf X, let S betheimageof X* x {1} in Shg(G, X)c, andputl’ = G(Q)™ N K.
Thenthereexistsanintegern suchthatfor all prime numberg > n thefollowing holds.

Letq beanelemenbf G(Q,) suchthatfor all j theprojectionofq in G;(Q,) is notcontained
in acompactsubgroup.The connectedcomponent®f the correspondencthatT, induceson S
aretheT,,, inducedby g¢; in G(Q)* actingon X, suchthat:

G NKgK =[][T¢'T.

Then, for all i andfor all s in S, theT,, + T, -1-0rbit U,>(Ty, + T,—1)"s is densein S for the
Archimedeartopology

Proof. Letp,;: G — G; denotethe jth projection. For eachj, let n; beasin Proposition6.2
appliedto G; andp;(K), andlet n bethe maximumof then;. Letp > n beprime,andlet g in
G(Q,) andtheg; in G(Q) beasin theTheorem.For eachi, letT'; denotethesubgroumf G(Q)*
generatedby I' andg;. Thenwehave S = T'\ X', andfor s in S, theT,, + Tqi_l-orbit of sisthe
imagein S of aTl';-orbitin X . Henceit sufficesto prove thateachl’; is densen G(R)*.

Let H betheclosurein G(R)* of say I'y. ThenH is aLie subgroupf G(R). Welet H be
the connectedomponenbf theidentity. Now I' normalizesd *, henceits Lie algebra.Sincel’
is Zariskidensan Gg ([17, Thm.4.10], notethatno G;(R) is compact)thisimpliesthat H* is
aproductof simplefactorsof G(R)*. We claimthatif H* containsa simplefactorof G;(R)*,
thenit containsall of G;(R)". This follows from two facts.One: H* N G(Q) is densein H™.
Two: for every i, andfor every factorG; ; of G; 5 themapG;(Q) — G ;(Q) is injective. The
secondactis adirectconsequencef thestatemen([2, 6.21(ii)]) thatG; = Res /oG for some
finite extensionF' of Q andsomeabsolutelysimplegroupG; over F.

Let now I bethesubsebf {1,... ,r} of thei suchthat H* doesnot containG;(R) ", let G;
betheproductof theG; with 7 in I, andlet f: G(R)™ — G;(R)* betheprojection.ThenH™ is
thekernelof f, hencef(H) is discretein G;(R). Butthen f(I'y), beinga subgroupof f(H), is
discrete.Now supposehat ! is notempty By Proposition6.2, f(I') hasinfinite index in f(T';),
which contradictshe factthat f(I')\G;(R) ™ hasfinite volume(see[17, Thm. 4.13]). Hencel
isempty andH = G(R)*. O

Proposition 6.2 Let G beasimple(henceadjoint)algebraiagroupoverQ with G(R) notcom-
pact. Let K be a compactopensubgroupof G(A¢) andputT’ = G(Q)* N K. Thenthereis an
integern suchthatfor all primenumberg > n thefollowing holds.
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Let g be an elementof G(Q,) thatis not containedin a compactsubgroup. Let ¢ be an
elementof G(Q) N KgK. Thenl'qI" containsanelement;’ suchthatT’" hasinfinite index in the
groupgeneratedyy I andq’.

Proof. LetV beafinite dimensionabbsolutelyirreduciblefaithful representatioof Gz, where
E is asuitablefinite extensionof Q. As T is Zariskidensén Gg ([17, Thm.4.10]),V is anabso-
lutely irreduciblerepresentationf I'. By the doublecentralizertheorem([10, XVII, Cor. 3.5]),
Endg(V) is spannedover E) by theimagesof the~ in T'. Let O bethering of integersof E,
andlet Vy,,, beal-invariantOg-latticein V. Letyy, ... , v, bein I whoseimagesyi, ... , ¥m
spanEndg (V). Letn betheindex of Oy + - - - + Og¥, in Endo, (Vo). Forp prime put
Ogyp = Z,®0g, andE, = Q,®E. Forp > nwehave Og 71+ - -+0g p¥m = Endo, ,(Vos,,)-

Letnow p > n beprime,andlet g beanelemenbf G(Q,) thatis notcontainedn acompact
group. Thennot all eigervaluesof g actingon @p ®o V (as@p-vectorspace)ha/e absolute
valuel. Replacingg, ¢ andq’ by theirinversesf necessarywe maysupposehatatleastoneof
the eigervaluesof ¢ hasabsolutevalue> 1. Thenthe matrix of g with respecto an Oy ,-basis
of Vo, , hasatleastonecoeficientthatis notin Og .

Let ¢ beanelementof K¢gK. Thenwe have,in G(Q,), ¢ = kigks, with &y andk, in the
imageK, of K. Soin GLg, (Vx,) wehaveq = kigk, with k; andk, in GLo, , (Vo,, ). Butthen
wehaeg =& gk . It followsthatall ugv with u andv in Endo,,(Vo,,) areOg,-linear
combinationsof elementsof the form 7g+/ with v and+’ in I'. Hencethereare such~y and~’
suchthatthetraceof ¢’ = yg¢y' is notin Og,. Buttheng’ hasaneigervalue(in @p) of absolute
value> 1, hencey' is not containedn a compactsubgroupof G(Q,). If gisin G(Q) N K¢K,
thenwe geta ¢’ in I'qI" of which no non-trivial powerliesin T'. O

Onewouldliketo have ageneralizatiorof Proposition6.2thatrequiresonly awealer hypothesis
on g andthatgivesa betterunderstandin@f the primesp thatareto beexcluded.Thefollowing
Proposition,that will not be usedin the restof this article, givessucha resultin the simply
connectedtase.It would be usefulto have a versionof it in the adjointcase(maybethe results
in [11] canbeusedhere).

Proposition6.3 Let G be a semi-simplealgebraicgroupover Q whoseadjointis simple. Sup-
posethatG(R) is not compact.Let K be a compactopensubgroupof G(A;). Forp primelet
K, betheimageof K, underprojectionto G(Q,). Letp bea primefor which K, is amaximal
compactsubgroupof G(Q,) andletq beanelementf G(Q) suchthattheimageof ¢ in G(Q,)

isnotin K,. Thenl' = G(Q) N K is of infinite index in thegroupI', generatedyI" andg.

Proof. By strongapproximation[17, Thm.7.12]), G(Q) is densein G(A). Hencel is dense
in K. Supposehatl',/I" is finite. Let " and[’, betheclosuresof I' andl, in G(Q,). We have
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I' = K,. Sincel, is afinite union of I'-cosets, is a finite union of I'-cosets.Hencer, is
compact.As ¢ is notin K, and K, is amaximalcompactopensubgroupof G(Q,), we have a
contradiction. O

7 Proof of the main result.

The aim of this sectionis to prove Theoreml.2. Solet (G, X) bea Shimuradatum,let K bea
compactopensubgroupf G(A¢), let V' beafaithful finite dimensionatepresentatioof G and
let Z beaclosedirreduciblecurvein Shg (G, X )¢ thatcontainsaninfinite setY of specialpoints
x suchthatall [V,,] with z in X areequal.

Aswehaveseenn Section2, it sufficesto provetheresultin thecasewhereG is semi-simple
andadjoint, K is neatand Z Hodgegeneric.Sowe supposdghat. Wewrite G = G x - - X G,
with the G; simple. We will alsosupposehat K is the productof compactopensubgroups,
of theG(Q,). Welet S betheconnectedcomponenbf Shk (G, X) thatcontainsZ. We assume
thatwe have a Z-structureon V given by the choiceof a K -invariantZ-lattice in Va,. ThenV
inducesavariationof Z-Hodgestructureon S. For eachs in S we have its Mumford-Tategroup
MT(V;) whichis aclosedsubgroupschemeof the Z-groupschemeGL (V).

Let X be a connecteccomponenbf X. After replacingZ by anirreduciblecomponent
of its image undera suitableHecke correspondenceye may supposehat S is the image of
X* x {1} in Shk(G, X).

Theorem 7.1 Assumethatp is a primeandm anelemenif G(Q,), suchthat:
1. p doesnotdivide theintegern of Theorenb.1, appliedto thesubvarietyZ of Shy (G, X);

2. p > n with n asin Theorem6.1 appliedto (G, X), K andX*, andfor every Q-simple
factorG; of G, theimageof m in G;(Q, ) is notcontainedn a compackubgroup;

3. Z ¢ T,,,Z, with T,,, thecorrespondenceducedby m onShg (G, X).

ThenZ = S, henceZ is of Hodgetype.

Proof. Assumethatp andm satisfy the threeconditions. We have S = T'\X T, with T" the
intersectiorof K andG(Q)*. Theconnecte&omponentsf thecorrespondenciat’,, induces
on S aretheT,,,, inducedby m; in G(Q)* actingon X *, suchthat:

G@TNEmK = [[T'm;'T.

19



Let ¢ beoneof them; suchthatZ C T,Z. Sinceq~" isin KmK, andm in G(Q,), theimage
of ¢ in G(Q) isin K, for all I # p, in particular for all I notdividing n. By Theoremb5.1,7, 7
andT,-: Z areirreducible,andhenceequalto Z. By Theorem6.1,all T, + T,-1-orbitsin S are
densehenceZ = S. O

For eachs in ¥ we choosean elements of X+ suchthats = (3,1). Thenwe have for eachs
in 3 the Mumford-TategroupMT(V;) = MT(5) asaclosedsubgroupschemeof GL(V'). We
give G aZ-structureGz by takingits Zariski closurein GL(V).

Sinceall V; o for s in X areisomorphic,all MT(5)q areisomorphic.Let F* C C beafinite
extensionof Q thatsplits all thesetori. Then F' containsthe reflex field of (G, X). By taking
F' large enough,we may anddo assumehat 7 is definedover F' (asan absolutelyirreducible
closedF-subschemér of Shi (G, X)F).

In the restof the proof of Theorem1.2 we will distinguishtwo cases,dependingon the
behaior of the MT (V) for s in X.

Definition 7.2 For s in £, leti(s) bethenumberof primenumbersg suchthatMT (V;)r, is not
atorus.

Thisfunction:: ¥ — Z depend®nthechoiceof theZ-structureon V', but anotherchoicewould
give a function that differs from ¢ by a boundedfunction. Also, replacingZ by anirreducible
componenbf theimageof Z undera Hecke correspondencenly changegshe functioni by a
boundedunction. Thetwo caseghatwe will distinguishdependnwhetheror not: is bounded.

7.3 The casewhere: is bounded.

In this sectionwe assumehatthe functions : ¥ — Z definedabove is bounded. It follows
thatfor all but finitely mary prime numbers, thesubset:, of s in ¥ with MT (V) atorusis
Zariskidensean Z.

Proposition7.3.1 Let p be a prime suchthat Gy, is smoothover,. Thenthe setof subtori
MT(5)z, of Gy, for s in ¥, meetsonly afinite numberof Gz(Z,)-conjugag classef subtori
of GZP-

Proof. Letpbeprime.Lets; ands, bein ,,. Leth in GL(Vg) beanisomorphisnfrom (Vy, §1)
to (Vi, §2). Thenh inducesanisomorphisnof Z-Hodgestructuresrom (A 'V, 5,) to (V, 5).
Henceh™'V;, is a Z,-latticein Vg, suchthatthe Zariski closureof MT(3;)g, in GL(h™'V4,)
is atorus.Lemma3.3.1(appliedto T = MT(V, §,)z, andthefree Z,-moduleh V7, ) givesan
elementc in GL(Vg,) centralizingMT(V, 51)qg, suchthath™'V;, = ¢V7,. Hencethereexists
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k in GL(Vz,) suchthath™" = ck. We have MT(3,)z, = kMT(31)z,k~". Sowe have thatall
MT(5)z, for s in ¥, lie in oneGL(Vz,)-orbit.

The setof MT(3)g, for s in ¥, is containedin one GL(Vx, )-orbit, and henceis a finite
set. If s; ands, in X, aresuchthatMT(5,)r, = MT(5,)r,, thenMT(5,)z, andMT(3;)z, are
conjugatedy anelemenif G(Z,) by [7, Exp.XI, Cor. 5.2], which saysthatthe “transporteur”
in G(Z,) betweerMT(5;)z, andMT(5;)z, is smoothover Z,. O

Let p beaprimewith thefollowing properties:
1. p satisfieghe conditionsof Theorem?.1;
2. ¥, is Zariskidensén Z;
3. Gy, is smoothoverF,;
4. Ky = Gg(Zy),
5. allthe MT(3)q, for s in ¥ aresplit.

Indeed,the first four conditionsonly exclude finitely mary primes, andthe last conditionis
verified by a setof primesof positive density(Chebotare). We replaceX: by a suitableZariski
densesubsebf ¥, suchthatthe MT(5)z, lie in oneGz(Z,)-conjugay class.

Let s, be an elementof ¥, andlet M = MT(S). The reciprocity morphismr from
Resp)qG,,r t0 My is surjective, hencer((Q, ® F)*) is of finite index, saye, in M(Q,). For
eachi, theimage M; of M in G; is non-trivial by the axiomsfor what constitutesa Shimura
datum(condition(2.1.1.3)in [6, 2.1]). By hypothesis Mg, andhencethe M;, aresplit tori.
For asplittorus7” over Q,, T'(Q,) moduloits maximalcompactsubgrougs afree Z-moduleof
rank the dimensionof T'. Since M (Q,) moduloits maximalcompactsubgroups not equalto
afinite union of propersubZ-moduleswe cantake anelementm of M(Q,) thatsatisfiesthe
following conditions:

1. misin theimageof multiplicationby e on M (Q,);

2. for every simplefactorG; of G, theimageof m in G;(Q,) is not containedn a compact
subgroup.

We will shov thatZ c T,,7, sothat Z is of Hodgetype by Theorem7.1. Let s bein . We
have:
TmS = {(5, klmkg) ‘ kl € Kp, k’g € Kp}
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By hypothesisthereexists an & in G(Z,) suchthat MT(3)z, = hMz h~'. It follows that
hmh~!isin MT(5)(Q,), andevenin theimageof thereciprocitymorphismfor 3, sothat:

(3, hmh~1) isin Gal(Q/F)-s.

We concludethat(, kmh=1) is in theintersectiorof T;,,s andGal(Q/F)-s. As T,,s is contained
in T,,,Z, andGal(Q/ F)-s is containedn Z, (3, hmh=1) isin Z N T,,Z. As both Z andT,, 7 are
definedover F', we have:

Gal(Q/F)-s C ZNTyZ.

It followsthat Z is containedn 7,,, Z. This endsthe proof of Theoreml.2in the casewherei is
bounded.

Remark 7.3.2 Theproofof Theoreml.2thatwe have justgiven,in the casewherethe function
1 is boundeddoesnot usethat Z is a curve. Henceit provesTheoreml.2 without the condition
thatZ is acurve, but with the extra conditionthat: is bounded.

This kind of resultcanbe useful. For exampleVatsalandCornut(see[19] and[5]) consider
setsof Heggnerpointson productsof modularcurveswherethe discriminantsof the endomor
phismrings of theelliptic curvesin questionare productsof afixedfinite setof prime numbers
(of course the André-Oortconjecturein this casewasalreadyproved by Moonenin [14, §5],
sinceit concernsa Shimuradatumrelatedto moduli of abelianvarieties).

7.4 The casewhere is not bounded.

In this sectionwe assumehati(s) is not boundedwvhens rangeshroughthe pointsof . The
stratgyy for proving Theorem1.2 in this caseis asfollows. For s in ¥ with i(s) big enough,
we show thatthereexistsa primenumberp andanelementn in G(Q, ) thatsatisfythefirst two
conditionsin Theorem7.1,suchthatZ NT;,~Z containgGal(Q/F)-s andsuchthat|Gal(Q/F)-s|
exceedsthe “intersectionnumber”’of Z and7,,Z. Thenit follows that Z and T,,Z do not
intersectproperly andhencethat 7 is containedn 7,, Z (it is herethatwe usethat Z is acurwve).
Theorem?.1thensaysthat 7 is of Hodgetype.

We cite the following result (see[8, Thm. 7.2]) that boundsthe intersectionof Z andits
imagesunderHecke correspondences, finite.

Theorem7.4.1 Let (G, X) bea Shimuradatum,let K, andK, be compactopensubgroupof
G(A¢), andlet Z, andZ, be closedsubvarietiesof the ShimuravarietiesS; := Shg, (G, X)c
andS, := Shg, (G, X)¢, respectiely. SupposehatZ, or Z, is of dimensionat mostone. Then
thereexistsanintegerc suchthatfor all g in G(A¢) for whichT,Z, N Z, is finite, onehas:

\T,Zy N Zs| < ¢ deg(m: Sy — S1),
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whereS, = Shg, (G, X)c with K, = K1 N gK>9™', andwith T, andm, the morphismthatis
induceadby theinclusionof K, in K.

Appliedin our situation,this theoremgivesthefollowing result.

Corollary 7.4.2 Thereexistsanintegerc suchthatfor all m in G(A¢) with Z N T,,,Z finite one
has:

ZNT,Z| <c|K/KNmKm™|.

We notethatif p is aprimesuchthatK, = G(Z,), andif misin G(Q,), thenK/K N mKm™
is the K,-orbit of thelatticern V7, in thesetof Z,-latticesin Vg, , andhence K/ K NmKm ™| is
atmost|GL(Vz,)-mVz,|. In orderto getprime numbersg andelementsn in G(Q, ) thatverify
thefirst two conditionsin Theorem7.1 andaresuchthat |K/K N mKm™'| is not too big, we
prove thefollowing.

Proposition7.4.3 Letn, r, e and B be nonngatie integers. Thereexists anintegerk with the
following property Letp beaprimenumberandlet M be a split subtorusof GL,, ,, suchthat
My, (obtainedfrom Zariski closurein GL,, z,) is atorus. Supposehatwith respecto a suitable
Z-basisof the charactegroup X*(Mgq,) all coordinatef the differencesf the charactershat
intervenein Q) have absolutevalueatmostB. Letq;: M — M; ber quotientsof M, with each
M, non-trivial. Thenthereexistsanelementn in M(Q,) suchthatno ¢;(m) liesin acompact
subgroupof M;(Q,), andsuchthat|GL(Vz,)-m®Vz, | < p*.

Proof. Letn,r, eandB begiven.Letp beaprimenumberlet M beasplit subtorusof GL,, g, ,
suchthat Mz, atorus. Thenwe have adirectsumdecompositionnto charactespaces:

Loy = @yex(aryLy-

Letd bethedimensiorof M, andlet f: Z¢ — X*(M) beanisomorphisnsuchthatfor eachpair
(x1,x2) With L,, # 0 # L,, onehas|f~'(x1 — x2)|| < B, where|-|| denoteghe maximum
normonZ<. Weidentify X*(M) andits dual X, (M) with Z? via f andits dual. Thenthekernels
of the X, (¢;) give usr subgroupsS; of Z? of ranklessthand. For T a split torusover Q, one
hasT'(Q,) = X.(T) ® @, andhencethe valuationmapv,: Q, — Z inducesanisomorphism
from T'(Q,) moduloits maximalcompactsubgroupto X, (7). It follows thatfor anelementn
of M(Q,) nog;(m) isin acompactubgrougf andonly if theimageof m in Z¢ avoidsall S;.
ThequotientZ?/(r + 2)Z% has(r + 2)¢ elementsywhereaghe unionof theimagesof the S;
hasatmost(r + 2)4~!r elementswhich s lessthan(r + 2)¢. Let z be anelementof Z¢ with
|lz]| < 7 + 2 whoseimagein Z¢/(r + 2)Z% is notin the union of theimagesof the S;. Letm
be anelementin M(Q,) with imagez in Z?. Let a andb be the smallestand largestintegers
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suchthatp®Z? C m°Zy C p°Zy. Thenthe GL,(Z,)-orbit of m°Z! is containedn the setof
Z,-latticesbetweerp®Z; andp”Zg. The numberof suchlatticesis the numberof subgroupf
(Z/p*~Z)%, henceis atmostp(®—)4* (usethatevery subgrougs generatedby d elements).

It remainsto bounda — b. On L,, m* acts,up to an elementof Z;, by multiplication by
p{f'xez) where(-,-) denoteghe standardpairing. Hencea andb arethe maximumandmini-
mumof the(f 'x, ex), with L, # 0. It followsthata — b < edB(r + 1). Asd < n, we cantake
k=en*B(r +1). O

Appliedto our situation,we getthefollowing consequencéotethatthe MT(5)q with s in X lie
in oneGL(Vgp)-conjugay class).

Corollary 7.4.4 Thereexistsanintegerk with the following property Let s bein X, andlet p
be a prime suchthatMT(5)q, is split, andMT(5)r, is atorus. Thenthereexists anelementn
in MT(5)(Q,) suchthat:

1. m is in theimageof thereciprocitymorphismr;: (Q, @ F)* — MT(5)(Q,);
2. for all i, theimageof m in G;(Q,) is notin acompactsubgroup;
3. if ZNT,Z isfinite, then|Z N T,,Z| < p*.
Theoremd.1 providesuswith positive realsnumbers:; ande, suchthatfor all s in 3 we have:
1Gal(Q/F)-s| > c1c®i(s)!.

For z in R, let 7p;(x) be the numberof prime numbersp < z suchthat F' is split over Q,.
Chebotare’'s densitytheorem(seg[9, Ch. VIII, §4]) saysthatfor = in R largeenoughponehas:

1 oz
F: Q] log(z)

Elementarycalculusshavsthatfor all ¢ in Z large enoughthereexistsx in R suchthat:

ri(z) > 2]

1 oz
2[F : (] log(z)

As the functioni: ¥ — Z is not bounded,we concludethat thereexists an s in ¥, a prime
numberp andanelementm in MT(5)(Q,) suchthatm andp satisfythefirst two conditionsof
Theorem7.1,andeventhelastonebecauseZ N T,, 7 containsGal(Q/F)-s.

>y and zF < ¢yl
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