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The aim of this appendixis to provide a proof of the following theorem.The proofis very
standard,and the theoremis probablyknown (at leastimplicitly) by thosewho computethe
cohomologyof twistedideal sheaesof completeintersectionsn projective spaces.

Theorem 1 Let S beacomplex analyticvariety with a givenpoints. Letn > 1 beaninteger,
andX — S beasmoothanalyticfamily of projective complex analyticvarietiesof dimension
d > 0, embeddedn P%. := P"(C) x S. Supposéhatthefibre X ats is acompleteintersection.
Thenthereis anopenneighborhoodf s in S overwhich X is acompleteintersection.

Proof. LetI betheidealsheafof X in thestructuresheafO of P%. Let f: P — S denotethe
projectionjletc :=n —d, andry,... ,r. thedegreesof a setof hypersuracesH; in P of which
X, istheintersection EachH,; is thezerolocusof a sectionof Opx(r;). All we haveto show is
thatthe sectionsdefiningthe H; canbelifted to sectionsof f,I(r;) over someneighborhoodf
s, sincethenX is containedn the completeintersectiordefinedby thesdifts, henceequalto it.
Wewill shov in factthat f,1(r) is freeasOs-moduleon aneighborhoof s for eachintegerr.

In orderto shav that f,I(r) is locally free at s, it is enough,by the standardresultson
basechangeand coherentcohomology(see[2, Ill, Thm. 12.11]for the caseof schemes)io
shaw that H!(P?, I,(r)) is zero,with I, = I/m,I andm, theideal of s in Os. Sincethe
holomorphictangentmapof X — S is surjectve, O is flat over Og, hencetensoringthe short
exactsequence:

0—I(r) — O(r) — Ox(r) — 0

over Og with C = Og/m; givesashortexactsequence:
0 — Ii(r) — O4(r) — Ox,(r) — 0.

This shavsthat I,(r) is the rth twist of theidealsheafof X in P?. The hypothesighat X is a
completeintersectionwith degreesr, .. . , r., givesasurjectionof O,-modules:

@ Oy (r — ;) — L(r).

This surjectioncanthenbe extendedo a Koszultyperesolution(seefor example[1, 5.3)):

K — I,(r) — 0,
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with K acomple (placedin degrees< 0) suchthat,for p < 0:

K? = (1/_\10 (G_? Os(—n)>> (r)-

In particular K7 = 0 for p > 0 andfor p < —c. We view this resolutionasa quasi-isomorphism
from thecomplex K to thecomplex consistingof just I;(r), placedin degree0. Thenit follows
thatthe cohomologyof I,(r) is thehypercohomologyf K, andthatthereis a spectralsequence
E with E? = HY(P?, K?), corverging to the cohomologyof I,(r) (seefor example[1, 3.5]).
SinceeachK? is adirectsumof invertible O,-moduleswe have ET"? = 0 for ¢ notequalto 0 or
n (seefor example[2, 1ll, Thm.5.1]; thisis aninterestingporopertyof projectve spaces)Hence
the E;-termhasthefollowing form:

H"(K'™¢) — ... — H"(KY)
0 — e = 0
0 — - = 0
HY(K'™¢) — ... — HYK%

It followsthat ' = 0 for all (p, ¢) with p 4+ ¢ = 1, hencethat E#¢ = 0 for all » > 1 andsuch
(p, q). (Notethatwe have usedherethatd > 0, whichis easilyseerto beanecessargondition.)
To finish the proof, notethatH' (P?, I,(r) is thedirectsumof the E%? with p + ¢ = 1, henceis
zero. U

Remark 2 As the proof shaws, the hypothesighat X — S be smoothcanbe replacedby the

onethat X — S beflat. Theproofworksalsoin the contets of analyticspacegnotnecessarily
reducedandschemesThespectrakequencabove degeratest E,, andcanbeusedto compute
the cohomologygroupsof I;. This lastfactmakesit very plausiblethatthis computations not

new.
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