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Theaim of this appendixis to provide a proof of the following theorem.Theproof is very
standard,and the theoremis probablyknown (at least implicitly) by thosewho computethe
cohomologyof twistedidealsheavesof completeintersectionsin projectivespaces.

Theorem 1 Let
�

bea complex analyticvariety, with a givenpoint � . Let ����� beaninteger,
and � � �

bea smoothanalyticfamily of projective complex analyticvarietiesof dimension	�

�
, embeddedin �������������������� � . Supposethatthefibre ��� at � is acompleteintersection.

Thenthereis anopenneighborhoodof � in
�

overwhich � is acompleteintersection.

Proof. Let  betheidealsheafof � in thestructuresheaf! of � � � . Let "#�$� � � � �
denotethe

projection,let %������'& 	 , and (*),+.-/-/-0+1(/2 thedegreesof asetof hypersurfaces354 in � � � of which��� is theintersection.Each 364 is thezerolocusof a sectionof !87:9;:�<(.4=� . All we have to show is
that thesectionsdefiningthe 364 canbelifted to sectionsof "*>? @�<(A4B� over someneighborhoodof� , sincethen � is containedin thecompleteintersectiondefinedby theselifts, henceequalto it.
Wewill show in factthat "C>? @�<(:� is freeas ! � -moduleonaneighborhoodof � for eachinteger ( .

In order to show that "*>? @�B(D� is locally free at � , it is enough,by the standardresultson
basechangeandcoherentcohomology(see[2, III, Thm. 12.11] for the caseof schemes),to
show that E ) �=���� +1 .�F�<(:�?� is zero, with  .�G�  IH*JK�L and JK� the ideal of � in ! � . Sincethe
holomorphictangentmapof �M� �

is surjective, !ON is flat over ! � , hencetensoringtheshort
exactsequence: � &@�  @�B(D�P&@� !K�B(D�Q&�� !�NO�B(D�Q&@� �
over ! � with ���R! � H*JK� givesashortexactsequence:� &@�  .�.�B(D�P&@� !S�.�B(D�P&@� !ON ; �<(:�Q&T� � -
This shows that  .�F�<(:� is the ( th twist of theidealsheafof ��� in ���� . Thehypothesisthat ��� is a
completeintersection,with degrees(*),+.-/-/-�+1(.2 , givesasurjectionof !U� -modules:2V 4XW@) !S�.�B(�&�(.4=�P&T�  /�F�<(:�F-
Thissurjectioncanthenbeextendedto aKoszultyperesolution(seefor example[1, 5.3]):Y &@�  .�.�B(D�P&@� � +

1



with
Y

acomplex (placedin degreesZ � ) suchthat,for [\Z � :Y�] � ^ )`_ ]a ^ 2V 4bW@) !S�A�L&c(.4=�Ld6de�<(:�F-
In particular,

Y ] � � for [ 

� andfor [fZR&8% . Weview this resolutionasaquasi-isomorphism
from thecomplex

Y
to thecomplex consistingof just  /�A�<(:� , placedin degree

�
. Thenit follows

thatthecohomologyof  .�F�<(:� is thehypercohomologyof
Y

, andthatthereis aspectralsequenceg
with

g ]/h i) �jE i �=���� + Y ] � , converging to thecohomologyof  .�.�B(D� (seefor example[1, 3.5]).
Sinceeach

Y ]
is adirectsumof invertible !S� -modules,wehave

g ]/h i) � � for k notequalto
�

or� (seefor example[2, III, Thm.5.1]; this is aninterestingpropertyof projectivespaces).Hence
the

g ) -termhasthefollowing form:Ec�l� Y )`_m2 �M� nononp� Ec�l� Yrq �� � nononp� �
...

...� � nononp� �E q � Y )`_m2 �s� nononp� E q � Y q �
It follows that

g ]/h i) � � for all �X[0+1k:� with [6tukv�w� , hencethat
g ]/h ix � � for all (y�z� andsuch�b[�+1kD� . (Notethatwehaveusedherethat

	y
{�
, which is easilyseento beanecessarycondition.)

To finish theproof,notethat E ) �=���� +1 .�.�B(D� is thedirectsumof the
g ]/h i| with [6tuk5�}� , henceis

zero. ~
Remark 2 As theproof shows, thehypothesisthat � � �

besmoothcanbereplacedby the
onethat ��� �

beflat. Theproof worksalsoin thecontextsof analyticspaces(notnecessarily
reduced)andschemes.Thespectralsequenceabovedegeratesat

g��
, andcanbeusedto compute

thecohomologygroupsof  .� . This last factmakesit very plausiblethat this computationis not
new.
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