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1 Intr oduction.

Theaim of this article is to prove a specialcaseof the following conjectureof André andOort

on subvarietiesof Shimuravarieties.For theterminology, notation,historyandresultsobtained

sofar we referto theintroductionof [8], andthereferencestherein.

Conjecture 1.1(Andr é-Oort) Let �����
	�� bea Shimuradatum.Let 
 bea compactopensub-

groupof ��������� andlet � be a setof specialpointsin �����������
	������ � . Thenevery irreducible

componentof theZariski closureof � in �!���������
	��#" is a subvarietyof Hodgetype.

The choiceof the specialcasethat we will prove is motivatedby work of Wolfart [20], (see

alsoCohenandWüstholz[4]) onalgebraicityof valuesof hypergeometricfunctionsatalgebraic

numbers.The hypergeometricfunctionsconsideredin [20] are the multi-valuedholomorphic$ ��%���&'��()� on *,+-���.�0/21435��67�98;: definedby:

$ ��%���&'��()����<=� >?6A@ %B&
( <C@

%D��%E@F6G�H&4��&�@I6G�
(J��(�@F6G�

<LKM!N @IO'O'OP� <�QR�S� TU<DT�V;67�
with % , & and ( rationalnumbers,/C( not in W . For thefollowing propertiesof the

$ ��%���&'��(�� the

readeris referredto [20]. Thefunctions
$ ��%���&'��()� satisfythedifferentialequations:

<���<X/26G� $ ��%Y�Z&G�Z(��#[ [J@\�H��%�@]&^@I6'�H<_/`(�� $ ��%���&'��(��#[J@a%B& $ ��%���&'��(�� >\3�b
Supposefrom now on that % , & , ( , %c/;( and &�/\( areall not integers. Then,up to a factor

in dfe , $ ��%Y�Z&G�Z(��)��<=� is a quotientof a certainperiod g���%���&'��()����<7� of a certainsubabelianvarietyh ��%���&'��(4�Z<=� of the jacobianof the smoothprojective modelof the curve givenby the equationi�j >lkYm��n6o/;kp�HqA�n6�/r<Jkp�ns , for suitable t ,
h

, u , and v dependingon ��%Y�Z&G�Z(�� , by a pe-

riod gxwG��%���&'��()� dependingonly on ��%���&'��()� . More precisely, gy��%Y�Z&G�Z(��)��<=� is the integral of the

differentialform iYz +#{=k (all of whoseresiduesarezero)over a suitablecycle. Thefixedperiod

g|w'��%���&'��()� isaperiodof anabelianvarietyof CM type.Usingatheoremof Wüstholz[21,Thm.5]

(on Grothendieck’sconjectureon therelationbetweenrelationsbetweenperiodsandcorrespon-

dences(see[1]) in thecaseof abelianvarieties)it follows thatif < andonevalueof
$ ��%���&'��()� at

< arealgebraic,then
h ��%���&'��(G��<=� is alsoof CM type,with thesametypeas g|wG��%���&'��(�� , andhence

all valuesof
$ ��%���&'��()� at < arealgebraic.Becauseof this, it makessenseto askthe following

question:

underwhatconditionson ��%���&'��()� is theset }~��%���&'��()� of < in * + � d���/R1435�-67�98;: such

that
$ ��%���&'��()����<=� is in d finite?
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Wolfart proposesin [20, Theorem]that the answershould dependonly on the monodromy

group ����%Y�Z&G�Z(�� (with its two-dimensionalrepresentation)of the differentialequation. If this

monodromygroupis finite, then
$ ��%���&'��()� is algebraicover d~��<=� , andhence}~��%���&'��()� equals

* + � d��,/�1435�-67�98;: . Supposenow thatthemonodromygroupis infinite. Thenonedistinguishes

two cases:����%���&'��()� is arithmeticor not. In termsof Shimuravarieties,thesetwo casescorre-

spondto theimageof * + ���A��/�1435�-67��8;: in asuitablemodulispaceof polarizedabelianvarieties

underthemapthatsends< to theisomorphismclassof
h ��%���&'��(G��<=� beingof Hodgetypeor not. If

this imageis of Hodgetype,thenthesetof < in d suchthat
h ��%���&'��(G��<=� is of CM typewith type

thatof g|wG��%���&'��(�� is densein * + ���A� (evenfor theArchimedeantopology),andWolfartshowsthat

undercertainadditionalconditionson ��%���&'��()� theset }~��%Y�Z&G�Z(�� is infinite. Supposenow thatthe

imageof * + ���A�D/R1435�-6L�98;: is notof Hodgetype.ThenWolfart’sTheoremclaimsthat }y��%���&'��()�
is finite. But WalterGublerhaspointedout anerror in Wolfart’s proof: in [20, � 9], thereis no

reasonthat thegroup � fixesthe imageof � in theproductof copiesof theunit disk underthe

productof themaps��� , andthereforetheidentity �4�5���^�����H��>\�^���5�����
� for � in � is notproved.

Sinceby Wüstholz’s theoremall
h ��%���&'��(G��<=� with < in }~��%���&'��(�� areof a fixed CM type,

henceisogeneousand hencecontainedin one Hecke orbit, the following theoremcompletes

Wolfart’sprogram.

Theorem 1.2 Let �����
	�� beaShimuradatumandlet 
 beacompactopensubgroupof ��������� .
Let � be a finite dimensionalfaithful representationof � , andfor � in 	 let ��� be the corre-

spondingd -Hodgestructure.For kc> �����
�5� in �����E�����H	������.� , let ������� denotetheisomorphism

classof ��� . Let � bean irreducibleclosedalgebraiccurve containedin ���Y�E�����H	���" suchthat

�����.� containsaninfinite setof specialpoints k suchthatall �����-� areequal.Then � is of Hodge

type. In particular, if � is an irreducibleclosedalgebraiccurve containedin �����C�����
	��#" such

that �����A� containsaninfinite setof specialpointsthatlie in oneHeckeorbit, then � is of Hodge

type.

This theorem,in the casewherethespecialpointsin questionlie in oneHecke orbit, wasfirst

proved in the secondauthor’s thesis[22], in which onechapter(providing a lower boundfor

Galoisorbits) waswritten by thefirst author. Themaindifferencebetweenthis articleandthe

thesisis that now we considerisomorphismclassesof d -Hodgestructuresin steadof Hecke

orbits. This makesit possibleto reducetheproof of thetheoremto thecasewhere � is Hodge

genericand � of adjoint type (the proof in the thesiscouldnot achieve this andwastherefore

moredifficult to follow).

Theproof given in this article is nicebecauseit is entirely in “ �����
	�� -language”;themain

toolsarealgebraicgroupsandtheir groupsof adelicpoints.But it is not completelysatisfactory

in the sensethat it shouldbe possibleto proceedasin [8], i.e., without distinguishingthe two
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casesaswe do in Section7. On theotherhand,theproof in thefirst of thesetwo casescanlead

to a generalizationto arbitraryShimuravarietiesof Moonen’s resultin [14, � 5] (Conjecture1.1

for moduli spacesof abelianvarieties,andsetsof specialpointsfor which thereis a prime at

which they areall “canonical”). Finally, it would be nice to replacethe conditionthat all �����-�
arethesamein thetheoremaboveby theconditionthatall associatedMumford-Tategroupsare

isomorphic(thiswouldgiveastatementthatdoesnot dependon thechoiceof a representation).

2 The strategy.

Theaimof thissectionis to explain thestrategy of theproofof Theorem1.2. In Sections4–6we

will prove thenecessaryingredients,thatwill thenbeput togetherin Section7.

We observe that thecompactopensubgroup
 in Conjecture1.1 is irrelevant: for �����H	�� a

Shimuradatum,
 and 
 [ opencompactin �������9� with 
��F
 [ , anirreduciblesubvariety � of

�����E�����
	���" is of Hodgetype if andonly if its imagein �����,�������
	���" is. A bit moregeneral:

if moreover � is in ��������� and �D� is thecorrespondencefrom ���Y�E�����H	���" to �!���,�������
	���" in-

ducedby � , then � is of Hodgetype if andonly if one(or equivalently, all) of the irreducible

componentsof �D��� is (are)of Hodgetype. Anotherobservation is that the irreduciblecompo-

nentsof intersectionsof subvarietiesof Hodgetypeareagainof Hodgetype(this is clearfrom

theinterpretationof subvarietiesof Hodgetypeasloci wherecertainclassesareHodgeclasses).

Hencetheredoesexist a smallestsubvarietyof Hodgetypeof ���Y�E�����H	���" thatcontains� ; our

first concernis now to describethatsubvariety.

Proposition 2.1 Let �����
	�� be a Shimuradatum, 
 a compactopensubgroupof �y� ���9� and

let � be a closedirreduciblesubvariety of ���Y�C�����
	���" . Let ¡ in � be Hodgegeneric. Let

��k¢�H��� in 	 £`�������9� lie over ¡ , andlet � [ be the Mumford-Tategroupof k . Thenwe have a

morphismof Shimuradatafrom ��� [ �
	 [ � to �����
	�� with 	 [ the � [ ��¤.� -conjugacy classof k . Let


 [ be the intersectionof � [ ������� and ��
¥� z + . Thenthe inclusionof � [ in � , followedby right

multiplicationby � inducesa morphism �C¦����Y�,����� [ �
	 [ ��"¨§ �����E�����H	���" . This morphismis

finite and its imagecontains � . Let � [ be an irreduciblecomponentof � z + � . Then � is of

Hodgetypeif andonly if � [ is.

Proof. This follows from Proposition2.8andSection2.9of [13]. ©
Proposition2.1 shows that Conjecture1.1 is true if andonly if it is true for � whoseZariski

closureis irreducibleandHodgegeneric.Similarly, Proposition2.1 reducesthe proof of The-

orem 1.2 to the casewhere � is Hodgegeneric. We note that even if �����A� hasan infinite

4



intersectionwith theHecke orbit of a specialpoint, this is not necessarilysofor � [ , becausethe

inverseimagein �����,����� [ �
	 [ �#" of a Hecke orbit in �!���������
	��#" is a disjoint union of a pos-

sibly infinite numberof Hecke orbits. This explainswhy we work with equivalenceclassesof

d -Hodgestructures.

Proposition 2.2 Let �����H	�� be a Shimuradatum,let �Xª¬« be the quotientof � by its center,

andlet 	Rª¬« be the �Xª¬«B��¤­� -conjugacy classof morphismsfrom ® to �_ª¬«¯ that containsthe im-

ageof 	 . Let 
�ª¬« be a compactopensubgroupof �_ª¬«!������� , and let 
 be a compactopen

subgroupof �����^��� whoseimagein � ª¬« ������� is containedin 
 ª¬« . Thenthe inducedmorphism

from �!�Y�E�����
	��#" to ��� �^° ± ���_ª¬«7�H	Rª¬«4��" is finite. Let � be a closedirreduciblesubvariety of

�����E�����
	���" , andlet � ª¬« be its imagein �!� �^° ± ��� ª¬« �
	 ª¬« ��" . Then � is of Hodgetype if and

only if � ª¬« is.

Proof. By [13, � 2.1], 	 is just a union of connectedcomponentsof 	�ª¬« . Let � and �^ª¬« be

the connectedcomponentsof �����������
	��#" andof ��� �^° ± ���Xª¬«L�
	Rª¬«4�#" that contain � and �²ª¬« ,
respectively. Let 	�³ bea connectedcomponentof 	 andlet � in �����^��� besuchthat � is the

imagein �!���������
	��#" of 	 ³ £a1'�Y: . Thenthe inverseimagesof � and � ª¬« in 	 ³ £´1'�Y: are

equal,hencethepropertyof beingof Hodgetypefor themis equivalent. ©
We want to useProposition2.2 to reducethe proof of Theorem1.2 to the casewhere � is

semi-simpleof adjoint type. In order to do that, all we needto do is to constructa faithful

representationµ of � ª¬« suchthat � ª¬« ���A� containsa Zariski densesetof specialpoints k with

all ��µR�-� equal.

Construction 2.3 Let � be a reductive algebraicgroup over d and let � be a faithful finite

dimensionalrepresentation.Let } be a finite extensionof d suchthat the representation��¶
of �X¶ is a direct sum � +A· O'O'O · ��¸ with each ��¹ absolutelyirreducible. Let v be the center

of � ; then v0¶ actsvia a characterºP¹ on ��¹ . For each� , we let {7¹S>¼»�½¿¾o¶A����¹�� , andwe define

µ�¹_¦À>Á�fÂ�ÃBÄnÅ¹ Æ ¶�»�Ç)ÈZ¶ ����¹�� e . Then µ ¦É>Êµ + · O'O'O · µ�¸ is a faithful representationof � ª¬«¶ .

We get a faithful representationof �Xª¬« on µ as d -vector spacevia the sequenceof injective

morphismsof algebraicgroups:

� ª¬« § Ë²Ç)Ì ¶DÍ�Î � ª¬«¶ § Ë²Ç)Ì ¶DÍ�Î¢ÏÑÐ ¶A��µÒ��§ ÏÑÐ Î,��µÒ�9b
Supposenow that Ó is a Zariski densesubsetof 	 suchthat the d -Hodgestructures��� with

k in Ó areall isomorphicto a fixed d -HodgestructureÔ . Thenthe d -Hodgestructureswith

} -coefficients } Æ ��� areall isomorphicto } Æ Ô . Now } Æ Ô is a direct sumof finitely

many simple d -Hodgestructureswith } -coefficients.Hencethereare,up to isomorphism,only
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finitely many waysto decompose} Æ Ô into adirectsumof Õ terms.HenceÓ is afinite disjoint

union of subsetsÓ.¹ suchthat for each � the } Æ ����>Ö� +#× � · O'O'O · ��¸ × � with k in Ó.¹ areall

isomorphictermby term. It followsthatthe µ�� with k in Ó.¹ areall isomorphic.Soit remainsto

proveTheorem1.2 in thecasewhere� is semi-simpleof adjointtypeand � Hodgegeneric.

At this point we candescribethestrategy of theproof of themainresult.Solet thenotation

now beasin Theorem1.2, andsupposethat � is semi-simpleof adjoint type, that � is Hodge

generic,and that 
 is neat. Let Ó be an infinite subsetof specialpoints of � suchthat all

�����-� with k in Ó areequal. Let � bethe irreduciblecomponentof �����C�����
	�� thatcontains� .

We will show that thereexist � in �y� � ��� suchthat an irreduciblecomponent� w� of the Hecke

correspondenceon � inducedby � hasthe propertythat � w� �Ø>Ù�Ú>Ø� w��ÛLÜ � (with � w��ÛLÜ the

transposeof � w� ) andis suchthatall the � w� @2� w� ÛJÜ -orbits in � aredense(for theArchimedean

topology).Thisclearlyimpliesthat �I>\� , sothat � is of Hodgetype.

To find sucha � , weproceedasfollows. Wewill take � in ����d Ý�� , for someprimenumberÞ .

For all but finitely many Þ , the imageof � undereachirreduciblecomponentof any �p� with �
in ����d Ý�� is eitheremptyor irreducible. The proof of this will be given in Section5, its main

ingredientis Theorem5.2byNori. Thedensityof all � w� @f� w� ÛJÜ -orbitswill beprovedin Section6,

undertheassumptionthatno imageof � underprojectionto asimplefactor Ô of � is contained

in acompactsubgroupof Ô`��d Ý�� . To gettheequalities� w� �;>;� and � w��ÛLÜ �I>\� wetry to find �
suchthat �D�)��ß�� containsa largenumberof thegivenspecialpoints,comparedto thedegreeof

thecorrespondence�D� . In doingthis,wedistinguishtwo cases.In onecase,theintersectionwill

containat leastonebig Galoisorbit. In theothercase,it containsinfinitely many of the given

specialpoints.Themainingredienthereis thedescriptionof theGaloisactiononspecialpoints,

plusa lower boundon thenumberof pointsin theGaloisorbitsof our givenspecialpointsthat

will beestablishedin Section4.

3 Somepreliminaries.

3.1 Mumf ord-Tategroups.

For � a free
�

-moduleof finite rank, we define ÏcÐ ����� to be the group schemegiven by

ÏcÐ ������� h ��>Öà_á m ��� m � for all rings
h

. For � a
�

-Hodgestructure,i.e., a free
�

-moduleof

finite rank,togetherwith a morphism�S¦D®�§ ÏcÐ ����� ¯ , we let â�ãX�����9�Y� betheZariski closure

in ÏcÐ ����� of theusualMumford-Tategroup â�ã�����Îx�9�Y� in ÏÑÐ ������Î .
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3.2 Variations of ä -Hodgestructur eon Shimura varieties.

Let �����
	�� bea Shimuradatum, 
 a neatcompactopensubgroupof �����^��� and å ¦p�æ§ àXáèç
a representationthat factorsthrough �Á§ � ª¬« , suchthat åD��
�� is in à_á�ç��Lé� � . Thenthereis a

variationof
�

-Hodgestructures� on ���Y�E�����
	�� constructedasfollows. On 	ê£������ �9�HëL
 , we

considerthevariationof
�

-Hodgestructure� + whoserestrictionto 	Ò£_1 ��: is d ç ßSåD���5��� é� ç �5£ì	
(with the d -Hodgestructureon d ç £]1'kP: is givenby themorphism å ¯�í k from ® to à_áèç × ¯ ).

Then ����dî� actson � + , andthequotientis the � thatwewant(for each ��k¢� ��� in 	�£R�������9�HëL

and ï in ����dî� thatstabilizes��k¢� ��� , theimageof ï in �_ª¬«B��dE� is trivial, henceåD��ïL� is theidentity).

A moreconceptualwaytodescribe� isasfollows.Weconsidertwoactionsof ����dî�L£0�����ì���
on � ç� £ð	�£R�y� ���9� givenby:

��ï���ñ��xò + ��óY�
k¢�
�5�Ö> ��ïJóY�ZïGk¢�ZïG��ñ5�ô�
��ï���ñ��xò K ��óY�
k¢�
�5�Ö> ��ñ z + óY�ZïGk¢�Zï4�5ñ��9b

Thefirstactionstabilizesd ç £�	F£A�y� �A��� , andthesecondstabilizesé� ç £ 	�£.����� �9� . Thequotient

by thefirst actiongivesa locally constantsheaf ��Î of d -vectorspaceson ���Y�C�����
	������ � , and

thesecondonea locally constantsheaf�^õö of é� -modules.Theautomorphism:

� ç� £¥	Ù£R�����^���0/p§÷� ç� £¥	�£��������9�9� ��óY�
k¢�H���,ø§ � � z + óD�Hk¢�
�5�
transformsthefirst actioninto thesecond,hencegivesanisomorphismbetweenthetwo locally

constantsheavesof ��� -moduleson �����E�����H	������ � . Then � is the “intersection”of ��Î and �^õö
in ��ù)ú .

3.3 Representationsof tori.

A torusover a scheme� is an � -groupscheme� that is of the form û ¸üxý , locally for the fpqc

topologyon � ([7, Exp. IX, Déf. 1.3]). If � is normalandnoetherian,thena torus �Së7� is split

over a suitablesurjective finite etalecover of � [ § � , i.e., � ý � is isomorphicto someû ¸üxý � ([7,

Exp. IX, Thm. 5.16]); onemay take � [ § � Galoisand � [ connected.If � is integral normal

andnoetherian,with genericpoint þ , thenany isomorphism�C¦�� +#× ÿ § � K × ÿ with � + and � K tori

over � extendsuniquelyto anisomorphismover � (use[7, Exp.X, Cor. 1.2]).

For � a connectedscheme,��� > û ¸üxý a split torusand � an
� ý

-module,it is equivalentto

givea � -actionon � or an 	 -gradingon � , with 	�>����7¾ð���ì��û üxý � thecharactergroupof �
([7, Exp. I, � 4.7]).

Supposenow that � is anintegralnormalnoetherianscheme,that � is a torusover � andthat� ¦è� [ § � is a connectedfinite etaleGaloiscover with group � over which � is split. Let 	
7



be thecharactergroupof � ý � ; then 	 is a free
�

-moduleof finite rankwith a � -action. Then,

to give an actionof � on a quasi-coherent
� ý

-module � is equivalentto giving an 	 -grading

� ý �­> � e � > · �J�
ý � × � suchthat for all 	 in � andall k in 	 onehas 	�� ý � × ��> � ý � × 
 � (to see

this, usefinite etaledescentof quasi-coherentmodulesas in [3, � 6.2]). If � and µ are two

representationsof � on locally free
� ý

-modulesof finite rank, then � and µ areisomorphic,

locally for theZariski topologyon � , if andonly if for all k in 	 the ranksof � ý � × � and µ ý � × �
are equal(usethat ���7¾
������� ��µ ��� is a direct summandof ���L¾�������� ��µ � , whoseformation

commuteswith basechange).

Lemma 3.3.1 Let Þ bea primenumber, let � bea torusover
� Ý , let � bea free

� Ý -moduleof

finite rankequippedwith a faithful actionof �DÎ�� on ��Î�� . Let � [ betheschemetheoreticclosure

of �DÎ�� in ÏÑÐ ���f� . Thenthefollowing conditionsareequivalent:

1. � [� � is a torus;

2. � [ is a torus;

3. theactionof �DÎ � on ��Î � extendsto anactionof � on � ;

4. � stabilizesthelattice � in thesensethatfor all finite extensions
 of dAÝ thelattice �����
is fixedby all elementsof �������­� .

Thesetof
� Ý -latticesin ��Î � thatarefixedby � form exactly oneorbit under v���dAÝ!� , where v

denotesthecentralizerof � in ÏcÐ ����� .
Proof. Supposefirst that � [� � is a torus.Then � [ , beinga flat groupschemeaffine andof finite

typeover
� Ý whosefibersover �!Ý and dAÝ aretori, is a torusby [7, Exp.X, Cor. 4.9].

Supposethat � [ is a torus. Then � [ > � by [7, Exp.X, Cor. 1.2]). Hencetheactionof �pÎ �
on ��Î � extendsto anactionof � on � .

Now supposethat theactionof �DÎ � on ��Î � extendsto an actionof � on � . Then � stabi-

lizes � , by definition. Also, the descriptionabove of representationsof tori shows that � acts

faithfully on � , sothat � is a closedsubschemeof ÏcÐ ����� , flat over
� Ý , andhenceequalto the

schemetheoreticclosureof its genericfiber. So � [ >F� and � [� � is a torus.

Finally, supposethat � stabilizes� . Let 
 bethesplitting field of �pÎ�� . Then ����� is a split

torus,andthe actionof �pÎ�� on ��Î�� is givenby an 	 -gradingof �Y� , where 	 is the character

groupof ��� . Let � beanintegerthatis primeto Þ suchthatthecharactersk in 	 with �Y� × �� >I3
have distinct imagesin 	~ë!�~	 . Since � stabilizes� , the � -torsionsubgroupscheme���"�~� of

� actson � . This actioncorrespondsto an 	yë#�~	 -gradingon ����� that is compatiblewith the
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	 -gradingon �D� . Hencethe 	 -gradingon �D� extendsto an 	 -gradingon ��� � , which shows

thattheactionof �pÎ�� on ��Î�� extendsto anactionof � on � .

Finally, let � be the setof
� Ý -latticesin ��Î�� that arefixed by � . Let µ be any

� Ý -lattice

in ��Î�� . The �DÎ�� -actionon µRÎ��`>Ö��Î�� correspondsto the 	 -gradingon �Y� . By finite etale

descent,the ��� -submodule· �B��µ$����ß��Y� × �G� of µ$��� is of theform µ [��� for aunique
� Ý -lattice

µ [ containedin µ . Then µ [��� is thedirectsumof the µ [��� ß��Y� × � , henceis a representation

of � . Henceµ [ is in � ; in fact, µ [ is thelargestsublatticeof µ thatis fixedby � . In particular,

� is not empty. Let now � + and � K be two elementsof � . Thenbotharerepresentationsof � .

Sincefor eachk the ��¹ × � � × � areof equalrank, � + and � K areisomorphicasrepresentationsof � .

Let �.¦Y� + § � K beanisomorphism.Then � is anelementof v���dAÝ!� thatsends� + to � K . ©

4 Lower boundsfor Galoisorbits.

The aim of this sectionis to give certainlower boundsfor thesizesof Galoisorbitsof special

pointson aShimuravariety. To beprecise,wewill provethefollowing theorem.

Theorem 4.1 Let �����
	�� beaShimuradatum,with � semi-simpleof adjointtype,andlet 
 be

a neatcompactopensubgroupof �������9� . Via a suitablefaithful representationwe view � asa

closedalgebraicsubgroupof à_á�ç × Î , suchthat 
 is in àXá�ç��7é� � . Let � betheinducedvariationof�
-Hodgestructureson �����E�����H	���" . Let ¡'w bea specialpoint of �����C�����
	���" . Let

$ �;� bea

numberfield overwhich theShimuravariety �����E�����
	��#" hasacanonicalmodel ���Y�C�����
	��&% .

Thenthereexist realnumbers( +(' 3 and ( K ' 3 suchthatfor all ¡ in ���Y�C�����
	��&%�� d�� suchthat

the d -Hodgestructure��) × Î is isomorphicto ��)�* × Î , we have:

T à,+.-�� d�ë $ �9OÀ¡5T ' ( +
/0 Ý prime 13254�687:9�;8<>= is nota torus? ( K Þ�b

Let us notethat varying
$

and 
 doesnot affect the statementof the theorem:if
$ [ and 
 [

satisfythesamehypothesesas
$

and 
 , thenthesizesof theGaloisorbitsdiffer by a bounded

factor, and 
 [ ß¥
 hasfinite index in both 
 and 
 [ . In thecourseof theproofof Theorem4.1

wewill assumethat
$

is thesplitting field of @�Î , with @ theMumford-Tategroupof ¡'w .
We notethat @ � ¤S� is compact:thekernelof theactionof ����¤.� on 	 consistspreciselyof

theproductof thecompactfactors,i.e., if � ¯ is theproductof simple ��¹ ’s, thenthekernelis the

productof the �_¹#��¤­� thatarecompact,and @ � ¤S� stabilizesapoint in thehermitianmanifold 	 .

It follows that @ ��dE� is discretein @ ��� �9� .
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4.2 Galoisorbits and Mumf ord-Tategroups.

Let the notationbe asin Theorem4.1. We choosea setof representatives A in �y� � ��� for the

quotient �y��dC�>B7�y� �²���
ëJ
 ; note that A is finite. Then for ¡ in �!���E�����
	��C%����A� thereexists a

unique�.) in A andanelementD¡ in 	 uniqueup to �E)­¦É>\�y��dî�,ßy�F)n
¥� z +) , suchthat ¡E> �GD¡7�
�.)n� .
Wefix achoicefor D¡-w .

Let ¡¥> �GD¡7�
�.)n� be in �����������
	��&%�� d�� suchthat the d -Hodgestructure��) × Î is isomorphic

to ��)H* × Î . Then D¡ givesanembeddingof theMumford-Tategroup âðãX��¡G�#Î in � , andaninclusion

of Shimuradatafrom ��â�ãX��¡G��Îx��1ID¡L:J� in �����
	�� . Notethat âðãf��¡G��Î is isomorphicto @�Î , hence

hassplittingfield
$

. Thisgivesmorphismsof Shimuravarietiesover
$

:

�HJ5b M b 6G� ��� � 93K!254�6 ) ;L6 ù-ú ; ��â�ã���¡G��Îp�C%�/D§ �!��� 9 �����H	��C% M � 9/p§ �!���������
	��&%,�
with thefirst onegivenby the inclusion,thesecondoneby right multiplicationby �.) , andwith


�)_> 
ÁßR�F)n
¥� z +) . By construction,��) × Î and ��)�* × Î areboth d ç with HodgestructuresD¡ andD¡-w�¦Y®Ñ§ àXá�ç × ¯ , respectively. Let � in à_á�ç���dî� beanautomorphismof d ç thatisanisomorphism

from ��)�* × Î to ��) × Î . Thenwe have D¡c>¼½ON�N�� í D¡-w . It follows that the reciprocitymorphismsÕQP)
and ÕQP)H* , viewedasmorphismsof tori over d from Ë²Ç)Ì %!Í�Î û ü % to � with imagesâðãf��¡4�#Î and@�Î arerelatedby: ÕQP)^>;½ON�N5� í ÕRP)�* . In particular, theisomorphismfrom @�Î to â�ã���¡G��Î induced

by ½ONSN5� givesanisomorphismof Shimuravarietiesover
$

:

�HJ5b M b M � �!�¢�3@�Îè�&%¨/D§ ���¢��â�ã���¡G��Îè�C%
TheGaloisgroup à,+.-¬� d�ë $ � actson ���x��@�Îè��>T@ ��dE�>BQ@ ���S�9� via its maximalabelianquotient,

which we view, via classfield theory, asa quotientof ��� Æ $ � e ë5��¤ Æ $ � e × ³ . The actionof

à,+.-�� doë $ � is thengiven by ÕQP)H*�¦PËìÇ�Ì %�Í�Î û ü % § @�Î . We notethat ��� Æ $ � e ë5��¤ Æ $ � e × ³ is

the productof � � � Æ $ � e andthe finite groupof connectedcomponentsof ��¤ Æ $ � e . Hence

thesizeof the àU+.-�� doë $ � -orbit of ¡ in the �����������
	��C%�� d�� is, up to a boundedfactorwhich is

independentof ¡ , the sizeof the ����� Æ $ � e -orbit. Since
$ e × ³ in ����� Æ $ � e actstrivially, and

sincetheclassgroup
$ e B������ Æ $ � e ë�� é� Æ �V%�� e is finite, proving the lower boundwe want for

the ���^� Æ $ � e -orbitsis equivalentto proving it for the � é� Æ �V%�� e -orbits.Moreover, sincethesetA is finite, andsinceeach O �.)�¦p����� 9 �����
	��&%�§ ���Y�E�����H	��C% is finite, it is enoughto prove the

lowerboundfor the � é� Æ �V%P� e -orbit in ���Y� 9 �����
	��C%^� d�� .
4.3 Getting rid of W .

In orderto simplify our task(i.e., proving Theorem4.1)we introducethepair ��à_áPç × Î¢�:X�� , withX the à_áèç�� ¤0� conjugacy classin ���L¾ ¯ ��®A��à_á5ç × ¯ � that containsthe imageof 	 under å . Of

course,this pair is notaShimuradatum(if Y ' M
).
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For ¡�> �:D¡L�H�F)H� in �!���E�����
	��C%�� do� and � in à_áèç���dî� asin theprevioussection,we consider

thefollowing commutativediagram(of sets):

�!�Y� 9�K�254�6 ) ;Z6 ù-ú ; ��âðãf��¡G��Îp�)���A�a/4/D/�§ ����� 9 �����
	��)���A� M � 9/|§ �!���E�����
	������A�
¹ 9\["]] ]]^

���Y�,�9 ��@�Îè�����.� _ 9/4/D/�§ à_áèç���dE�>Bî�CXæ£RàXá�ç������Z�
��ë7à_áèç�� é� �ô�
where 
 [) is the subgroupof @ ������� that correspondsto 
`)�ß`âðãf��¡G�)���^��� via ½ON�N�� , so that ��)
is bijective, andwhere �#) is inducedby themorphism ��@�Îx��1J¡-w�:J��§ ��à_áPç × Î¢�:X�� givenby the

inclusionof @�Î in àXáèç × Î followedby ½ON�N�� , and ¡-w0ø§ ½ON�N�� í å í ¡-w .
The set à_áPç���dî�>B���X÷£2à_á�ç�� �����H�
ë7à_á�ç�� é� � is the set of isomorphismclassesof

�
-Hodge

structuresµ suchthat µ ¯ is isomorphicto ��) * × ¯ (to � i �
�5� in X¼£ à_áèç������9� oneassociatesthe

Hodgestructurei ¦5®Ñ§ àXá�ç × ¯ onthelattice d ç ßf� é� ç ). Its subsetof isomorphismclassesof µ
suchthat µ�Î is isomorphicto ��)�* × Î is in bijectionwith � >;v���dC�aB=à_á^ç�� � ���
ëLàXáèç�� é� � , wherev­Î
is thecentralizerin à_áPç × Î of @�Î . Beingthecentralizerof atorus, v­Î is connectedandreductive

(actually, v Î is isomorphicto a productof àXá Ä�Å × Î ’s).

Note that @ � ���9� actson � by left-multiplication. The imagein � of � é� Æ �V%P� e OÀ¡ is now

simplythe � é� Æ �V%P� e -orbit of theclassof � , where � é� Æ �V%�� e actsvia ÕRP)�*�¦x� é� Æ �V%P� e § @ ��� ���
andleft multiplicationby @ � �A��� . Let ba>ÒàXáèç��������
ë7à_áèç�� é� � bethesetof

�
-latticesin d ç (or,

equivalently, é� -latticesin � ç� ). Thefollowing lemmacanbeseenasa comparisonbetweenthe

sizesof the @ �7é� � -orbits @ �Lé� � �
ý

and @ �7é� � ��c of � in b andin � .

Lemma 4.3.1 Thereexistsaninteger �edr6 suchthatfor all � in à_áèç�� ���9� wehave:

Tf@ � é� � �
ý
TRd Tf@ � é� � � c TÀ� where @ � é� � actson b via � th powers.

Proof. Thefactthat vy� ¤­� is not necessarilycompactgivesussometrouble,andsowedecom-

posev­Î upto isogeny. Thereexistsaconnectedreductivesubgroup@ [Î of v­Î suchthatwehave

ashortexactsequence:

�HJ5bhg5b M � 6X/D§ $ Î¥/p§ @�Î�£$@ [Î /p§ v­Î¥/p§ 67�
with

$ Î´>i@�Îcßj@ [Î a finite groupscheme.To get suchan @ [Î , considerthe decomposition

up to isogeny of v­Î into its center(thatcontains@�Î ) andits semi-simplepart,andusethatthe

centerdecomposesup to isogeny into @�Î andanotherfactor. All groupsin (4.3.2)areclosed

subgroupschemesof à_áPç × Î , whichgiveseachof thema
�

-structure.Thereis anon-emptyopen

part �lkDÇnmB� � � 6Gë�t�� � of �okpÇ\mB� � � over which
$

is finite etale, @ and @ [ tori, v reductive and
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the sequenceexact (for the etaletopology). Let pqdl6 be an integer that annihilates
$ Î and@ ��dE� ß$r , where r is themaximalcompact(open)subgroupof @ �����9� (see[17, Prop.3.16]).

Let � bein àXá�ç������9� . Let k bein @ � é� � andsupposethat k stabilizes� in � . Thenthereexist

ï in v���dC� and ñ in à_áèç�� é� � suchthatin à_áPç�������� wehave:

�HJ5bhg5bsg=� kp�Ñ>Fï7�Yñp� i.e., kÑ>Iï!O �Yñ�� z + b
Sincek and ï commute,wehave:

�HJ5bhg5btJB� k�uA>Fï#uôO �Yñlu
� z + b
As ��+���à,+.-�� d�ëJdî�ô� $ � d~�
� is annihilatedby p , thereexist ï + in @ ��dE� and ï K in @ [ ��dC� such

that ï u > ï + ï K in v���dî� . By (4.3.3), �Yñ�� z + is in vy� �^�9� . Sincethesequence(4.3.2)extendsas

indicatedover
� � 6Gë�tc� , thereare ñ + and ñ K in àXá�ç����^��� suchthat:

�HJ5bhg5bhv7� �Yñ u � z + >\�Yñ + � z + O �Yñ K � z + � with �Yñ + � z + in @ � �A��� and �Yñ K � z + in @ [ � ���9� .
Rewriting (4.3.4)gives:

�HJ5bhg5bsw=� k�uA>;ï + ï K O �Yñ + � z + OÀ�Yñ K � z + >Fï + OÀ�Dñ + � z + O�ï K �Yñ K � z + b
It follows that ï K �Yñ K � z + is in

$ ���^��� , hencethat:

�HJ5bhg5bhx7� k�u�yA>;ï!u+ OÉ�Yñlu + � z + � in @ � � ��� .
This identity shows that ï u+ is in r�ß$@ ��dE� . Henceï + is in r2ßz@ ��dC� , andsince p annihilatesraß{@ ��dE� , wehave:

�HJ5bhg5bs|=� k�u3yA> �Yñlu + � z + � in @ � �A��� .
We concludethatfor �Ê>}p K , we have, for k in @ �Lé� � stabilizing �

ý
, that kI~ stabilizes��c (for

theusualactionof @ ��� �9� on b ). ©
Lemma4.3.1impliesthat in orderto proveTheorem4.1we mayaswell prove thelower bound

in questionfor theactionof @ � é� � on theset b , if we replacethe reciprocitymorphismÕQP)H* by�ÑÕQP)H* , for asuitable�edr6 . Notethat �ÑÕRP)�* is still surjective,asmorphismof tori over d .

For � in à_á�ç�� �^�9� , its classin b is a
�

-lattice �Y� in d ç , and d ç is equippedwith an ac-

tion of @�Î . Let âðãX�����4� be the schemetheoreticclosureof @�Î in ÏcÐ ���Y�'� . In this situation,

Lemma3.3.1saysthat âðãf���Y�4� � � is a torusif andonly if @ fixes �Y� .
We have reducedtheproof of Theorem4.1to thefollowing statement,thatwill beprovedin

thenext section.
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Proposition 4.3.9 Let Y be a positive integer. Let � be a torusover
� � 6Gë#YD� , actingon a free� � 6Gë#YD� -module � of finite rank. Let � >�à_áA���5ù�úZ�
ë7à_á ��� õöF� + Í�ç�� � be the setof

� � 6Gë!Yp� -lattices

in ��Î . Let ��� é� � 6'ë#Yp� � acton � via left multiplications.For µ in � , let g�� bethesetof primesÞ
thatdonotdivide Y andsuchthat � ö � doesnotfix µ ö � . Thenthereexistsapositiverealnumber

( suchthatfor eachµ in � wehave:

T ���Lé� � 6Gë!Yp� �ôO µ¼TRd /
Ý��n��� (�ÞPb

Equivalently, as � is a restrictedproductover theprimesnot dividing Y , thereis a positive real

number( suchthatfor all Þ notdividing Y , andall
� Ý -latticesµ in ��Î�� thatarenotfixedby � ö � ,

wehave:

T ��� � Ý-�9OÀµ¼TRdI(�Þ�b

4.4 Proof of Proposition4.3.9.

We will now proveProposition4.3.9.Let 
 beasplitting field of �pÎ , andlet 	 bethegroupof

charactersof �è� . Let Þ beaprimenumberthatdoesnotdivide Y , andlet µ bea
� Ý -latticein ��Î �

thatis notfixedby � ö � . Let µ [ bethelargestsublatticeof µ thatis fixedby � ö � , asconstructed

in thelastpartof theproofof Lemma3.3.1.Let b bethekernelof multiplicationby Þ on µ`ëLµ [ .
We view b asa sub �!Ý -vectorspaceof µ [� � via bÒ> ��µ ßcÞ z + µ [ �
ë7µ [ >Ö� ÞYµ ß¨µ [ �
ë9ÞDµ [ ,
wherethesecondequalitycomesfrom multiplicationby Þ .

An elementof ��� � Ý�� that stabilizesµ , alsostabilizesb . Hence ��� � Ý��ôOÉµ hasat leastas

many elementsas ���Z�BÝ��ôOhb , wherewelet ���L�!Ý5� actonthesetof subspacesof µ [� � . By construc-

tion, b is non-zero,andhasintersectionzerowith µ [� � × � for eachk in 	 , whereµ [� � > · �Jµ [� � × �
is the 	 -gradingcorrespondingto the � � � -actionon µ [� � . This implies that b , viewed asan�!Ý -valuedpoint in someGrassmannian,is not fixedby theactionof � � � .

Let � [� � bethestabilizerof b in � � � . Lemma4.4.1below saysthattheorderof thegroupof

connectedcomponentsof � [� � is boundedindependentlyof Þ and µ . Put � [ [� � ¦É>;� � � ë4� [� � . Then

� [ [� � is a non-trivial torusover �!Ý , andby Lemma4.4.2,themorphism���L�!Ý5�S§ � [ [� � �Z�!Ý�� hasits

cokernelof orderboundedindependentlyof Þ and µ . The proof of Proposition4.3.9 is now

finishedby notingthat � [ [� � �Z�!Ý!� hasat leastÞP/f6 elements(see[15, Lemma3.5]).

Lemma 4.4.1 Let ñ beanalgebraicallyclosedfield, and � a ñ -torus. Let � bea finite dimen-

sional ñ -vectorspacewith anactionby � . Thenthesetof stabilizers��� , for µ runningthrough

thesetof subspacesof � , is finite. Thesetof groupsof connectedcomponentsof thesestabi-

lizers,up to isomorphism,is finite, andboundedin termsof thedimensionof � andthesetof

charactersof � thatdooccurin � .
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Proof. Let usconsidertheset � of subspacesµ of a fixeddimension,call it { . Thenwe have

a naturalinjectionfrom � into *A��� Ä �����H� , compatiblewith the ����ñ�� -action. Theimageof a µ
underthismapis theline generatedby � +F� O'O'O � � Ä , where� is any ñ -basisof µ . Hencetheset

of stabilizersof theelementsof � is containedin thesetof stabilizersof elementsof *A�H� Ä �����H� .
This reducesthe proof of the lemmato the caseof one-dimensionalsubspaces(we replace�
by � Ä ����� ).

Let 	 bethecharactergroupof � , andlet � > · �4��� bethe 	 -gradingof � givenby the

� -action.Of course,almostall ��� arezero.For ó in � , wehave ó�>T� � ó4� , andwe let �l��k�k¢��ó��
be the setof k with ó4�� > 3 . For ó non-zero,the stabilizerin � of the elementñ!ó in *A���o� is

the intersectionof the kernelsof the k�/Ik [ with k and k [ in �o��k�kx��ó�� . Sincethe setof such

differencesis finite, theclaim follows. ©
Lemma 4.4.2 Let � [ be the kernelof a surjective morphism �¼§ � [ [ of tori over ñ , with ñ a

finite field. Let � bethegroupof connectedcomponentsof � [� . Thenwehavetheexactsequence:

3�/D§ � [ ��ñ��­/p§ ����ñ��­/p§l� [ [ ��ñ��0/è§ � + ��àU+#-�� ñ�ë7ñ��9�G�S�ô�
andtheupperbound:

T � + ��àU+#-¬� ñ�ë7ñ��9�G�S�GTR� T"�fTÀb
Proof. Onehas,of course,thelongexactsequencecomingfrom Galoiscohomology:

3�/p§÷�ì[ ��ñ��0/D§ ����ñ��­/p§÷�ì[ [ ��ñ��0/p§ � + ��à,+.-�� ñ�ëLñ��ô�
�ì[ � ñ��H�ôb
Wecombinethis with thesequence:� + ��à,+.-�� ñ�ë7ñ5�ô�G� �²[À� w � ñ��
�­/p§ � + ��àU+.-�� ñ�ë7ñ��9�
�ì[�� ñ5�
�­/p§ � + ��à,+.-�� ñ�ëLñ��ô�G�S�
comingfrom theshortexactsequence:

3o/è§ ���ì[ � w /è§÷�ì[Y/è§l�ì[ ë�� �ì[ � w /p§ 3�b
Lang’s Theorem([17, Thm. 6.1]) implies that � + ��à,+.-�� ñ5ë7ñ��ô�'��� [ � w � ñ��H��> 3 . The upperbound

for T � + ��à,+.-�� ñ5ë7ñ��ô�:�S�GT follows from the fact that this cohomologygroup is just the group of

coinvariantsfor theactionof à,+.-�� ñ�ë7ñ5� on � . ©

5 Imagesunder Heckecorrespondences.

In this sectionwe prove that the imagesunderirreduciblecomponentsof certainHecke corre-

spondencesof an irreducibleHodgegenericsubvarietyof a Shimuravarietydefinedby a semi-

simplealgebraicgroupof adjointtypeareirreducible.
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Theorem 5.1 Considera Shimuravariety definedby a Shimuradatum �����
	�� where � is a

semi-simplealgebraicgroupof adjointtype. Let 
 bea neatcompactopensubgroupof ���������
thatis theproductof compactopensubgroups
XÝ of ����d Ý�� . Let 	�³ beaconnectedcomponent

of 	 andlet � betheimageof 	�³o£�1B6J: in �����������
	��#" . Let � beanirreducibleHodgegeneric

subvarietyof � containinga non-singularspecialpoint. Thenthereexists a nonzerointeger Y
suchthatif ï is anelementof ����dî�H³]¦À>;�y��dC�4ßE����¤E�H³ whoseimagein �y��d��¬� is in 
`� for every�

dividing Y , then ���G���C� is irreducible,with ��� thecorrespondenceon � givenby theactionof ï
on 	 ³ .

Proof. By [6, 2.1.2]wehave � >���BJ	�³ with �R>I�y��dE�n³�ßo
 . For ï in �y��dC�n³ thecorrespon-

dence��� is definedasfollows. Considerthediagram:

� �� /2	 ³ � M/p§ 	 ³ �/p§ �,�
with � thequotientmapfor theactionof � . Themorphism� í ï!O is thequotientfor theactionof

ï z + �Pï , hence� and � í ï!O bothfactorthroughthequotient ���ì>��E��BJ	�³ with ���ì>��Ñß¥ï z + �¢ï .
With thesenotations,��� is thecorrespondence:

� �G��� Ü� /\��� �G��� y/p§ �,b
In particular, ���Z�ê> � � × K � � z +� ×U+ �C� . In orderto show that ���Z� is irreducible,it sufficesto show

that ����¦É> � z +� ×U+ � is. Since � � ×U+ is a covering,restrictionto thesmoothloci in � and ��� givesa

covering � � ×U+ ¦è��  ü� § ��  ü . Since ��  ü� is Zariski-densein ��� , it is enoughto prove that ��  ü� is

irreducible.

In orderto find an integer Y asin the Theorem,we choosea faithful representation¡ of �
on a d -vectorspace� . Then ¡ givesapolarizablevariationof Hodgestructureson theconstant

sheaf �I¢ ([12, 1.8]). Since 
 is neat, � actsfreely on 	�³ , hence� ¢�£ descendsto � . Let � õö
be a 
 -invariant é� -lattice in �5ù�ú , andlet � ö >ê� õö ß � . Then � ö is a � -invariantlattice in � .

This givesusa polarizablevariation ¤ ö ��¡B� of
�

-Hodgestructureon � , henceon ��  ü . Let ¡ be

a Hodgegenericpoint in ��  ü and k a point of 	R³ lying above it. This givesan isomorphism

betweenthe fiber ¤ ö ��¡=�>) of ¤ ö ��¡=� at ¡ and � ö , suchthat the Mumford-Tategroup of ¤ ö ��¡=�>)
correspondsto ¡����f� .

On the otherhand,the fundamentalgroup � + ���   ü �9¡G� actson ¤ ö ��¡B�C) andhenceon � ö ; let¥
be its imagein àXá ��� ö � . Then

¥
is a finitely generatedsubgroupof à_á ��� ö � . By a theorem

of André (see[13, Theorem1.4]), the connectedcomponentof the Zariski closureof
¥

in the

algebraicgroup à_áA���f� is ¡Y���f� . Since � is anarithmeticsubgroupof �y��dC� , it is Zariski dense

in � , andtheZariski closureof ¡Y���x� is ¡����f� .
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Since ¤ ö ��¡=� exists over � , the image
¥

of � + ����  ü ��¡4� is containedin that of � + ���,�9¡G� , i.e.,

in ¡Y�H�|� . The inclusion
¥ �i¡Y�H�x�§¦ ÛJÜ§ � makes � into a � + ����  ü �9¡G� -set. For ï in ����dî�n³ , the� + ���   ü �9¡G� -setthatcorrespondsto thecovering � � ×U+ ¦p�   ü� § �   ü is isomorphicto �xëJï z +C�PïAß�� ,

hence��  ü is connected(andhenceirreducible)if andonly if �xëJï z + �Pï�ß¨� is transitive. Now

since � + ����  ü �9¡G� and � have the sameZariski closurein the
�

-groupschemeà_á.��� ö � , Nori’s

Theorem5.2below givesa non-zerointeger Y , suchthatfor all non-zerointegers� primeto Y ,� + ���   ü �9¡G� and � have thesameimagein àXá ��� ö Í ~ ö � . (Indeed,�����A� is a semi-simplecomplex

Lie group,hence� + �������A� is finite by [18, thm.2(c)].) Let now ï bein �y��dî� ³ , suchthat ïn� is in


`� for all
�
dividing Y . Thenall we have to show is thatthereis a non-zerointeger �Á>ª© � � ~¬« ,

prime to Y , suchthat �¥ß¨ï z + �Pï containsthe kernelof the naturalmap �I§ à_á ��� ö Í ~ ö � . We

have:

ï z + �Pïìß{��>;ï z + 
�ïìßð
¼ßð����dC� ³ >
­ / � ï z + 
`� ïìß�
`�¯®;ß¥����dî� ³ b

For
�

with ï\�_Q?

� (in particular, for
�

dividing Y ), we have ï z + 

� ïfß 

�C>Ö

� , andwe put�°�Y>\3 . For theremainingfinitely many
�
, we take �°� sufficiently largesuchthat:± Ç\²(³#

�è/p§ à_áA��� ö Í��s´ « ö �Cµ���ï z + 
`� ï!b

Thenwehave thelastinclusionfor all
�
, soby takingtheproductoverall

�
wehave:± Çn²¶³#
Ø/è§ à_á ��� ö Í ~ ö �Cµf��ï z + 
�ï!� hence

± Çn²·³�� /p§ à_áA��� ö Í ~ ö �>µX��ï z + �Pï!b
©

Theorem 5.2(Nori (Thm. 5.3of [15])) Let Ô beafinitely generatedsubgroupof à_áPç�� � � . Let

Ô be its Zariski closurein àXá�ç × ö . Supposethat Ô`���A� hasa finite fundamentalgroup,thenthe

closureof Ô in àXá�ç�� é� � is openin theclosureof Ô � � � in àXáèç�� é� � .
Remark 5.3 A careful readermight be worried by our useof Theorem5.3 of Nori’s article

[15], becauseTheorem5.2 of the samearticle is clearly wrong. Probably, the problemwith

Theorem5.2 is only typographical:should � h � h �¬� éA_� be replacedby � h � h �#�HA_�>¸ , the closure

of � h � h �#�HA_� in à_áèç�� éA_� ? Or by � h ��A_�ô� h ��A_�#� ¸ ? Anyway, Theorem5.3 canbe deducedfrom

Theorem5.4,which in turncanbefoundin otherreferences([17, Thm.7.14],[16]).

6 Densityof Heckeorbits.

Wewill now prove thefollowing resultaboutthedensityof Hecke orbitsin Shimuravarieties.
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Theorem 6.1 Let �����
	�� beaShimuradatumwith �r>\� + £RO'O'OB£c�_¸ asemi-simplealgebraic

groupof adjoint type with simplefactors � + �-b-b-bP�Z�_¸ . Let 
 be a compactopensubgroupof

�������9� that is the productof compactopensubgroups
XÝ of ����dAÝ�� . Let 	�³ be a connected

componentof 	 , let � bethe imageof 	�³ £]1B6L: in �!���������
	��#" , andput �´> ����dî�H³�ß�
 .

Thenthereexistsaninteger Y suchthatfor all primenumbersÞ{d¹Y thefollowing holds.

Let ï beanelementof �y��d Ý5� suchthatfor all º theprojectionof ï in ��»J��d Ý�� is notcontained

in a compactsubgroup.Theconnectedcomponentsof thecorrespondencethat ��� induceson �
arethe ��� Å , inducedby ï)¹ in �y��dî� ³ actingon 	 ³ , suchthat:

�y��dE� ³ ß�
�ïL
Ê>T¼ ¹ �Pï z +¹ ��b
Then,for all � andfor all ¡ in � , the ��� Å @2� � ÛJÜÅ -orbit ½^ç!¾!wG����� Å @´� � ÛLÜÅ � ç ¡ is densein � for the

Archimedeantopology.

Proof. Let ÞR»p¦p�ê§ ��» denotethe º th projection. For eachº , let Y�» beasin Proposition6.2

appliedto ��» and ÞR»4��
�� , andlet Y bethemaximumof the Y�» . Let Þ$dTY beprime,andlet ï in

����d Ý�� andthe ï)¹ in �y��dî� beasin theTheorem.For each� , let ��¹ denotethesubgroupof �y��dî�H³
generatedby � and ïô¹ . Thenwe have �`>T��BJ	�³ , andfor ¡ in � , the ��� Å @]� � ÛLÜÅ -orbit of ¡ is the

imagein � of a ��¹ -orbit in 	�³ . Henceit sufficesto prove thateach��¹ is densein ����¤­�H³ .

Let Ô betheclosurein �y� ¤0�n³ of say � + . Then Ô is aLie subgroupof �y� ¤­� . We let Ô�³ be

theconnectedcomponentof theidentity. Now � normalizesÔ¥³ , henceits Lie algebra.Since �
is Zariski densein � ¯ ([17, Thm.4.10],notethatno �_¹���¤.� is compact),this impliesthat Ô�³ is

a productof simplefactorsof ����¤­�H³ . We claim that if Ô�³ containsa simplefactorof ��¹�� ¤­�H³ ,

thenit containsall of ��¹�� ¤­� ³ . This follows from two facts.One: Ô ³ ß�����dî� is densein Ô ³ .

Two: for every � , andfor every factor ��¹ × » of � ¹ × Î themap ��¹n��dî��§ ��¹ × »4� d�� is injective. The

secondfactis adirectconsequenceof thestatement([2, 6.21(ii)]) that �_¹è>\ËìÇ�Ì %�Í�Î � [¹ for some

finite extension
$

of d andsomeabsolutelysimplegroup � [¹ over
$

.

Let now ¿ bethesubsetof 1B67�-b-b�b��ZÕB: of the � suchthat Ô�³ doesnot contain�_¹#��¤­�H³ , let �,À
betheproductof the ��¹ with � in ¿ , andlet �î¦D�y� ¤.�H³ § �,À4��¤­�H³ betheprojection.Then Ô�³ is

thekernelof � , hence�^��ÔR� is discretein �UÀ4� ¤­� . But then �^�H� + � , beinga subgroupof �^��ÔR� , is

discrete.Now supposethat ¿ is not empty. By Proposition6.2, �^�H�x� hasinfinite index in �^�H� + � ,
which contradictsthe fact that �^�H�|�>B7�UÀ'��¤­�H³ hasfinite volume(see[17, Thm. 4.13]). Hence¿
is empty, and Ô >I�y� ¤0�n³ . ©
Proposition 6.2 Let � bea simple(henceadjoint)algebraicgroupover d with �y� ¤­� not com-

pact. Let 
 bea compactopensubgroupof �y� � �Z� andput � > �y��dE� ³ ßR
 . Thenthereis an

integer Y suchthatfor all primenumbersÞÁd¹Y thefollowing holds.
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Let � be an elementof ����d Ý�� that is not containedin a compactsubgroup. Let ï be an

elementof ����dî�.ßð
¥�5
 . Then �Pï.� containsanelementï [ suchthat � hasinfinite index in the

groupgeneratedby � and ï [ .
Proof. Let � beafinite dimensionalabsolutelyirreduciblefaithful representationof �_¶ , where

} is asuitablefinite extensionof d . As � is Zariskidensein � Î ([17,Thm.4.10]), � is anabso-

lutely irreduciblerepresentationof � . By thedoublecentralizertheorem([10, XVII, Cor. 3.5]),Â N�»�¶ ����� is spanned(over } ) by theimagesof the 	 in � . Let �E¶ bethering of integersof } ,

andlet ��� Ã bea � -invariant �E¶ -lattice in � . Let 	 + �-b�b-bP�a	 ~ bein � whoseimages	 + ��b-b-b�� 	 ~
span

Â N�»�¶ ����� . Let Y be the index of �E¶ 	 + @?O'O'OB@Ã�E¶ 	 ~ in
Â N�»�� Ã ����� Ã � . For Þ prime put�E¶ × Ýî> � Ý Æ �E¶ , and}AÝE>IdAÝ Æ } . For Þ ' Y wehave �E¶ × Ý 	 + @�O'O'O @Ä�E¶ × Ý 	 ~ > Â N5»�� Ã � � ����� Ã � � � .

Let now Þ ' Y beprime,andlet � beanelementof �y��d Ý5� thatis notcontainedin acompact

group. Thennot all eigenvaluesof � actingon d Ý Æ Î�� (as d Ý -vectorspace)have absolute

value 6 . Replacing� , ï and ï [ by their inversesif necessary, we maysupposethatat leastoneof

theeigenvaluesof � hasabsolutevalue ' 6 . Thenthematrix of � with respectto an �E¶ × Ý -basis

of ��� Ã � � hasat leastonecoefficient thatis not in �E¶ × Ý .
Let ï be an elementof 
¥��
 . Thenwe have, in �y��d Ý5� , ï¥> ñ + ��ñ K , with ñ + and ñ K in the

image
fÝ of 
 . Soin àXá�¶F�7����¶Q�-� wehave ï_> ñ + � ñ K with ñ + and ñ K in àXá�� Ã � � ����� Ã � � � . But then

we have �ð> ñ +
z + ï ñ K

z + . It follows thatall Å �Bó with Å and ó in
Â N�»�� Ã � � ����� Ã � � � are �E¶F� -linear

combinationsof elementsof the form 	 ï 	 [ with 	 and 	 [ in � . Hencetherearesuch 	 and 	 [
suchthatthetraceof ï [ >T	Dï�	 [ is not in �E¶ × Ý . But then ï [ hasaneigenvalue(in d Ý ) of absolute

value ' 6 , henceï [ is not containedin a compactsubgroupof ����dAÝ�� . If ï is in ����dî�­ßR
¥��
 ,

thenwe geta ï [ in �Pï.� of which nonon-trivial power lies in � . ©
Onewould liketo haveageneralizationof Proposition6.2thatrequiresonly aweakerhypothesis

on ï andthatgivesabetterunderstandingof theprimesÞ thatareto beexcluded.Thefollowing

Proposition,that will not be usedin the rest of this article, givessucha result in the simply

connectedcase.It would beusefulto have a versionof it in theadjointcase(maybetheresults

in [11] canbeusedhere).

Proposition 6.3 Let � bea semi-simplealgebraicgroupover d whoseadjoint is simple. Sup-

posethat �y� ¤.� is not compact.Let 
 bea compactopensubgroupof �y� � �Z� . For Þ prime let


fÝ betheimageof 
XÝ underprojectionto ����d Ý�� . Let Þ bea primefor which 
XÝ is a maximal

compactsubgroupof �y��d.Ý!� andlet ï beanelementof �y��dE� suchthattheimageof ï in ����d Ý��
is not in 
fÝ . Then �R>I�y��dE� ß�
 is of infinite index in thegroup ��� generatedby � and ï .
Proof. By strongapproximation([17, Thm.7.12]), ����dî� is densein �y� ���9� . Hence� is dense

in 
 . Supposethat ����ë.� is finite. Let � and �E� betheclosuresof � and ��� in ����d Ý�� . We have
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�r> 
fÝ . Since ��� is a finite union of � -cosets,��� is a finite union of � -cosets.Hence �E� is

compact.As ï is not in 
XÝ , and 
fÝ is a maximalcompactopensubgroupof �y��dAÝ�� , we have a

contradiction. ©

7 Proof of the main result.

Theaim of this sectionis to prove Theorem1.2. Solet �����
	�� bea Shimuradatum,let 
 bea

compactopensubgroupof ��������� , let � bea faithful finite dimensionalrepresentationof � and

let � beaclosedirreduciblecurvein �����������H	���" thatcontainsaninfinite set Ó of specialpoints

k suchthatall �����-� with k in Ó areequal.

As wehaveseenin Section2, it sufficesto provetheresultin thecasewhere� is semi-simple

andadjoint, 
 is neatand � Hodgegeneric.Sowe supposethat. We write � > � + £ O'O'O�£R��¸
with the ��¹ simple. We will alsosupposethat 
 is theproductof compactopensubgroups
fÝ
of the ����dAÝ!� . We let � betheconnectedcomponentof �����������H	�� thatcontains� . We assume

thatwe have a
�

-structureon � givenby thechoiceof a 
 -invariant é� -lattice in ��ù ú . Then �
inducesavariationof

�
-Hodgestructureon � . For each¡ in � wehave its Mumford-Tategroup

âðãf����)n� which is aclosedsubgroupschemeof the
�

-groupschemeÏcÐ ����)
� .
Let 	 ³ be a connectedcomponentof 	 . After replacing � by an irreduciblecomponent

of its imageundera suitableHecke correspondence,we may supposethat � is the imageof

	�³�£ 1B6L: in ���Y�C�����
	�� .
Theorem 7.1 Assumethat Þ is aprimeand � anelementof �y��dAÝ�� , suchthat:

1. Þ doesnotdividetheinteger Y of Theorem5.1,appliedto thesubvariety � of ���Y�C�����
	�� ;
2. ÞÆdÇY with Y asin Theorem6.1 appliedto �����
	�� , 
 and 	R³ , andfor every d -simple

factor ��¹ of � , theimageof � in ��¹n��d Ý�� is not containedin acompactsubgroup;

3. � ��� ~ � , with � ~ thecorrespondenceinducedby � on ���Y�C�����
	�� .
Then �F> � , hence� is of Hodgetype.

Proof. Assumethat Þ and � satisfy the threeconditions. We have � >È��BJ	 ³ , with � the

intersectionof 
 and �y��dî� ³ . Theconnectedcomponentsof thecorrespondencethat � ~ induces

on � arethe � ~ Å , inducedby �~¹ in ����dî�H³ actingon 	�³ , suchthat:

����dî� ³ ß¥
É�c
Ê>T¼ ¹ ��� z +¹ ��b
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Let ï beoneof the �~¹ suchthat � �Ò���Z� . Since ï z + is in 
É�c
 , and � in �y��d.Ý�� , the image

of ï in ����d��¬� is in 
`� for all
�  >FÞ , in particular, for all

�
not dividing Y . By Theorem5.1, ���Z�

and � � ÛLÜ � areirreducible,andhenceequalto � . By Theorem6.1,all ���^@ � � ÛJÜ -orbits in � are

dense,hence�F> � . ©
For each ¡ in Ó we chooseanelement D¡ of 	�³ suchthat ¡�> �:D¡7�-6'� . Thenwe have for each ¡
in Ó theMumford-Tategroup âðãX����)
�S> âðãf�:D¡G� asa closedsubgroupschemeof ÏÑÐ ����� . We

give � a
�

-structure� ö by takingits Zariski closurein ÏcÐ ����� .
Sinceall ��) × Î for ¡ in Ó areisomorphic,all âðãf�GD¡'��Î areisomorphic.Let

$ � � bea finite

extensionof d that splits all thesetori. Then
$

containsthe reflex field of �����
	�� . By taking$
large enough,we mayanddo assumethat � is definedover

$
(asan absolutelyirreducible

closed
$

-subscheme��% of �����C�����
	��&% ).

In the rest of the proof of Theorem1.2 we will distinguishtwo cases,dependingon the

behavior of the âðãf����)n� for ¡ in Ó .

Definition 7.2 For ¡ in Ó , let ����¡4� bethenumberof primenumbersÞ suchthat âðãf����)H� � � is not

a torus.

Thisfunction �7¦pÓa§ �
dependsonthechoiceof the

�
-structureon � , but anotherchoicewould

give a function thatdiffers from � by a boundedfunction. Also, replacing � by an irreducible

componentof the imageof � undera Hecke correspondenceonly changesthe function � by a

boundedfunction.Thetwo casesthatwewill distinguishdependonwhetheror not � is bounded.

7.3 The casewhere Ê is bounded.

In this sectionwe assumethat the function �y¦­Ó § �
definedabove is bounded. It follows

thatfor all but finitely many primenumbersÞ , thesubsetÓ,Ý of ¡ in Ó with âðãf����)n� � � a torusis

Zariski densein � .

Proposition 7.3.1 Let Þ be a prime suchthat � � � is smoothover �!Ý . Thenthe setof subtori

âðãf�:D¡G� ö � of � ö � for ¡ in Ó,Ý meetsonly a finite numberof � ö � � Ý-� -conjugacy classesof subtori

of � ö � .
Proof. Let Þ beprime.Let ¡ + and ¡ K bein Ó,Ý . Let � in àXáA����Îp� beanisomorphismfrom ����Î|�#D¡ + �
to ����Î¢�#D¡ K � . Then � inducesan isomorphismof

�
-Hodgestructuresfrom ��� z + � �#D¡ + � to ��� �#D¡ K � .

Hence � z + � ö � is a
� Ý -lattice in ��Î � suchthat theZariski closureof â�ã��:D¡ + ��Î � in ÏcÐ ��� z + � ö � �

is a torus.Lemma3.3.1(appliedto � >Òâðãf��� �#D¡ + � ö � andthefree
� Ý -module � z +n� ö � ) givesan

element( in à_á.����Î � � centralizing âðãf�����#D¡ + ��Î � suchthat � z +
� ö � >ê(�� ö � . Hencethereexists
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ñ in àXá ��� ö �Z� suchthat � z + > ()ñ . We have â�ã��:D¡ K � ö ��> ñ�âðãf�:D¡ + � ö �
ñ z + . So we have thatall

âðãf�:D¡G� ö � for ¡ in Ó,Ý lie in one àXáA��� ö �
� -orbit.

The set of âðãX�:D¡4� � � for ¡ in Ó,Ý is containedin one àXáA��� � �7� -orbit, and henceis a finite

set. If ¡ + and ¡ K in Ó,Ý aresuchthat â�ã��:D¡ + � � �~> âðãf�:D¡ K � � � , then âðãf�GD¡ + � ö � and âðãf�:D¡ K � ö � are

conjugatedby anelementof �y� � Ý�� by [7, Exp.XI, Cor. 5.2], which saysthatthe“transporteur”

in �y� � Ý-� betweenâ�ã��:D¡ + � ö � and âðãf�GD¡ K � ö � is smoothover
� Ý . ©

Let Þ beaprimewith thefollowing properties:

1. Þ satisfiestheconditionsof Theorem7.1;

2. Ó,Ý is Zariski densein � ;

3. � � � is smoothover �!Ý ;
4. 
XÝE>\� ö � � Ý�� ;
5. all the âðãf�:D¡G�#Î � for ¡ in Ó aresplit.

Indeed,the first four conditionsonly exclude finitely many primes,and the last condition is

verifiedby a setof primesof positivedensity(Chebotarev). We replaceÓ by a suitableZariski

densesubsetof Ó,Ý suchthatthe âðãf�GD¡G� ö � lie in one � ö � � Ý-� -conjugacy class.

Let ¡'w be an elementof Ó , and let @ > âðãX�:D¡-wô� . The reciprocity morphism Õ from

ËìÇ�Ì %!Í�Î û ü % to @�Î is surjective, henceÕ��H��d Ý Æ $ � e � is of finite index, say p , in @ ��d.Ý!� . For

each � , the image @�¹ of @ in ��¹ is non-trivial by the axiomsfor what constitutesa Shimura

datum(condition(2.1.1.3)in [6, 2.1]). By hypothesis,@�Î � andhencethe @�¹ × Î � aresplit tori.

For asplit torus � over d Ý , ����d Ý5� moduloits maximalcompactsubgroupis a free
�

-moduleof

rank thedimensionof � . Since @ ��dAÝ�� moduloits maximalcompactsubgroupis not equalto

a finite unionof propersub
�

-modules,we cantake anelement� of @ ��d­Ý!� that satisfiesthe

following conditions:

1. � is in theimageof multiplicationby p on @ ��d.Ý�� ;
2. for every simplefactor ��¹ of � , the imageof � in �_¹���d Ý�� is not containedin a compact

subgroup.

We will show that �ê�æ� ~ � , so that � is of Hodgetype by Theorem7.1. Let ¡ be in Ó . We

have:

� ~ ¡E>r1 �GD¡7�9ñ + ��ñ K �CTJñ + QR
XÝ=�.ñ K QR
XÝ7:Bb
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By hypothesis,thereexists an � in � ö � � Ý-� suchthat â�ã��:D¡'� ö �ð> ��@ ö �Z� z + . It follows that

����� z + is in âðãX�:D¡G�)��dAÝ!� , andevenin theimageof thereciprocitymorphismfor D¡ , sothat:

�:D¡L���I��� z + � is in àU+#-�� doë $ �ôOÉ¡ .
Weconcludethat �:D¡7�9����� z + � is in theintersectionof � ~ ¡ and à,+.-¬� d�ë $ �9OÀ¡ . As � ~ ¡ is contained

in � ~ � , and àU+.-�� d�ë $ �ôOÀ¡ is containedin � , �:D¡7�9����� z + � is in � ßy� ~ � . As both � and � ~ � are

definedover
$

, wehave:

àU+.-�� doë $ �ôOÉ¡X�I� ß�� ~ �²b
It follows that � is containedin � ~ � . This endstheproof of Theorem1.2 in thecasewhere � is

bounded.

Remark 7.3.2 Theproofof Theorem1.2thatwehave justgiven,in thecasewherethefunction

� is bounded,doesnot usethat � is a curve. Henceit provesTheorem1.2without thecondition

that � is acurve,but with theextra conditionthat � is bounded.

This kind of resultcanbeuseful.For exampleVatsalandCornut(see[19] and[5]) consider

setsof Heegnerpointson productsof modularcurveswherethediscriminantsof theendomor-

phismringsof theelliptic curvesin questionareproductsof a fixedfinite setof primenumbers

(of course,the André-Oortconjecturein this casewasalreadyproved by Moonenin [14, � 5],

sinceit concernsaShimuradatumrelatedto moduli of abelianvarieties).

7.4 The casewhere Ê is not bounded.

In this sectionwe assumethat ����¡G� is not boundedwhen ¡ rangesthroughthepointsof Ó . The

strategy for proving Theorem1.2 in this caseis as follows. For ¡ in Ó with ����¡G� big enough,

weshow thatthereexistsa primenumberÞ andanelement� in ����d Ý�� thatsatisfythefirst two

conditionsin Theorem7.1,suchthat �~ßC� ~ � containsàU+.-�� d�ë $ �ôOÉ¡ andsuchthat T à,+.-�� d�ë $ �ôOÉ¡5T
exceedsthe “intersectionnumber” of � and � ~ � . Then it follows that � and � ~ � do not

intersectproperly, andhencethat � is containedin � ~ � (it is herethatweusethat � is acurve).

Theorem7.1thensaysthat � is of Hodgetype.

We cite the following result (see[8, Thm. 7.2]) that boundsthe intersectionof � and its

imagesunderHeckecorrespondences,if finite.

Theorem 7.4.1 Let �����
	�� bea Shimuradatum,let 
 + and 
 K becompactopensubgroupsof

�������9� , andlet � + and � K be closedsubvarietiesof the Shimuravarieties � + ¦À> ����� Ü �����H	���"
and � K ¦À>r����� y �����
	��#" , respectively. Supposethat � + or � K is of dimensionat mostone.Then

thereexistsaninteger ( suchthatfor all � in �������9� for which �p�)� + ß�� K is finite, onehas:

T �D�)� + ß¥� K TR�I(E»�Ç\ËD� � + ¦D�p�ì§ � + �ô�
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where �p��> ������ÌJ�����
	��#" with 
��o>æ
 + ß���
 K � z + , andwith �D� and � + themorphismthat is

inducedby theinclusionof 
�� in 
 + .
Applied in our situation,this theoremgivesthefollowing result.

Corollary 7.4.2 Thereexistsaninteger ( suchthatfor all � in ��������� with �]ß�� ~ � finite one

has:

T � ß�� ~ ��T�V´(�TU
cëL
 ß{�c
É� z + TÉb
We notethatif Þ is a primesuchthat 
fÝE> �y� � Ý-� , andif � is in �y��d.Ý!� , then 
cëL
 ß{�c
É� z +
is the 
XÝ -orbit of thelattice ��� ö � in thesetof

� Ý -latticesin ��Î � , andhenceT 
cëL
 ßÄ�c
É� z + T is
at most TUàXá ��� ö � �9Os��� ö � T . In orderto getprimenumbersÞ andelements� in �y��d Ý5� thatverify

thefirst two conditionsin Theorem7.1 andaresuchthat TU
cëL
 ß$�c
É� z + T is not too big, we

prove thefollowing.

Proposition 7.4.3 Let Y , Õ , p and u benonnegative integers.Thereexistsaninteger ñ with the

following property. Let Þ bea primenumberandlet @ bea split subtorusof àXá�ç × Î�� , suchthat@ ö � (obtainedfrom Zariski closurein à_á�ç × ö � ) is a torus.Supposethatwith respectto asuitable�
-basisof thecharactergroup 	 e �3@�Î � � all coordinatesof thedifferencesof thecharactersthat

intervenein d çÝ haveabsolutevalueatmost u . Let ï)¹G¦�@ § @�¹ be Õ quotientsof @ , with each@�¹ non-trivial. Thenthereexistsanelement� in @ ��dAÝ�� suchthatno ï)¹#�H��� lies in a compact

subgroupof @�¹#��dAÝ!� , andsuchthat T à_á ��� ö �
�9Oh� u � ö �GT!V�Þ � .
Proof. Let Y , Õ , p and u begiven.Let Þ beaprimenumber, let @ beasplit subtorusof à_á�ç × Î � ,
suchthat @ ö � a torus.Thenwehaveadirectsumdecompositioninto characterspaces:

� çÝ > ·VÍ �\¢�Î 6ÐÏÑ; b Í b
Let { bethedimensionof @ , andlet �C¦ � Ä §÷	 e �3@ � beanisomorphismsuchthatfor eachpair

��º + �
º K � with b Í Ü  > 3Ò >Ób Í y onehas Ô)� z +ô��º + /´º K ��ÔÕ� u , where ÔGOHÔ denotesthemaximum

normon
� Ä . Weidentify 	 e ��@ � andits dual 	 e �3@ � with

� Ä via � andits dual.Thenthekernels

of the 	 e ��ï)¹ � give us Õ subgroups�p¹ of
� Ä of rank lessthan { . For � a split torusover dAÝ one

has ����d Ý��²>?	 e � �E� Æ d eÝ , andhencethevaluationmap ó)ÝP¦Dd eÝ § �
inducesan isomorphism

from ����d Ý�� moduloits maximalcompactsubgroupto 	 e ���C� . It follows that for anelement�
of @ ��dAÝ5� no ï)¹��H��� is in a compactsubgroupif andonly if theimageof � in

� Ä avoidsall �p¹ .
Thequotient

� Ä ë���ÕS@ M � � Ä has ��ÕS@ M � Ä elements,whereastheunionof theimagesof the �p¹
hasat most ��ÕC@ M � Ä z + Õ elements,which is lessthan ��ÕC@ M � Ä . Let k beanelementof

� Ä withÔ�k�Ô�V ÕC@ M
whoseimagein

� Ä ë���ÕC@ M � � Ä is not in theunionof the imagesof the �p¹ . Let �
be an elementin @ ��d.Ý�� with image k in

� Ä . Let % and & be the smallestandlargestintegers
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suchthat ÞIÖ � çÝ �×� u � çÝ �?Þ�Ø � çÝ . Thenthe àXáèç�� � Ý�� -orbit of � u � çÝ is containedin the setof� Ý -latticesbetweenÞIÖ � çÝ and ÞIØ � çÝ . Thenumberof suchlatticesis thenumberof subgroupsof

� � ëôÞIÖ z Ø � � Ä , henceis at most Þ 6 Ö z Ø ; Ä y (usethateverysubgroupis generatedby { elements).

It remainsto bound %y/;& . On b Í , � u acts,up to an elementof
� eÝ , by multiplication by

Þ�Ù _ ÛLÜ Í × u ��Ú , where ÛHO¿�-OhÜ denotesthestandardpairing. Hence% and & arethemaximumandmini-

mumof the Û¬� z + º �:p�k�Ü , with b Í  >\3 . It followsthat %ì/�&V�Ýp'{BuÑ��Õ^@ 6'� . As {
�¹Y , wecantake

ñ�>Þp�Y�ß9u~��Õì@F6G� . ©
Applied to oursituation,wegetthefollowing consequence(notethatthe â�ã��:D¡G��Î with ¡ in Ó lie

in one àXáA����Îp� -conjugacy class).

Corollary 7.4.4 Thereexistsan integer ñ with thefollowing property. Let ¡ be in Ó , andlet Þ
bea primesuchthat âðãX�:D¡G��Î � is split, and â�ãX�GD¡G� � � is a torus. Thenthereexistsanelement�
in âðãf�GD¡G����dAÝ�� suchthat:

1. � is in theimageof thereciprocitymorphismÕQP)�¦x��d Ý Æ $ � e § âðãf�GD¡G����d Ý5� ;
2. for all � , theimageof � in ��¹���d.Ý!� is not in acompactsubgroup;

3. if � ßc� ~ � is finite, then TU�]ßc� ~ ��To� Þ � .
Theorem4.1providesuswith positiverealsnumbers( + and ( K suchthatfor all ¡ in Ó wehave:

TUàU+#-�� d�ë $ �9OÀ¡5T ' ( + (
¹ 6 ) ;K �Z��¡G� N b

For k in ¤ , let � % ×U+ ��kp� be the numberof prime numbersÞT� k suchthat
$

is split over d Ý .
Chebotarev’sdensitytheorem(see[9, Ch.VIII, � 4]) saysthatfor k in ¤ largeenough,onehas:� % ×U+ ��kp�àd 6M � $ ¦7dì� O

k-O�FË���kp� b
Elementarycalculusshowsthatfor all i in

�
largeenough,thereexists k in ¤ suchthat:

6M � $ ¦=dS� O
k-O�.ËY��kp� ' i and k � V2( + (:á K i N b

As the function �7¦xÓ § �
is not bounded,we concludethat thereexists an ¡ in Ó , a prime

numberÞ andanelement� in âðãf�:D¡4�)��d Ý�� suchthat � and Þ satisfythefirst two conditionsof

Theorem7.1,andeventhelastonebecause� ßc� ~ � containsà,+.-�� doë $ �9OÀ¡ .
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