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1 Intr oduction.

In orderto statetheconjecturementionedin the title, we needto recall someterminologyand

resultson Shimuravarieties;asa generalreferencefor these,we use[19, Sections1–2]. So

let �������
	�������������  be the algebraicgroupover � obtainedby restrictionof scalarsfrom �
to � of the multiplicative group. For � an � -vector space,it is thenequivalentto give an � -

Hodgestructureor anactionby � on it. A Shimuradatumis a pair ������ "! , with � a connected

reductiveaffine algebraicgroupover # , and  a �$�%�&! -conjugacy classin thesetof morphisms

of algebraicgroups')(+*,���-�.�/�0! , satisfyingthethreeconditionsof [19, Def. 1.4] (i.e., theusual

conditions(2.1.1–3)of [13]). Theseconditionsimply that  hasa naturalcomplex structure(in

fact,theconnectedcomponentsarehermitiansymmetricdomains),suchthateveryrepresentation

of � on a # -vectorspacedefinesa polarizablevariationof Hodgestructureon  . For ������ "!
a Shimuradatum,and 1 a compactopensubgroupof �$�%243.! , we let 57698:���;�� <!����-! denote

the complex analyticvariety �=�%#>!@?9�% AB�=�C243D!@EF1<! , which hasa naturalstructureof quasi-

projectivecomplex algebraicvariety, denoted576G8:������ "!H ; theprojective limit 576����;�� <!I over

all 1 of the 5J6K8>������ "!H is a schemeon which �=�C2�3D! actscontinuously. (The action being

continuousmeansthattheschemehasa coverby openaffines L�M��N57OP	�QR�%S)MC! suchthateachL�M
is stabilizedby someopensubgroup1;M of �=�C2�3D! andeachT in SUM hasopenstabilizerin 1�M .) AV

A preprintversionof thisarticletogetherwith anappendixthatcouldbeconsideredastheauthor’sscratchpaper

while working on this subjectcanbedownloadedfrom theauthor’shomepage.This appendixcontainsdetailsthat

theauthordoesnot find interestingenoughto publish,but thatmaybehelpful for readerswho got lost.W
partially supportedby theInstitut UniversitairedeFrance,andby theEuropeanTMR Network ContractERB

FMRX 960006“arithmeticalgebraicgeometry”.

1



morphismof Shimuradatafrom ���YXD�� ZX@! to ���\[]�� ;[D! is amorphismT)�P�YX-^ �_[ thatmaps ZX
to  ;[ ; for 1`X and 1$[ compactopensubgroupsof �YX��%2�3.! and �_[a�C243D! with T���1`X@! containedin1$[ , suchan T inducesamorphism576b��Tc! from 576K8edf���gX.�� ZX@!I to 576G8ih]���\[j�� ;[D!H .
1.1Definition. Let ������ "! beaShimuradatum,1 anopencompactsubgroupof �=�C2-3.! , and k
anirreducibleclosedsubvarietyof 57698:���;�@ "!I . Then k is asubvarietyof Hodgetypeif thereis

a Shimuradatum ���:lm�@ nlo! , a morphismof Shimuradata T)�e���:lm�@ nlo!p^ ������ "! , andanelementq of �$�%243.! suchthat k is anirreduciblecomponentof theimageof themap:

576i��� l �� l !I;r@s]tvuDwx ^ 576������� "!H y zx ^ 5J6b������ "!H x ^ 57698/������ "!H|{
Thisdefinitionis equivalentto [19, 6.2],whichusesonly closedimmersionsT)�P�:l}^ � . In [20,

Prop.2.8] it is explainedthatthesubvarietiesof Hodgetypearepreciselytheloci wherecertain

givenclassesin certainvariationsof Hodgestructures(obtainedfrom representationsof � ) are

Hodgeclasses;hencetheterminology.

1.2Definition. Let ���;�� <! beaShimuradatum.For ~ in  welet ������~K! betheMumford-Tate

groupof ~ , i.e., thesmallestalgebraicsubgroup� of � suchthat ~ factorsthrough��� . A point~ in  is calledspecialif ������~K! is commutative(in which caseit is a torus).For 1 a compact

opensubgroupof �=�C243D! , a point in 576G8:������ "!H is specialif its preimagesin 576b������ "!H areof

theform ��~c� q ! with ~ in  special.Equivalently, thespecialpointsin 576K8/������ "!I arethezero

dimensionalsubvarietiesof Hodgetype.

1.3Conjecture. (Andr é-Oort) Let ������ "! be a Shimuradatum. Let 1 be a compactopen

subgroupof �=�C243D! andlet � beasetof specialpointsin 5J6K8>������ "!����-! . Thenevery irreducible

componentof theZariski closureof � in 5J698:������ "!H is a subvarietyof Hodgetype.

Someremarksarein orderat this point. André statedthis conjectureasa problemfor curves

containinginfinitely many specialpointsin generalShimuravarietiesin [2, X.4]. Independently,

Oort raisedthe questionfor generalsubvarietiesof the moduli spacesof principally polarized

abelianvarietiesin [25]. In [2, X.4] André mentionsthe similarity with the Manin-Mumford

conjecture(provedby Raynaud,see[1]), and[4] containsa versiongeneralizingboth thecon-

jectureaboveandtheManin-Mumfordconjecture;seealso[19, 6.7.2].

Let usnow discusstheresultson theconjectureabovethathavebeenobtaineduntil now. All

of themdealwith moduli spacesof abelianvarieties.Moonenprovedin his thesis(see[21, � 5],

in particulartheequivalencebetweenConjectures5.1and5.3,and[18, IV]) that theconjecture

is true for sets � for which thereexistsa prime number� at which all � in � have anordinary

reductionof whichthey arethecanonicallift. Needlessto say, hismethodsusereductionmodulo
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aprimenumber� . This givesaquitegeneralresult,but it hasthedisadvantagethatoneneglects

mostof the Galoisactionon the specialpoints,andthat onehasto work with oneFrobenius

elementsimultaneouslyfor all � in � .

In [14], theconjecturewasprovedfor themoduli spaceof pairsof elliptic curves,assuming

thegeneralizedRiemannhypothesis(GRH) for imaginaryquadraticfields. In a few words,the

proof exploits theGaloisactionon CM-pointsandconsidersintersectionsof thesubvarietiesin

questionwith imagesof themundersuitableHecke operators.In this approach,we work with

a differentFrobeniuselementfor each� in � ; GRH comesin via theexistenceof smallprimes

with suitableproperties.Thesamecaseof Conjecture1.3wasprovedunconditionallyby André

in [5]. He usestheGaloisactionon theCM-points,anda Diophantineapproximationresultof

Masseron the � -function.

Morerecently, Yafaev hasgeneralizedtheresultin [14] to thecaseof productsof twoShimura

curves that are associatedto quaternionalgebrasover # , see[31], andB. Belhaj Dahman,a

studentof André, is workingon thefamiliesof jacobiansof thecurves

�J� ���e�%� x�� !��C� x�� !D{
The questionabout thesefamilies of jacobiansis whetheror not the variousisogeny factors

coming from the decompositionfor the action of � � ����! are simultaneouslyof CM type for

infinitely many complex numbers� .

Recently, ClozelandUllmo haveproved([10]), for � among��57O [ � and �_� � , thatsetsof the

form �7�]� , with � in �=�%#)!�?+�$�%2>!�EF1 and �7� certainHeckeoperatorswith � tendingto infinity, are

equidistributed.Theideabehindthis is thatonewould like to imitateandapplytheequidistribu-

tion resultsfor Galoisorbitsof strict sequencesof pointsof smallheightin abelianvarietiesas

in [1]. A sequenceof closedpointsof analgebraicvariety is calledstrict if every properclosed

subsetcontainsonly finitely many elementsof the sequence.Phrasedin this terminology, the

André-Oortconjecturesaysthata sequenceof specialpointsis strict if no propersubvarietyof

Hodgetypecontainsaninfinite subsequence.Of course,to prove theAndré-Oortconjecturein

thisway, onehasto replace�}�]� by theGaloisorbit of � , whichseemsto beahardproblem,and

moreover, onehasto dealwith thefact that theheightsof CM pointstendto infinity andnot to

zero.

In thisarticle,weprovetheConjecture1.3,assumingGRH,for Hilbertmodularsurfaces.The

methodof proof is basicallythesameasin [14], but now we do usemoreadvancedtechniques.

Thetwo mainresultsof thearticlearedescribedin Section2. Thereasonfor whichwestateand

prove Theorem2.2 is that it hasaninterestingapplicationto transcendenceof specialvaluesof

certainhypergeometricfunctionsvia work of Wolfart, CohenandWüstholz,see[11], without

having to assumeGRH.

3



Let usbriefly describethecontentsof this article. Section2 introducestheHilbert modular

surfacesthat we work with in termsof a Shimuradatum,givestheir interpretationasmoduli

spacesof abeliansurfaceswith multiplicationsby thering of integersof arealquadraticfield 1 ,

andstatesthemainresults.

Section3, which is not soessential,discussesthedifferencebetweenworking with abelian

surfaceswith or without a givenpolarization.In grouptheoreticalterms,thechoiceis between

working with �_�i[a��1<! or its subgroup�_�i[a��1<! l consistingof the elementsof �\�b[j��1<! whose

determinantis in #)� . The reasonfor consideringboth casesis that with a polarization(anda

suitablelevel structure),thevariationof Hodgestructureprovidedby the latticesof theabelian

surfacescomesfrom arepresentationof thegroupin theShimuradatum,which is not truewith-

out givenpolarizations.We needvariationsof Hodgestructurein Section4. On theotherhand,

thesizeof Galoisorbitsof specialpoints,studiedin Section6, is simplerto understandin terms

of classgroupswhenworking without polarizations.We could have chosento work through-

out thearticlewith �\�c[���1<!Hl , but we think that it is instructive to seetheconsequencesof such

a choicein the relatively easycaseof Hilbert modularsurfaces,beforetrying to treatgeneral

Shimuravarietiescompletelyin grouptheoreticalterms.

In Section4 werecallanimportantresultof André,relatingthegenericMumford-Tategroup

of a variationof Hodgestructureto its algebraicmonodromygroup(i.e., theZariski closureof

theimageof monodromy).We useit to prove that for a curve in a Hilbert modularsurfacethat

is not of Hodgetypeandthatdoescontaina specialpoint, theconnectedalgebraicmonodromy

groupis maximal,i.e., 5}�i[�� 8 .

Section5 introducesthe Hecke correspondence�}� associatedto a prime number � . We

usea very powerful resultof Nori in orderto prove that for � a curve with maximalalgebraic

monodromygroup, �7�a� is irreducibleif � is largeenough.

Themainresultof Section6 saysthatthesizeof theGaloisorbit of aspecialpoint � growsat

leastasapositivepowerof thediscriminant�G����Q��]�� )¡a! of thering of endomorphisms(commuting

with therealmultiplications)of thecorrespondingabelianvariety. Thissectionis quitelong,and

containssomemessycomputations,dependingonthestructureof theGaloisgroupof thenormal

closureof theCM field in question.Theproblemis thatonehasto give a lower boundfor the

imageunderthereflex typenormof oneclassgroupin another.

Section7givesanupperboundfor thenumberof pointsin intersectionsof theform k&X@¢£� z k4[ ,
with k¤X and k-[ fixed subvarietiesof a generalShimuravariety, andwith � z a varying Hecke

correspondence.

Finally, Section8 combinesall thesepreliminaryresultsasfollows. Onesupposesthat �
is a curve in a Hilbert modularsurface � , containinginfinitely many specialpoints,andnot of

Hodgetype. If � is largeenough(dependingonly on � ), then �7�a� is irreducibleby Section5.
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Sincethe �7� -orbitsin � aredense,onecannothave �¥���7�a� . Hencetheintersections�¦¢§�}�a�
arefinite, andhenceboundedabove (Section7) by a constanttimes � [ . Let now � bea special

pointon � . If � is aprimethatis split in  )¡ , then �¦¢Z�}�a� containstheGaloisorbit of � , hence¨ �©¢ª�}�j� ¨ grows at leastasa positive power of
¨ �}�«��Q��]�� )¡�! ¨ . But this lower boundfor primes

thataresplit in  )¡ contradictstheconditionaleffectiveChebotarev theorem(this is whereGRH

comesin). Hence,assumingGRH,onehasprovedthatif � doescontaininfinitely many special

points,then � is of Hodgetype. ThereasonthatonecanproveThm.2.2unconditionallyis that

in thatcasetheCM field #�¬� )¡ is independentof � , andhenceChebotarev’s theoremitself is

sufficient.

In April 1999, we have proved Conjecture1.3, assumingGRH, for arbitrary productsof

modularcurves,extendingthemethodsof [14]. A detailedproof,which is quiteelementary, will

bewritten up in thenearfuture. Onecanhopethatcombiningthetechniquesusedfor theselast

two resultswill makeit possibleto treatmoregeneralhigherdimensionalcasesof Conjecture1.3.

Of course,eventuallyeverythingshouldbeexpressedin termsof “ ���;�@ "! -language”.In fact,in

this articlewecouldalreadyhaveworkedwithout mentioningabelianvarieties.

Beforewe really start, let us first mentiontwo obvious generalprinciples. The first is that

level structuresdon’t matterin Conjecture1.3: for ������ "! a Shimuradatum, 1 and 1 l open

compactin �$�%243.! with 1®¯1 l , anirreduciblesubvariety k of 5J6K8>������ "!H is of Hodgetypeif

andonly if its imagein 576K8£°������� "!H is. Thesecondprinciplesaysthat the irreduciblecompo-

nentsof intersectionsof subvarietiesof Hodgetypeareagainof Hodgetype(this is clearfrom

theinterpretationof subvarietiesof Hodgetypegivenright afterDefinition1.1).

2 The main results.

Let 1 be a real quadraticextensionof # , let ±:8 be its ring of integers,and let � be the ² -

groupscheme�U	��.³G´ ��µ ���\�c[�� ³G´ ! . After numberingthe two embeddingsof 1 in � , we have�B¬¦1¶�¯� [ , andhence�=�C�¤!U���\�i[a�%�&! [ . Wewill studytheShimuravariety:

�
���p!>�����$��#)!�?9�C An�$�%243.!�EF�$�F·²p!@!f�
where  �¸�%¹/º-! [ , andwhere ¹>º is the usual �_�c[��C�p! -conjugacy classof morphismsfrom �
to �_�c[�� � , i.e., theclassof »�¼�½.¾
¿^ ÀRÁ&ÂJÃÃZÁ Ä . Thesurface �Å , calleda Hilbert modularsurface,

is the coarsemoduli spacefor pairs ��S��.Æ�! with S an abeliansurfaceand Æ a morphismfrom±:8 to Ç4ÈG����S>! (see[30, Ch. X], and the endof Section3 for the moduli interpretationfor a

closely relatedShimuradatum). This implies that the reflex field of ���;�� <! is # andthat the

canonicalmodel �ÅÉ (see[19, Section2] for this notion) is simply the coarsemoduli spacefor
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pairs ��S>E+�iEÊ#\�.Æ£! with � a # -scheme,S:EF� an abelianschemeof relative dimensiontwo, andÆ a morphismfrom ±:8 to Ç4ÈG�KËP��S:! . The setof geometricallyconnectedcomponentsof �ÅÉ
is 1 � ?Ê2 �8 EG�%��¬©1<! � � Ì ±�Í �8 �ÏÎ4�«Q0��±:8¤! Ì , the groupof isomorphismclassesof invertible ±:8 -

moduleswith orientationsat the two infinite places,andhastrivial actionby �\ÐFÑ�� #ÒEÊ#)! ([30,

Ch. I, Cor. 7.3]). Themainobjectiveof thisarticleis to prove thefollowing two theorems.

2.1Theorem. AssumeGRH. Let �¸Ó�Å be an irreducibleclosedcurve containinginfinitely

many CM points.Then � is of Hodgetype.

2.2Theorem. Let �Ô��Å beanirreducibleclosedcurvecontaininginfinitely many CM points

correspondingto abelianvarietiesthat lie in oneisogeny class(theisogeniesarenot requiredto

becompatiblewith themultiplicationsby ±:8 ). Then � is of Hodgetype.

Let usnoteimmediatelythatthesetheoremsapplyin factto all Hilbert modularsurfaces,because

theAndré-Oortconjectureis insensitiveto level structure.Beforeproving thetheoremsweneed

to discusssomeof thetoolswewill usein it.

3 Choosinga suitableShimura variety.

For avariationof Hodgestructureonacomplex variety, onehasthenotionsof genericMumford-

Tategroupandthatof monodromy. A relationbetweenthesetwo notionswill beveryusefulfor

us. In order to get a suitablevariationof Hodgestructureon �
���-! asabove, thereis a little

complication,and at leasttwo optionsto get aroundit. The problemis that the tautological

representationof �\É on the # -vectorspace1 [ doesnot inducea variationof Hodgestructure

on 576KÕ)���:É��� "!����-! , evenif � is anarbitrarysmallopensubgroupof �=�C2-3.! ; just considerthe

actionof ± �8 in �=�%#/! on  ÖA×�=�C2-3.!�EÊ� (see[20, Section2.3] for ageneralstatement).

The first possibleway out is to usean otherrepresentation,andhave the monodromytake

placein the imageof � underthis representation.For example,onecan take the representa-

tion 5RØ7* [ ��Ù0Úf!�¬��G	�Û��%Ù0Úf! Â X , with Ù0Ú the tautologicalrepresentationon ± [8 . This representation

inducesa faithful representationÙ of the quotient �_ÜÞÝ�� �
	�� ³ ´c��µ+Îp�\�i[�� ³ ´ . The morphism� ^ � ÜÞÝ inducesan isomorphismfrom  to a conjugacy class  ÜÞÝ in ')(+*Y�b���-�.� ÜÞÝ� ! , and

givesa morphismof Shimuradatafrom ������ "! to ���_ÜÞÝF�� ×ÜÞÝj! . Let �4ÜÞÝ0����! betheShimurava-

riety 576GßGàCá t�âµ w ��� ÜÞÝ �@ ÜÞÝ !�����! . Thenaturalmorphismfrom �Å to � ÜÞÝ is finite andsurjective (this

follows directly from the definition); onecanshow that it is the quotientfor a faithful action

of Î4�«Q0��±:8¤! , but thatwill not beused.Conjecture1.3 is thentruefor �Å if andonly if it is true

for �4ÜÞÝ , and Ù inducesa variationof Hodgestructureon 5769Õ/���\ÜÞÝ+�� ×ÜÞÝj!����p! for suitable� . The

disadvantageof working with ��ÜÞÝ is that it doesnot seemto have aninterpretationasa moduli
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spaceof abelianvarieties;this is notarealproblem,but wepreferto work with Shimuravarieties

thatareassimpleaspossible.

Anotherwayoutis to replacethegroup � by its subgroup�\l givenby thefollowingCartesian

diagram: �:l ã ^ �ä å ä ÝçæCè�
��� µ ã ^ �U	��ç³G´ ��µ �
��� ³}´
Looselyspeaking,� l is the subgroupof � consistingof thoseelementswhosedeterminantis

in # . As the morphism �G	fÛ in the diagramabove is smooth, �:l is smoothover �¤��� µ , hence

over ² . It follows that �:l is thescheme-theoreticclosurein � of its genericfibre. We notethat�:l%�%�&! is the subgroupof �%�b� � ! in �\�i[a�%�&! [ with �G	�Û��C�Å!Ò�é�G	fÛ�� � ! . All ~ in  factorthrough�:l� , but  consistsof two �:l%�C�¤! -conjugacy classes.The conjugacy class nl we work with is

thedisjoint unionof �C¹ Ì ! [ and �C¹ Â ! [ . Thisgivesamorphismof Shimuradatafrom ���:lm�� ,lo! to������ "! , anda morphismof Shimuravarieties� l ^ �Å with � l �ê576 ß ° t âµ w ��� l �@ l !H . Onecan

prove that theShimuravariety � l is connected,andthat themorphismto its imagein �Å is the

quotientby a faithful actionof thefinite group ± � � Ì8 EF± � � [8 , i.e., by thegroupof totally positive

global units modulosquaresof global units. We will only usethat the morphism �£l ^ �Å is

finite andthat its imageis openandclosed;thesetwo factsfollow directly from thedefinitions.

It follows thatConjecture1.3 is true for �Å if andonly if it is for � l , andsimilarly for the two

theoremsabove that we want to prove. Moreover, the tautologicalrepresentationof �\l does

induceavariationof Hodgestructureon 5J69Õ/��� l �� l !�����! for � sufficiently small.

The option we chooseis the last. The variety �£l is the (coarse)moduli spacefor triplets��S��.Æp� � ! where:

��ë7{ � !
ìíî íï S is acomplex abeliansurface,Æ��K±:8ð^ Ç4ÈG����S>! amorphismof rings,

and � �9Sñ^ S/� aprincipal ±:8 -polarization,

a notionthatwe will now explain. First of all, S � is thedualof S in thecategory of abelianva-

rietieswith ±:8 -action: S>�
�v��Ç£òJÛ X �%SÒ�.±:8,¬ð�¤�U! . Oneverifiesthat S/�&�ñó&¬ ³ ´�S)ô , whereó is

thedifferentof theextension²õ^ ±:8 , andwhereS ô ��Ç�òJÛ X ��SÒ�ç�
�U! , thedualof S in theusual

sense.The inclusion ó§ö±:8 inducesa morphismS/�:^ S)ô , which is an isogeny. A principal±:8 -polarizationis thenanisomorphism� �9S�^ S � suchthattheinducedmorphismfrom S toS ô is a polarization.Interpretedin Hodge-theoreticalterms,a triplet �%SÒ�.Æ�� � ! asin (3.1) corre-

spondsto a triplet ���4�D~c�ç÷¤! with � a locally free ±:8 -moduleof ranktwo, ~��K�×^ ���\�|µP����!�!Þ�
a Hodgestructureof type � x�� �çø0!f�a��ø}� x_� ! , and ÷=�|�ÓAª�Ó^ ±:8 a perfectantisymmetric±:8 -

bilinearform suchthat Û��Rùb÷$�Å�¦Ag�ú^û² is apolarization.Notethatfor suchatriplet ���4�D~c�ç÷&! ,
7



the pair ���4�ç÷¤! is isomorphicto the standardpair ��±:8ýü¥±:8)�a� ÚþXÂ XcÚ !@! . In order to prove that

thesetof isomorphismclassesof �%SÒ�.Æ�� � ! asin (3.1) is �£l%���p! oneusesthefollowing two facts:

1: �:l%�C2-3.!�EÊ�\lC� ·²p! is thesetof ±:8 -latticesin 1 [ onwhich ÷B�ú� ÚþXÂ XiÚ ! inducesaperfectpairingof±:8 -modules,upto afactorin # � ; and2:  nl is thesetof Hodgestructuresof type � x_� �.ø0!D�a��ø}� x�� !
on the 1 -vectorspace1 [ suchthat,up to sign, Ûç�£ù)÷ is a polarization.Themoduli spaceover# of triplets ��S>E+�£�.Æp� � ! with � a # -scheme,Æ��|±:8ÿ^ Ç4ÈG�9ËP��S>! a morphismof rings,and �
a principal ±:8 -polarization,is thenthecanonicalmodel � lÉ of � l (seealso[27, 1.27] and[12,

4.11]).

For � � � , let � � bethekernelof themorphism�:l%� ·²p!�^ �:l%��²�E��|²
! , andlet �£lÉJ� � denotethe

Shimuravariety 5769Õ��}���:lm�@ nlo!HÉ . Then �£lÉR� � is themoduli spacefor 4tuples �%S:E+�£�çÆp� � ���|! , with� a # -scheme,��S:EF�£�.Æp� � ! anabelianschemeover � with multiplicationsby ±:8 andaprincipal±:8 -polarization,andwith � anisomorphismof � -groupschemeswith ±:8 -action:�)����±:8¤E��|±:8¤! [Ë x ^ S��	��
��
suchthat thereexistsa (necessarilyunique)isomorphism�U�£�%²
E��Å²
!@Ë�^ � � � Ë makingthedia-

gram: ����±:8&E��c±:8¤! [Ë ! [ x ^ S�����
 [ä ÷ � ä���� � �
±:8<¬©��²
E��|²
! Ë � Ý�� x ^ ±:8<¬ð� � � Ë

commutative. In this diagram,÷ � is thepairinggivenby � Ú�XÂ XiÚ ! , and
��� � � is theperfectpairing

on S��	��
 inducedby � . For � � ë theobjects ����S>E+�£�.Æ�� � !@! have no non-trivial automorphisms

(see[22, IV, Thm. 5]), and ��lÉJ� � is a fine moduli space.(Representabilityby analgebraicspace

canbefoundin [27, � 1.23]. Quasi-projectivenessfollows from [7].) In particular, for � � ë we

dohaveapolarizedvariationof ² -Hodgestructureon � l� ����! , givenby thefirst homologygroups

of thefibersof theuniversalfamily.

4 Monodromy and genericMumf ord-Tategroups.

Werecallsomeresultsthatcanbefoundin [20, Sections1.1–1.3],with referencesto [9] and[3].

The Mumford-Tategroup ��������! of a # -Hodgestructure� , given by ~
�|��^ �_�����Ò!Þ� ,
is definedto bethesmallestalgebraicsubgroup� of �_������!IÉ suchthat ~ factorsthrough �Ò� .
Equivalently, �§�Ò���Ò! is the intersectionin �\�-���Ò! of all stabilizersof all lines generatedby

Hodgeclasses(i.e.,of sometype � �i���P! ) in all # -Hodgestructuresof theform ü>M%� � ��� ¬`��� � ! ��� � .
For � a smoothcomplex algebraicvarietywith a polarizablevariationof # -Hodgestructure� on the associatedanalytic variety �
����! , there is a countableunion � of properalgebraic
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subvarietiessuchthat �>¿^ ����������! is locally constantoutside� (thismakessensebecause� is

a locally constantsheafon �
����! ). The smallestsuch � is calledtheHodgeexceptionallocus,

andits complementtheHodgegenericlocus.For � in �
���p! andnot in � , ��������� !U��_�-�����@! is

calledthegenericMumford-Tategroup(at � ).
Assumenow that � is connected,andthatwe have anelement� of �U����! . Thenthe locally

constantsheaf � correspondsto a representationÙ-���cX����U���-!f�D�a!n^ �\�-�����@! , called the mon-

odromyrepresentation.Thealgebraicmonodromygroupis definedto bethesmallestalgebraic

subgroup� of �\�������@! suchthat Ù factorsthrough � , i.e., it is theZariski closureof theimage

of Ù ; its connectedcomponentof identity is calledtheconnectedalgebraicmonodromygroup,

anddenoted�>�������@! . With thesehypotheses,wehave thefollowing theorem.

4.1Theorem. (Andr é) Assumemoreover that � admitsa ² -structure,that � in �
����! is Hodge

generic,andthat thereis a point � in �
����! suchthat ������� ô ! is abelian(i.e., � is special).Then�:������� ! is the derivedsubgroup����������! Ýçæ! of ���������@! , i.e., the algebraicsubgroupgenerated

by commutators.

Let us now considerwhat this theoremimplies for the variation of Hodgestructurethat we

have on �£l� ����! ( � � ë ), and, more importantly, for its restrictionsto subvarietiesof �£l� ����! .
The Hodgeexceptionallocusof �£l� ����! is by constructionthe union of all lower dimensional

subvarietiesof Hodgetype.ThegenericMumford-Tategroupon � l� ����! is � l (usethatit contains

asubgroupof finite index of � l ��²
! , andthatfor all ~=�ö��~ÅXf�D~G[D!J�Å�-�/^ �\�i[a�%�&! [ in  l onehas�G	fÛa��~ÅX��#"0!�!-�$"�%"Ò�ñ�G	fÛa��~G[��#"0!�! for all " ).
4.2Proposition. Let � � ë . Let � be an irreduciblecurve in � la� � (i.e., an irreducibleclosed

subvarietyof dimensionone);let �'&)(  denoteits normalizationand �+* � its smoothlocus.Then� is of Hodgetype if andonly if the genericMumford-Tategroupon � * � is strictly smaller

than �:lÉ . If � is not of Hodgetypeandcontainsa specialpoint, thenthe connectedalgebraic

monodromygroupon �'&)(  equals�\l Ýçæ! É ���
	�� 8b��É 5}�i[�� 8 .

Proof. Supposethat � is of Hodgetype.Thensomeelementin sometensorconstructionof the

variationof Hodgestructureon �£la� � is a Hodgeclasson � , but not on �£l�� � . The interpretation

of the Mumford-Tate group as stabilizerof lines generatedby Hodgeclassesshows that the

genericMumford-Tategroupon �+* � is strictly smallerthan �:lÉ . Now supposethat thegeneric

Mumford-Tategroupon �+* � is strictly smallerthan �\lÉ . Then � doescarry an extra Hodge

class. The locuswherethis classis a Hodgeclassis necessarilyof dimensionone,hence,� ,

beinganirreduciblecomponentof it, is of Hodgetype.Thesecondstatementfollowsnow from

André’s theoremabove.
å
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5 Irr educibility of imagesunder Heckecorrespondences.

For ������ "! aShimuradatum,1`X and 1$[ opensubgroupsof �=�C2-3.! , and q in �=�C2-3.! , onehasthe

so-calledHeckecorrespondence� z thatis definedasfollows. Considerthediagram:

576K8edD������ "!I-, d. x 576����;�� <!I y zx ^ 576b������ "!H/, hx ^ 576G8ih]������ "!H|�
where�cX and �K[ arethequotientmapsfor theactionsby 1ZX and 1;[ , respectively. Themorphism�K[�ù10 q is the quotientfor the actionof q 1$[ q Â X , hence�cX and �K[¤ù20 q both factor throughthe

quotientby 1Ö���ñ1ZXb¢ q 1;[ q Â X , and � z is thecorrespondence:

576K8 d ������ "!H , d. x 576K8/������ "!H , h43 y zx ^ 57698 h ������ "!H|{
Of course, � z exists alreadyover the reflex field 5 of ������ "! . In particular, for k a closed

subvarietyof 576G8edf������ "!76 , its image� z k is aclosedsubvarietyof 5J698ih]���;�� <!86 .

We now specializeto our situation, i.e., to the Shimuradatum ���\l«�� nl ! as above. For �
a prime number, we let �7� be the Hecke correspondenceon �£lÉ given by the elementq � �P! in�:l%�%243.! with q � �P!��/�Ô� �pÚÚ-X ! and q �o�P!79K� � for : differentfrom � . Notethat q � �P! Â X givesthesame

correspondenceas q �o�K! does,becauseq � �P!4�Ô� ��ÚÚÅ� !�� Ú�XXiÚ ! q �o�P! Â X � Ú-XXcÚ ! . Themodularinterpretation

of �7� is thefollowing. Let ���%SÒ� � !7
 in �£l%����! denotetheisomorphismclassof a complex abelian

surface S with multiplicationsby ±:8 andwith a principal ±:8 -polarization� . Then,asa cycle,

theimageof � ��S�� � !7
 is givenby:

�7�;���%SÒ� � !7
K�=< Õ � ��S:EÊ��� � � !>
��
where � rangesthroughthe ±:8¤Ef�K±:8 -submodulesof S�� �?
Þ���p! that are free of rank one,and

where� � is theprincipal ±:8 -polarizationinducedby � � on S:EF� . In orderto seethis,oneuses,

asin Section3, that �:l%�C243D!@EF�\lC� ·²p! is thesetof ±:8 -latticesin 1 [ on which ÷ð� � Ú XÂ XiÚ ! induces

aperfectpairingof ±:8 -modules,up to a factorin # � , andthatthecorrespondenceon it induced

by q �o�P! Â X sendssucha lattice to the setof latticescontainingit with quotientfreeof rankone

over ±:8&Ef�K±:8 .

5.1Proposition. Let � beanirreduciblecurve in �£l . Supposethat � is not of Hodgetypeand

thatit containsaspecialpoint. Then,for all primes� largeenough,�7�a� is irreducible.

Proof. Let � � ë besomeinteger, andlet � � beanirreduciblecomponentof theinverseimage

of � in �£la� � . Irreducibility of �7�a� � implies thatof �}�a� . Let � denotethepolarizedvariation

of ² -Hodgestructureon � l� ����! thatwe consideredbefore,let � bein � � ����! . We chooseaniso-

morphismof ±:8 -modulesfrom ± [8 to ��� . Let Ù��@�cX���� � ����!f�D�a!
^ 5}�i[a��±:8¤! bethemonodromy
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representation.Proposition4.2 impliesthattheZariski closurein �\l of ÙP�!�cX����'&)(  � ����!f�.��!@! is the

subgroup�U	��ç³ ´|��µ 5}�i[�� ³G´ . For � prime,thecorrespondence�}� on �£la� � is givenby adiagram:

� la� � , d. x � la� � � � , hx ^ � la� � {
For �7�j� � �A�K[)� Â XX � � to beirreducible,it sufficesthat � � � � beirreducible,with � � � � thecovering

of �+&)(  � obtainedfrom �cX . But thiscoveringcorrespondsto the �cX����'&)(  � ����!f�D�a! -set B X ��±:8pEf�K±:8&!
of ±:8¤Ef�K±:8 -submodulesof ��±:8&Ef�K±:8&! [ thatarefreeof rankone.Nori’sTheorem[24,Thm.5.1]

(Theorem5.2 below) implies that for � large enough,the reductionmapfrom �cX����+&)(  � ���-!D�f�a!
to 5}�i[a��±:8&Ef�K±:8¤! is surjective. Since 57�b[j��±:8¤ED�K±:8¤! actstransitively on B X ��±:8¤Ef�9±:8&! , irre-

ducibility follows.
å

5.2Theorem. (Nori) Let � be a finitely generatedsubgroupof �_� � ��²
! , let � be the Zariski

closureof � , andfor � prime,let ��� �P! betheimageof � in �_� � �DCJ�J! . Then,for almostall � , ���o�K!
containsthesubgroupof ���DCJ�J! thatis generatedby theelementsof order� .
6 Galois action.

The aim of this sectionis to show that the Galois orbits of specialpoints in �£l�� #Ò! are big,

in a suitablesense. For S and E abeliansurfaces(over somefield) with ±:8 -action, we let')(F* ³}´ ��S��FEg! bethe ±:8 -moduleof morphismsfrom S to E thatarecompatiblewith the ±:8 -

actions.

6.1Lemma. Let � in �£l�� #Y! be a specialpoint, correspondingto a triplet ��SÒ�çÆp� � ! with S an

abeliansurfaceover # , ÆÒ�K±:8ý^ Ç4ÈG����S>! and � a principal ±:8 -polarization.Then Ç4ÈG� ³G´ ��S>!
is anorder, containing±:8 , of a totally imaginaryquadraticextensionof 1 .

Proof. Let   be the endomorphismalgebra#¥¬©Ç4ÈG����S>! of S . Then   is a semi-simple# -

algebracontaininga commutative semi-simplesubalgebraof dimensionG . Supposethat S is

simple.Then   is a division algebra.Since   actsfaithfully on ':X���Sg����!f�ç#Ò! , it hasdimension

dividing G , hence  is a quadraticextensionof 1 . Since ��¬�  hasa complex structurecom-

mutingwith the   -action,   is a totally imaginary. Supposenow that S is notsimple.Then S is

isogeneousto theproductof two elliptic curves, E_X and E)[ , say. Theseelliptic curvesarein fact

isogeneousto eachother, becauseotherwise1 doesnotadmitamorphismto theendomorphism

algebraof E\X)AHE/[ . So S is isogeneousto E [ , with E someelliptic curve. Since S is of CM-

type, #�¬¯Ç4ÈG���#Eg! is an imaginaryquadraticfield 5 , and  Ô�ú��[��I5Ò! . In this caseÇ4ÈG� ³ ´p��S>!
is anorderin thetotally imaginaryextension1Ó¬J5 of 1 .

å
11



6.2Theorem. Thereexist realnumbersKMLNø and N1LNø suchthat for ��S��.Æp� � ! corresponding

to a specialpoint � in �£l%� #Ò! onehas:¨ �\ÐFÑ�� #YEÊ#)!O0«� ¨ LJN ¨ �G����Q��]�� )¡�! ¨ P �
where  U¡:��Ç4ÈG� ³G´ �%S:! .
6.3Remark. Theproof will show thatonecantake K to beany numberlessthan � E�G . (To get

this,onealsohasto optimizeTheorem6.4,notingthatweonly applyStark’s resultto fields Q of

degreeat least4.) AssumingthegeneralizedRiemannhypothesisat this point doesnot improve

this exponent(this is causedby thecasewhere #�¬¦ )¡ is Galoisover # with group ��²
ESR�²
! [ ).
Proof. Let T/�Å�£lÉ ^ �ÅÉ bethemorphisminducedby theclosedimmersionof theShimuradata��� lÉ �� l !-^ ���\É��� "! . SinceT is finite, andsincetheHeckecorrespondenceson �ÅÉ permutethe

irreduciblecomponentstransitively, the statementwe want to prove is equivalentto its analog

for �ÅÉ . So we will show in fact that therearepositive K and N suchthat for � specialin �
� #Ò!
correspondingto ��SÒ�çÆ�! , we have:¨ �\ÐFÑ�� #YEÊ#)!O0«� ¨ LJN ¨ �G����Q��]�� )¡�! ¨ P {
For � specialin �
� #g! , let Q�¡ be #ý¬õ )¡ , andlet T"¡ betheGaloisclosurein # of Q�¡ . Since T"¡
is of degreeat most U over # , thestatementwe want to prove is equivalentto theexistenceof

positive K and N suchthatfor all special� in �
� #Y! :¨ �_ÐÊÑ�� #YE�T"¡�!O0 � ¨ LVN ¨ �G�«�@Q����� )¡�! ¨ P {
Solet now � bespecialin �U� #Y! , correspondingto some��SU¡0�.Æi¡a! . To studythe �_ÐÊÑÞ� #YE�T<¡�! -orbit

of � , we constructa zero-dimensionalsubvarietyof Hodgetypeover T"¡ , containing� , andwe

usethe theoryof Shimura-Taniyamaon complex multiplication, rephrasedin the languageof

Shimuravarieties(see[19, Section2.2]). Let �g¡ be ':X���SY����!f�ç²�! ; it is an  )¡ -modulethat is

locally freeof ranktwo as ±:8 -module.Let T/�Å1 [ ^ #�¬¯�Y¡ beanisomorphismof 1 -vector

spaces.TheHodgestructureon �Y¡ givenby SU¡ givesanelement~G¡ of  . The lattice T Â X �Y¡
in 1 [ correspondsto anelementq ¡ of �$�%243D!@EF�$� ·²p! . By construction,� is theimageof ��~}¡0� q ¡j! .
Let �P¡B�v� �
	��)W�X.��ÉÅ����� W�X . Then T givesa closedimmersion �Å¡ª^ �:É . Since #ö¬¥�Y¡ is a

one-dimensionalQ4¡ -vector space,�Å¡ is its own centralizerin �\É . It follows that ~G¡ factors

through�Å¡]� � . Hencewe havea closedimmersionof Shimuradata: �C�Å¡+��YÊ~}¡SZÊ!p^ ���:É��� "! . The

reflex field of �%�P¡0��YÊ~}¡SZÊ! is containedin T"¡ , hencewe have a canonicalmodel 576��C�Å¡0�[YÊ~G¡�ZÊ!]\ X
over T"¡ . Weput L�¡Ò�����P¡J�%243.!i¢ q ¡a�$� ·²p! q Â X¡ . Thenoneeasilyverifiesthatwehaveaninjective

morphismof Shimuravarieties576�^ X �%�P¡0��YÊ~}¡SZÊ!8\ X ^ �_\ X , which, on � -valuedpoints,is given
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by �p¿^ ��~}¡0�]� q ¡�! . By construction,L�¡ is thestabilizerin �P¡J�C2-3.! of thelattice T Â X �Y¡ ; it follows

that L�¡>�� :Í � �¡ , hence:

576�^ X �%�P¡0��YÊ~}¡�ZÊ!]\ X � #Ò!-�`Q �¡ ?9�%2�3e¬JQ�¡�! � EF  Í � �¡ �ñÎ-��Q0�� )¡�!f{
Ournext objectiveis to describein sufficientdetailtheactionof �\ÐFÑ�� #YE�T"¡a! on Î4��Q0�� U¡�! induced

by the above bijections. Classfield theory gives a continuoussurjectionfrom T �¡ ?Ê2 �\aXÊ� 3 to�\ÐFÑ�� #gE�T"¡a! Ü4b , characterizedby thefollowing property. In arepresentationof �\ÐFÑ�� #ÒE�T"¡a! Ü4b that

is unramifiedatafinite placec of T"¡ , thearithmeticFrobeniuselementis theimageof theclass

of an idèle that is trivial at all placesother than c , andthe inverseof a uniformizerat c . Let�:�P�
��� <^ �i bethecocharacterobtainedby composing� � ^ � � A"� � , "$¿^ �#"}� � ! with the

inverseof theisomorphism�p���b!\� ���B¬/�Y��!@��^ �-�YA<��� , �;¬ � ¿^ �C� � ��� � ! . Then ~}¡�ù)� is

definedover T"¡ , andonedefines:d
¡b�G� l¡ �����
	��)\eX.��ÉÅ�
��� \eX_^û�P¡

to be themorphism�
	�� \ X ��É ��~}¡Uù/�b! composedwith thenormmapfrom �
	�� \ X ��É �Å¡]� \eX to �P¡ .
With thesedefinitions,thequotient �_ÐÊÑÞ� #YE�T<¡�! Ü4b of �Ul¡ �C243D! actson Î-��Q+�� )¡�! via themorphismd
¡ , whereweview Î4��Q0�� U¡�! as �Å¡J�%#)!�?Ê�P¡Å�%243D!@EF :Í � �¡ . It follows that:¨ �_ÐFÑ�� #YE�T<¡�!O0 � ¨ � ¨

imageof

d
¡J�C� l¡ �%2�3.!�! in Î4�«QF�� )¡Ê! ¨ {

We will needa moreexplicit descriptionof

d
¡ , in termsof the CM type associatedto ~}¡ .

The morphism ~}¡b�c� � ^ �C��¬fQ�¡�! � extendsto a morphismof � -algebras~��i� ^ �ñ¬=Q�¡ .
Extendingscalarsfrom � to � givesamorphismof � -algebras���:¬B~
�P�ª¬/�:�¯^ � ¬gQ�¡ . Via

theisomorphisms: ��¬)�Ò�¯^ ��A×�¤� �g¬ � ¿^ �%� � ��� � !f�
and ��¬hQ�¡>^ �ji ( � t WkX��  w � ��¬ � ¿^ �I�Z¿^û���e� � !�!f�
theidempotent� � �.ø0! of ��Ag� givesanidempotentin � i ( � t W X �  w , i.e.,apartitionof ')(F*,�#Q�¡0�.��!
into two setslp¡ and mIlp¡ , where m is thecomplex conjugationon � . Theset lp¡ is theCM type

correspondingto ~}¡ . Since T<¡ is theGaloisclosureof Q�¡ in � , ')(+*,�IQ�¡0��T<¡�!&�ÿ')(F*,�#Q�¡R�.�-! .
With thesenotations,wehave,for any # -algebra   :d

¡b���� ý¬JT"¡�! � x ^ npo�q X �� ð¬hQ�¡Ê! � � rZ¿x ^ nso�q X�t (+��*  �#rÅ!D�
where t (F��*  is the norm mapof the extension �U�c ©¬`Q4¡�^  ñ¬fT"¡ . Finally, let �PÚ be in')(F*,�#Q�¡0��T"¡�! , anddefine �p¡]� Ou �v�vY qxw �\ÐFÑ��yT"¡aEÊ#>! ¨ q �KÚ w lp¡SZ . Thenwehave:�PÚeù d ¡b�G� l¡ x ^ �Å¡>ã ^û� l¡ � r ¿^ n

z o�z X|{ } u q Â X rb�
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for all # -algebras  andall r in �� ý¬VT"¡a! � . This is thedescriptionof

d
¡ thatwework with.

Since T"¡ is generatedover 1 by the extension Q4¡ andits conjugate,T<¡ hasdegree4 or

8 over # , andits Galoisgroup �_ÐÊÑÞ�IT"¡�EÊ#)! is isomorphicto ²�E�G+² , ²
ESR�²¯A ²
ESRÊ² , or ~�� , the

dihedralgroupof order8. Wedefine� to be �
	�� 8���É ����� 8 ; notethat � is asubtorusof �P¡ , equal

to the centerof �\É . We will seebelow that

d
¡\ù��PÚ9�|�P¡<^ �P¡ inducesan endomorphismof�P¡�E�� whoseimage,after passingto 243 -valuedpoints, in Î4��Q0�� U¡�!�EFÎ4��Q+��±:8¤! is big enoughfor

our purposes.

Supposefirst that �\ÐFÑ��yT"¡ÊEÊ#)! is isomorphicto ²
E�GF² , saywith generator� . Then T"¡>�$Q�¡ ,� [ is the complex conjugationand 1 ��Q���� h7�¡ . After changing�KÚ , if necessary, onehasthat�p¡]�  ��Y � �|��Z . The formula above for �PÚ�ù d ¡ shows that

d
¡ is simply given by the element� ¼�� Â X of ²+� �\ÐFÑ%�IT"¡ÊEÊ#)!7
 . Since� [ actsas x_� on �P¡�E�� , wehave

d
¡pù_� ��x � Â X !4�$R on �P¡�E�� .

It follows that:

¨ �\ÐFÑ�� #gE�T"¡a!�0 � ¨ � ¨
imageof 0�R£�KÎ4��Q+�� )¡Ê!�EFÎ4��Q+��±:8¤!-^ Î4��Q0�� U¡�!�EFÎ4��Q+��±:8¤! ¨ {

Theorem6.4below finishestheproof in this case.

Supposenow that �\ÐFÑÞ�IT"¡�EÊ#)! is isomorphicto ²
EkRÊ²¯A ²
ESR�² . After changing�PÚ , if nec-

essary, onehas �p¡]�  u � Y � �)��Z , with � of order two and 1;¡¦����Q ��� �¡ �� 1 . Let   l¡ be the

order ±:8_X_¢¦ )¡ of 1;¡ . Since

d
¡ is given by � ¼�� , the inducedmap �
l¡ �%2�3.! ^ Î4�«Q+�� )¡a!

factorsthrough Î4�«Q0�� /l¡ !þ^ Î4�«QF�� )¡Ê! inducedby the inclusion  /l¡ ^  )¡ . The fact that �
actsas � on �
l l¡ ��� �
	�� 8_X���É ����� 8_X and as x_� on �Å¡aE��
l l¡ implies that the kernel of the mapÎ4�«Q+�� /l¡ !p^ Î-��Q0�� )¡�! is killed by multiplicationby R . Since � ¼�� actsasmultiplicationby R on�
l l¡ , weget: ¨ �\ÐFÑ�� #ÒE�T"¡�!�0 � ¨ � ¨

imageof 0�G4�KÎ-��Q0��  l¡ !-^ Î4��Q0��  l¡ ! ¨ {
Sincetheorder ±:8<¬¦  l¡ of Q�¡ is containedin  U¡ , andhasdiscriminant�G�«�@Q��]��  l¡ ! [ �G�«�@Q��]��±:8¤! [ ,
wehave: ¨ �G����Q��]��  l¡ ! ¨ � ¨ �G����Q��]��±:8¤! ¨ Â X ¨ �}�«��Q��j�� )¡�! ¨ X��Þ[ {
Theproof in this caseis finishedby Theorem6.4.

Supposethat �_ÐFÑ��IT"¡�EÊ#/! is isomorphicto ~�� . Let � and � be generatorsof �_ÐFÑ��yT<¡�EÊ#)! ,
with T ��� �¡ ��Q�¡ , andwith � of order G . Then � [ is thecomplex conjugation,and ��� Â X ����� .
After changing�PÚ , if necessary, we have �p¡]� [u ��Y � �|�}�)�|�|����Z . It follows that �PÚ�ù d ¡ is given

by theelement�)��� � ¼��Y¼��_��¼h��� of ²+� �_ÐFÑC�yT"¡�E�#/!>
 . Usingthat t (+�@*  u � � ¼�� , a simple

computationgives: �PÚ£ù d ¡¤ù��PÚeù t (+�@* [u �=RG� � ¼g�9!�¼g� t (F��*2\aX.�H8){
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It follows that

d
¡&ù��KÚ actsas R on �Å¡aE�� . Weconcludethat:

¨ �\ÐFÑ�� #gE�T"¡a!�0 � ¨ � ¨
imageof 0�R£�KÎ4��Q+�� )¡Ê!�EFÎ4��Q+��±:8¤!-^ Î4��Q0�� U¡�!�EFÎ4��Q+��±:8¤! ¨ {

Theorem6.4finishestheproof in this lastcase.
å

6.4Theorem. Let 1 bea totally realnumberfield. Thereexists N2Lúø suchthat for all orders  , containing±:8 , in totally complex quadraticextensionsQ of 1 , onehas:

¨
imageof 0�G on Î4�«QF�� \!@EFÎ4�«Q0��±:8¤! ¨ � N ¨ �G����Q��j�� \! ¨ X��4� {

If oneassumesthegeneralizedRiemannhypothesis,thenonecanreplacetheexponent � E�U by

any numberlessthan � ESR .
Proof. Wewill usethefollowing lowerboundfor classnumbers:

let 1 be a totally real numberfield; thereexists NVL ø suchthat for all totally

complex quadraticextensionsQ of 1 , onehas:

¨ Î4�«Q+��±�W}! ¨ � N ¨ �G�«�@Q�����±�W}! ¨ X��4� {
In orderto prove this, onedistinguishestwo cases:1 �ú# and 1 ��ú# , andonenotesthat the

regulator �
	��P��±�WG! is atmost �U	[�P��±:8¤! . In thecase1 ��ñ# oneusesthefollowing consequence

of Stark’s Theorem2 in [29]:

for 1 a totally realnumberfield, thereexists N'L¯ø suchthatfor all totally complex

quadraticextensionsQ of 1 , onehas:

¨ Î-��Q0��±�WG! ¨ � N ¨ �G����Q��]��±�WG! ¨ X��Þ[ Â X��|� W;  Ép¡ {
In thecase1 �¯# oneappliestheBrauer-Siegel theorem(seefor example[17, Ch.XVI]):

for ¢ LNø and K£L©ø , thereexists N�LNø suchthat for all GaloisextensionsQ of #
of degreeat most ¢ onehas:

¨ Î4��Q+��±�WG! ¨ 0 �U	[�|��±�W7! � N ¨ �G����Q�����±�W}! ¨ X��Þ[ Â P {
Combiningthesetwo results,andusingthat �	Qý�0#¤
 � ë if 1 ���# givestheinequalitywewant.

Wecouldreplacetheexponent� E�¥ by � E�G if wewould just usethat ��Qý�0#¦
 � G if 1 ��¯# .
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Let now 1 ,   and Q be asin the theorem.Then   is the inverseimageof a subring   of

somefinite quotient±�W of ±�W . We haveanexactsequence:

ø x ^   � x ^ ± �W x ^ ±�W � E   � x ^ Î-��Q+�� \! x ^ Î4�«Q+��±�W}! x ^ ø}{
Thetorsionof ± �W is boundedin termsof thedegreeof 1 , andby Dirichlet’stheoremonunitsthe

quotient ± �W EF± �8 is finite. Thelong exactcohomologysequenceobtainedby taking �\ÐFÑ��IQ�EF1<! -
invariantsof theshortexactsequence:

ø x ^ Ûç(F���j��± �W ! x ^ ± �W x ^ ± �W E�Ûç(F���j��± �W ! x ^ ø
givesan injection from ��±��W E�Û�(+���]��±��W !�!@EG��±��8 E�Ûç(F���j��±Ò�8 !@! into ' X ���_ÐÊÑÞ�#QpEÊ1<!f��Û�(+���]��±Ò�W !�! , show-

ing that ��± �W E�Ûç(+�@�j��± �W !@!�EG��± �8 E�Û�(+���]��± �8 !�! is of orderat mosttwo. We concludethat thereexistsN�L¦ø , dependingonly on thedegreeof 1 , suchthat:

¨ Î4��Q0�� \! ¨ � N ¨ ±�W � ¨¨   � ¨ ¨ Î4�«QF��±�W}! ¨ {
On theotherhand,wehave:

�}�«��Q��j�� \!��¨§ ¨ ±�W ¨¨   ¨@© [ �G�«�@Q��]��±�W}!f{
Weclaim thatfor every K�L�ø thereexists N�Lýø , dependingonly on thedegreeof 1 , suchthat:¨ ±�W � ¨¨   � ¨ � N § ¨ ±�W ¨¨   ¨ © X Â P {
To provethis claim,onenotesthat:¨   ¨¨   � ¨ � nª

resfield of « ¨	¬�¨¨�¬ � ¨ � and

¨ ±�W ¨¨ ±�W � ¨ � nª
resfield of ³? ¨�¬�¨¨�¬ � ¨ {

A simplecomputationthenshows:¨ ±�W � ¨¨   � ¨ � �®n ��¯ � § �
x �
� © � W°  É�¡ � �±§ �² Ñ«(S�K�!�i! © � W;  Ép¡ �

where �,� ¨ ±�W ¨ E ¨   ¨ is assumedto beat least2. Weconcludethatthereexists N'L¯ø , depending

only on 1 , suchthat: ¨ Î4�«Q0�� \! ¨ � N ¨ �G�«�@Q����� \! ¨ X��>³ {
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In orderto finish theproof of the theorem,it sufficesto prove that for every K´Löø thereexistsNµL ø , dependingonly on 1 , suchthat
¨ Î4��Q+�� \!���R�
 ¨·¶ N ¨ �G����Q����� \! ¨ P . To do this, we proceedin

thesameway aswe did in [14, Lemma3.4]. As Î4��Q0�� \! is a finite commutative group,the twoCP[ -vectorspacesÎ4�«Q0�� \!���R�
 and CK[/¬ñÎ4�«Q+�� \! have thesamedimension.Thecover of 57OP	�QR�� \!
by thedisjoint unionof 57OP	�QR�%²¤[b¬ý \! and 57OP	�QR�� 1� � ESR�
m! givesanexactsequence:

�%#
[�¬hQ�! � x ^ Î4�«Q+�� \! x ^ Î-��Q0�� 1� � EkR�
C! x ^ ø}{
It followsthat �G�«*�¸ h CK[R¬YÎ4��QR�� \! is boundedby �G��*�¸ h CK[0¬YÎ-��QR�� 1� � ESRp
C! plusanumberdepending

only on thedegreeof 1 . We put �¦�v�¥57OP	�QR�� 1� � EkR�
C! and �¥���ú5JOÅ	�QR��±:8¹� � EkR�
C! . Thelong exact

sequenceassociatedto themultiplicationby two onthesheaf��� ontheetalesite � æCè of � shows

that �}�«*�¸�h�CP[U¬ñÎ4�«Q+���-! is at most �G�«*�¸�hi' X ��� æCè �]C9[F! . Let �\�|��^ � bethemorphisminduced

by theinclusionof ±:8 in   . Then ' X ��� æCè �]CK[Ê! is thesameas ' X �%� æ%è �|� � CK[Ê! , andwehaveashort

exactsequence: ø x ^�C9[.� ËOº¼» x ^�� � � � CP[�� ½ x ^ ��¾�CK[ç� ^ x ^ ø}�
where �-�£LÖ^ � is the maximal openimmersionover which � is etale. Let ¾+��k®^ � be

closedimmersiongiving thecomplementof L , with k reduced.Thenthelong exactsequences

of cohomologygroupsassociatedto theexactsequenceaboveandto theexactsequence:

ø x ^ ��¾ CP[�� ^�º¿» x ^ÀCP[�� ËOº¼» x ^ ¾ � CP[�� Á�º¿» x ^ ø
show thatthereexistsaninteger N , dependingonly on 1 , suchthat:

�G��*�¸�h�CP[�¬ýÎ4�«Q+�� \! ¶ N4¼`� 1®�0#¤
 ¨ Y.� primedividing �}�«��Q��j�� \!�Z ¨ {
As R ¯ Â«��¯ �sÃ ¯ ����Ä t X w , for � ^ Å , we have proved the first statementof the theorem. If one

assumesGRH, thentheBrauer-Siegel theoremasstatedabove is truewithout theconditionthat

theextension#¥^ Q beGalois,see[17, XIII, � 4].
å

7 Intersection numbers.

Theaim of this sectionis to give a boundon intersectionsof subvarietiesof Shimuravarieties,

providedthatthey arefinite. In particular, we needto studytheintersectionof a subvarietywith

its imagesunderHeckecorrespondences.As our argumentswork for generalShimuravarieties,

we give sucha resultin thegeneralcase.Themaintool usedin proving theresultis theBaily-

Borel compactification,togetherwith its givenampleline bundles.We startby recallingsome

propertiesof theseline bundles,thatfollow immediatelyfrom theresultsin [7] (seealso[6]).
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7.1Theorem. Let ������ "! be a Shimuradatum. For 1  �$�%243D! a compactopensubgroup,

let �c8Ö��� 5J6K8>������ "!H the correspondingcomplex Shimuravariety, and �-8 its Baily-Borel

compactification.For every such 1 , andfor every sufficiently divisible positive integer � , the� th power of the line bundleof holomorphicforms of maximaldegreeof  descendsto �c8 ,

andextendsuniquelyto a very ampleline bundle Æ¤8�� � on �48 , suchthat,at thegenericpoints

of the boundarycomponentsof codimensionone,it is givenby � th powersof forms with log-

arithmic poles. Let 1`X and 1;[ be compactopensubgroupsof �=�C2�3D! , and q in �$�%2�3.! such

that 1;[Y q 1`X q Â X . Thenthemorphismfrom �c8 h to �c8 d inducedby q extendsto a morphismT/� ��8ih�^ �48ed . If � is positiveandsufficiently divisible sothat Æ¤8edÞ� � exists,then Æ�8ihI� � exists,

andis canonicallyisomorphicto T � Æ¤8edÞ� � .
Proof. Let us briefly recall how the compactification�48 is defined. Let  Ì be a connected

componentof  . Theneachconnectedcomponentof �c8>����! is of theform ÇcM%?Ê Ì , with ÇcM an

arithmeticsubgroupof � ÜÞÝ ��#)! ( � ÜÞÝ beingthequotientof � by its center).Thecompactification�48>���p! is thendefinedasthedisjointunionof the ÇcM%?  Ì , where Ì is theunionof  Ì with its

so-calledrationalboundarycomponents,endowedwith theSatake topology. It follows thatwe

canwrite �48/����! as �$��#)!@?9�  An�=�C243D!@EF1<! , with  thedisjoint unionof the  Ì .

Let  ÜÞÝ be the � ÜÞÝ �%�&! -conjugacy classof morphismsfrom � to � ÜÞÝ� containingthe image

of  . Eachconnectedcomponentof  mapsisomorphicallyto oneof  ÜÞÝ (see[19, 1.6.7]).We

first prove the Theoremabove for the Shimuradatum ��� ÜÞÝ �� ÜÞÝ ! . The group � ÜÞÝ is a product

of simplealgebraicgroups��È over # , and  ÜÞÝ decomposesasa productof  ÉÈ ’s. For compact

opensubgroups1 , 1`X and 1;[ that are productsof compactopensubgroupsof the ��È��%243.! ,
the correspondingShimuravarietiesdecomposeasa product,so that it sufficesto treatthe ��È
separately. If ����È��@ �Èf! givescompactShimuravarieties,Kodaira’s theorem([15, Section1.4])

implieswhatwe want, for compactopensubgroups1�È thataresufficiently small; for arbitrary1�È onetakesquotientsby finite groups.Supposenow that ����Èj�� ÉÈ�! doesgiveShimuravarieties

that arenot compact. If ��È is of dimension3, thenit is isomorphicto Îp�\�i[�� É , andwe arein

thecaseof modularcurves,wheretheTheoremweareproving is well known (thecanonicalline

bundlewith log polesat thecuspson themodularcurve  B�!�i! , � � ë , hasdegree L�ø ). Suppose

now that ��È hasdimensionLúë . Thentheboundarycomponentsareof codimensionL � , and

theresultswewantaregivenin [7, Thm.10.11].

Thecaseof arbitraryopencompactsubgroupsof �\ÜÞÝJ�%243.! follows by consideringquotients

by finite groups.Thetheoremfor ���;�� <! itself follows from thefact thattheconnectedcompo-

nentsof the �c8>����! areof the Çe?Ê Ì , with Ç anarithmeticsubgroupof � ÜÞÝ ��#/! . å
7.2Theorem. Let ���;�@ "! be a Shimuradatum,let 1ZX and 1$[ be compactopensubgroupsof�$�%243D! , andlet k¤X and k-[ be closedsubvarietiesof the Shimuravarieties ��X;�v� 57698 d ���;�@ "!I
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and �|[)�v�ÿ576G8ihj������ "!H , respectively. Supposethat k&X or k4[ is of dimensionat mostone.Then

thereexistsaninteger N suchthatfor all q in �$�%243D! for which � z k&Xc¢nk4[ is finite, onehas:

¨ � z k&Xi¢,k-[ ¨°¶ N>�G	[�P� �cX7�P� z ^ ��X@!f�
where � z �ú576K8�ÊÊ������ "!H with 1 z �¥1`Xe¢ q 1$[ q Â X , andwith � z and �cX asin thebeginningof

Section5.

Proof. We start with two reductions. First of all, writing k&X and k-[ as the unionsof their

irreduciblecomponents,oneseesthatwemaysupposethat k&X and k-[ areirreducible.Secondly,

for q in �$�%243D! , let �|XH� z and �G[�� z bethemorphismsfrom � z to ��X and �|[ , respectively. Thenone

has: � z k¤Xc¢nk4[p�B�9[�� z À�� Â XXH� z k&Xb¢g� Â X[�� z k-[
Ä �

which shows that � z k&X�¢þk4[ is finite if andonly if � Â XXH� z k&X4¢§� Â X[�� z k4[ is, andthat
¨ � z k&X-¢þk4[ ¨ is

at most
¨ � Â XXH� z k&X�¢=� Â X[�� z k4[ ¨ . This alsoshows thatwe mayreplace1`X and 1;[ by smallercompact

opensubgroups.Hencewemaysuppose,by theprevioustheorem,thatwehaveveryampleline

bundlesÆUX and Æ¤[ on theBaily-Borel compactifications��X and �|[ suchthat,for eachq , �ÅXH� z �)Æ)X
and�9[�� z � Æ¤[ areisomorphicto thesameline bundle Æ z on � z .

We let k¤X and k4[ be the closuresof k&X and k4[ in ��X and �|[ , respectively. Let Ë denote

the degreeof k-[ with respectto Æ¤[ . Let q be in �=�C2�3D! , suchthat � z k&X�¢�k4[ is finite. If the

intersectionis empty, thereis nothingto prove,sowesupposethattheintersectionis not empty.

Thenthecodimensionof k4[ is at leastthedimensionÌ of k&X , andwe canchooseT+XD�]{]{�{i�DT�Í in' Ú � �|[]�)Æ ���[ ! suchthat k-[ is containedin �PË h ��T0Xf�]{]{�{c�DT�Íf! , and � z k¤Xe¢"�KË h ��T0Xf�]{�{]{c�DTpÍf! is finite

(becauseof our assumptionon thedimensionsof k&X and k-[ , k&X£¢ k-[ is finite). It thenfollows

that
¨ � Â XXH� z k&XG¢ � Â X[�� z k4[ ¨ is atmost Ë Í timesthedegreeof � Â XXH� z k&X with respectto Æ z . But thisdegree

is �G	��Å� �|XH� z ! timesthedegreeof k&X with respectto Æ)X , hencewehave:

¨ � z k¤Xi¢,k4[ ¨;¶ �G	[�P�o�|XH� z !7Ë Í �G	[�ÏÎ d � k&X@!D{ å

8 Proof of the main results.

We will now prove Theorems2.1 and2.2. We first dealwith Thm. 2.1. As we have already

noticed,we may aswell replace�Å by �£l , so let � be an irreducibleclosedcurve in �£l that

containsinfinitely many CM points.Wehave to show that � is of Hodgetype.

19



Since � hasinfinitely many points in �£l%� #Y! , it is, asa reducedclosedsubschemeof �£l ,
definedover # . To beprecise,thereis a uniqueclosedsubscheme� É of �£lÉ thatgives � after

basechangefrom # to � . But then � É hasonly finitely many conjugatesunder �_ÐÊÑÞ� #YEÊ#/! ; we

let �&É be thereducedclosedsubschemeof ��lÉ that,afterbasechangeto # , givestheunionof

theseconjugates.In otherwords,we simply let �&É be the imageof � underthe morphismof

schemes��l ^ �£lÉ .

Let � in �$� #Ò! bea CM point, correspondingto a pair �%SÒ� � ! with S anabelianvarietyover# with multiplicationsby ±:8 andwith � a principal ±:8 -polarization. As before,we let  )¡
denoteÇ4ÈG� ³ ´¤��S>! , Q4¡�����#�¬" U¡ and T"¡ theGaloisclosureof Q4¡ in � . Let � betheimageof �
in �
� #g! . In theproofof Theorem6.2wehaveseenthatthequotient�_ÐÊÑ�� #gE�T<¡a! Ü4b of �%2�3F¬xT"¡Ê! �
actson thesubset�\ÐFÑ�� #gE�T"¡a!�0 � of Q �¡ ?9�C2�3e¬JQ�¡�! � EF :Í � �¡ via themorphismd

¡b���%243e¬VT"¡�! � x ^ �%2�3£¬hQ�¡�! � � rZ¿^ npo�q X�t (+�@*  �!rÅ!f�
wherethesubsetlp¡ of ')(F*,�#Q�¡0��T"¡�! is theCM typeof � . Since lp¡ is a setof representatives

for the actionof �_ÐFÑ��IQ�¡�EÊ1<! on 'U(+*��IQ�¡R��T"¡j! , it follows that this map

d
¡ factorsthroughthe

subgroupof elementsof �%243£¬AQ�¡�! � whosenormto �%2�3�¬¯1<! � is in 2 �3 . Hence,in thenotation

of theproofof Theorem6.2,themorphism

d
¡ factorsthroughtheintersectionof thesubtorus�P¡

of �\É and �:lÉ . It follows that theactionof �\ÐFÑ�� #ÒE�T"¡a! on �\ÐFÑÞ� #YE�T"¡�!O0 � is givenby thesame

morphism

d
¡ , takingvaluesin �:l%�%243.! .

8.1Lemma. Supposethat � is a primethat is split in  )¡ , i.e., suchthat CJ�_¬¯ )¡ is isomorphic

to a productof copiesof CJ� . Then �\ÐFÑ�� #ÒEÊ#)!I� is containedin �&Ée� #g!i¢ª�%�7�a�&É|!�� #Ò! .
Proof. Thelocalization² t � w ¬¦ U¡ of  )¡ is thesameasthatof ±:8 . Hence,if we let �Y¡ denote'\X��%Sg���p!D�ç²
! , then ² t � w ¬��Y¡ is freeof rankoneover ² t � w ¬� )¡ . It follows thatwe canchoose

the isomorphismT/�c1 [ ^ #¥¬©�g¡ to preserve the integral structureson both sidesat � , i.e.,

suchthatit inducesanisomorphismfrom ��² t � w ¬, )¡Ê! [ to ² t � w ¬,�Y¡ . Wenotethat � is split in T"¡
(i.e., CJ�_¬¯±'\eX is a productof copiesof CJ� ), becauseT<¡ is theGaloisclosureof Q�¡ . Consider

now anelementr of �C243P¬±T<¡Ê! � thatis equalto � atoneplaceabove � andequalto � atall other

finite placesof T"¡ . Then

d
¡J�#rÅ! , viewed asan elementof �%243&¬$Q�¡�! � , is equalto � at exactly

two placesof Q�¡ above � thatarenot in thesame�_ÐÊÑÞ�#Q4¡aEF1<! -orbit, andequalto � at all other

finite placesof Q4¡ . It follows that

d
¡R�#rÅ! is conjugatedin �\lC�%243D! , by someelementin �\lC� ·²&! , to

the elementq �o�P! that induces�7� (usethat �:l%�%²��]! actstransitively on the setof free rank one²��b¬þ±:8 -submodulesof ²��b¬ª± [8 ). Weconcludethat

d
¡0�#rÅ!I� is in �7�]� . But since� is in �&É£� #Ò! ,d

¡J�!rÅ!I� is alsoin �&Ée� #g! . It follows that �\ÐFÑ�� #gE�#/!H� is containedin �&É£� #Y!i¢þ�C�}�a�&ÉÅ!�� #Y! . å

20



Theorem6.2givesa lowerboundfor
¨ �\ÐFÑ�� #gE�#/!H� ¨ , whereasTheorem7.2givesanupperbound

for
¨ �&Ée� #g!�¢ð�C�}�a�&ÉÅ!�� #Y! ¨ , assumingthat the intersectionis finite. Whatwe want,of course,is

to show that we canchoose� andthen � suchthat the lower boundexceedsthe upperbound,

and concludethat �&É and �7�a�&É do not intersectproperly. We note that if � variesover the

infinite set of CM points of �=� #Y! , then
¨ �G����Q��]�� )¡a! ¨ tendsto infinity becausethereare only

finitely many ordersof degree R over ±:8 with a given discriminant,and for eachsuchorder

thereare only finitely many � in �
� #Ò! with  U¡ isomorphicto that order. Sinceour lower

boundfor
¨ �_ÐÊÑ�� #YE�#/!H� ¨ is a positive constanttimes a positive power of

¨ �G�«�@Q��]�� )¡�! ¨ , andour

upperboundfor
¨ �&Ée� #g!-¢¦�%�7�a�&É|!�� #Y! ¨ is somefixed power of � , we get what we want if we

cantake, for
¨ �G�«�@Q��]�� )¡�! ¨ big, � of sizesomethingpolynomial in Ñ�(S� ¨ �G����Q��j�� U¡�! ¨ . We notethat¨ �}�«��Q��j��±'\aX�! ¨°¶ ¨ �G����Q��]�� )¡Ê! ¨ � becauseT"¡ is thecompositeof theextensionQ4¡ of 1 andits con-

jugate.Wealsonotethatthenumberof primesdividing �G����Q��]�� )¡a! is at most Ñ«(S� [ � ¨ �}�«��Q��j�� )¡�! ¨ ! .
At this point we invoke the effective Chebotarev theoremof Lagarias,Montgomeryand

Odlyzko, assumingGRH, asstatedin [28, Thm. 4] andthesecondremarkfollowing that theo-

rem.A simplecomputationshows thatthis theoremimpliesthefollowing result.

8.2Proposition. For T afinite Galoisextensionof # , let �_\ denoteits degree,Ì;\ its absolute

discriminant
¨ �G�«�@Q��j��±'\g! ¨ , andfor � in � , let ��\>� Xf�%�Å! be the numberof primes� ¶ � thatare

unramifiedin T andsuchthat the Frobeniusconjugacy class Ð9��(SÑÊ� containsjust the identity

elementof �_ÐÊÑ��IT¦EÊ#/! . Thenfor T a finite Galoisextensionof # and � sufficiently big (i.e.,

biggerthansomeabsoluteconstant),andbiggerthan R}��Ñ«(k�K�IÌ°\Y! [ ��Ñ�(S�9�%Ñ«(S�K�#Ì°\g!�!@! [ , onehas:��\/� X��%�Å! � �ëk��\þÑ«(S�9�%�Å! {
Thisresultshowsthatthereexist infinitely many primes� suchthat �&É and �7�a�&É donotintersect

properly. Since �&É is irreducible,it follows that,for suchprimes� , �&É is containedin �}�a�&É .

Assumenow that � is not of Hodgetype. ThenProposition5.1 tells usthatfor all primes�
large enough,�7�a� is irreducible. Sincethe correspondence�7� is definedover # , i.e., is given

by a correspondenceon � lÉ , it follows that �}�a�&É is irreduciblefor � largeenough.But thenwe

seethat thereexist infinitely many primenumbers� suchthat �&É is equalto �}�a�&É . But this is

absurd,sinceby Lemma8.3 below, for each� in � l ����! , the Hecke orbit Ò ��Ó Ú@� �� � is densein�£l%���p! if � is unramifiedin 1 . Thisfinishestheproofof Theorem2.1.

8.3Lemma. Let � bein � l ����! andlet � bea primenumberthat is not ramifiedin 1 . Thenthe

Heckeorbit Ò ��Ó Úç� �� � is densein �£l%����! for thearchimedeantopology.

Proof. By Lemma8.4 below, q Ú;�v�¸� �pÚÚ-X ! and � l ��²���! generate� l �%#��7! (herewe usethat � is

not ramifiedin 1 ). Let now � be in � l ����! , andlet � � � q ! be a preimageof it in  Aõ� l �%243.!
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underthequotientmapfor theactionby �$��#)!ÒAª�=� ·²p! . The fact that �}� is thengivenby right

multiplication on �\lC�%243.! by the elementq Ú at the place � shows that the �}� -orbit of � is the

imagein �£l%���p! of the �\lC��#-�7! -orbit of � � � q ! . Let now Ç be the subgroupof �\lC��#)! consisting

of Ô suchthat Ô q is in q �:lC� ·²¤! �\lC��#-�7! . Then the �7� -orbit of � is the imagein ��lC����! of the

subsetÇ � of  AÕY q Z . Now onenotesthat Ç containsa congruencesubgroupof � l ��²'� � ED�?
C! . It

follows that the intersectionof Ç with 5}�i[a��±:8¹� � ED�?
C!_�Ï� Ýçæ! �%²+� � Ef�?
m! is densein � Ýçæ! �%�&! (for

thearchimedeantopology)because� Ýçæ! is generatedby additivesubgroups.Since � Ýçæ! �%�&! acts

transitively on  Ì �Ô�C¹ Ì ! [ , thelemmais proved.
å

8.4Lemma. Let � be a prime that is not ramifiedin 1 . Then q ÚZ�v� � �pÚÚ-X ! and � l �%²��]! gener-

ate �\lC��#��J! .
Proof. In orderto minimizenotation,let ±:8�� � denote²��¤¬ñ±:8 , let 1�� denote#-��¬ñ±:8 , and

let � denotethe subgroupof �\lC��#��J! generatedby q Ú���� � �pÚÚ-X ! and �:l%��²£�]! . Let Ö be the set

of ±:8£� � -latticesin 1 [� on which the 1_� -bilinear form ÷ givenby � Ú XÂ XiÚ ! is a perfectpairingof±:8£� � -modules,up to a factor in # �� . The map �\lC��#��J!=^ Ö , q ¿^ q ± [8�� � inducesa bijection

from � l ��#-�7!�EÊ� l ��²���! to Ö . Hence,in orderto prove our claim, it sufficesto show that � acts

transitively on Ö . Solet Q bein Ö . Wenotethat ±:8£� � is eitheraproductof two copiesof ²�� , or

thering of integers² � h in theunramifiedquadraticextension# � h of #-� ; in bothcases,±:8£� � is a

productof discretevaluationringswith uniformizer� . Thetheoryof finitely generatedmodules

over a discretevaluationring saysthat thereexists

d
in ² and Ì}X and Ì0[ in ±:8£� � suchthat �?×FQ

is containedin ± [8£� � andhasan ±:8£� � -basisof the form �IÌ}X � Xf�)ÌR[ � [D! , with � � Xf� � [D! the standard

basisof ± [8£� � . We notethatconjugatingq Ú by suitableelementsof �:l%�%²���! shows that � XcÚÚ|� ! and� �&ÚÚ|� ! arein � , andthat,in thesplit case,��� X|ÚÚÅ� !D�a� �&ÚÚ�X !�! is in � . SincetheelementÌ}X8Ì0[ of ±:8£� �
is thefactorby which ÷ differsfrom aperfectpairingon � × Q , it is actuallyin ²�� . It follows that� Íçd_ÚÚ2Í h ! is in � . Thisfinishestheproof that � is � l ��#-�7! . å
Let usnow proveTheorem2.2.Wekeepthenotationsof theproofTheorem2.1,andweassume

againthat � is not of Hodgetype. Sonow we maysupposemoreover that � containsinfinitely

many CM pointsthathavethesameCM type.In particular, wehaveinfinitely many CM points �
suchthat Q�¡ and lp¡ areconstant,say Q and l . Of course,theorders )¡ aresuchthat

¨ �}�«��Q��]�� )¡�! ¨
tendsto infinity. TheclassicalChebotarev theorem(seefor example[17, Ch. VIII, � 4]) asserts

that the setof primes � that aresplit in T hasnaturaldensity � E?��T �p#¦
 (actually, Dirichlet

densityis goodenoughhere). Also, recall that the numberof primesdividing some�G����Q��]�� )¡a!
is at most Ñ«(S� [ � ¨ �G�«�@Q��j�� )¡�! ¨ ! . Hencetheredo exist � and � suchthat � is split in T , split in  )¡ ,
sufficiently large so that �7�a�&É is irreducible,andsuchthat the lower boundfor

¨ �\ÐFÑ�� #gE�#/!H� ¨
of Theorem6.2exceedstheupperboundfor theintersection�&Ée� #Y!�¢ �%�7�a�&ÉÅ!�� #Y! , if it is finite.

Thenwehave �&É`�¯�}�a�&É , henceacontradictionbecauseof Lemma8.3.
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[1] A. Abbes.Hauteurset discŕetude(d’apr̀es L. Szpiro, E. Ullmo et S. Zhang).Séminaire
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A Abelian surfaceswith realmultiplication.

As above, 1 is a realquadraticfield, and ±:8 is its ring of integers.Let usdescribeabijection

�U����!)���=�%#>!@?9���%¹ º ! [ A×�$�%243.!�EF�$� ·²p!�!ÚÙx ^ Y7��S��.Æ�!FZÊE®Û � �
where S is anabeliansurfaceand ÆÒ�Å±:8ÿ^ Ç4ÈG����S>! a morphismof rings. By theway things

havebeensetup, �%¹/º-! [ is thesetof Hodgestructuresof type Y7� x_� �.ø+!f�a��ø}� x_� !�Z onthe 1 -vector

space1 [ , i.e.,Hodgestructuresfor which 1 actsby endomorphisms.

The set �=�C2�3D!@EF�=� ·²p! is the setof ±:8 -latticesin 1 [ . (By an ±:8 -lattice in 1 [ we meana

sub-±:8 -module T of finite type thatgenerates1 [ asa 1 -vectorspace).To seewhy the two

setsareequal,we needanadelicdescriptionof thelattices.By an ±�Í8 -latticesin 2 [ 8£� 3 we mean

a sub-±ÒÍ8 -moduleof 2 [ 8£� 3 that is freeof rank two (andhencegive the full 2 [ 8£� 3 after tensoring

with # ). (It is equivalentto considersub-±�Í8 -modulesof 2 [ 8£� 3 that areof finite type andthat

generate2 [ 8�� 3 as 1 -vectorspace(or, equivalently, as 2p8�� 3 -module).)Now let �=�C243D! acton the

setof ± Í8 -latticesin 2 [ 8£� 3 . Thisactionis transitive(usethateachsuchalatticeis freeof ranktwo),

andthestabilizerof thestandardlattice ��±�Í8 ! [ is precisely�$� ·²p! . This meansthat �=�C243D!@EF�=� ·²p!
is thesetof ± Í8 -latticesin 2 [ 8£� 3 .

Let us now seewhy the setof ±:8 -latticesin 1 [ is the setof ±ÒÍ8 -latticesin 2 [ 8£� 3 . This is

alwaysthesamestory, but let mejustwrite it down in thiscase(the“classicalcase”asfarasI’m

concernedis for ² ). Let T bean ±:8 -lattice in 1 [ . To it, we associatethe ±ÒÍ8 -lattice ·² ¬$T
in 2-3¤¬ÜT �¶2 [8£� 3 . In the otherdirection, let ¢ be a ±ÒÍ8 -lattice in 2 [ 8£� 3 . To ¢ , we simply

associate¢ê¢,1 [ . Thesetwo mapsareinversesof eachother.

We cannow show that �U����! is the setof �%SÒ�.Æ£! up to isomorphism.Let ��SÒ�çÆ�! be given.

Choosean isomorphismof 1 -vectorspacesbetween1 [ and '\X��%SÒ�ç#)! . Thenwe geta Hodge

structureon 1 [ andan ±:8 -latticein 1 [ , henceanelementof �C¹/º-! [ A �=�C243D!@EF�=� ·²p! , definedup

to thechoiceof isomorphism,i.e.,up to �$��#)! . Conversely, anelementof �C¹>º-! [ A �=�C243D!@EF�=� ·²p!
givesa pair �%SÒ�.Æ£! , of which the isomorphismclassdependsonly on the �$��#)! -orbit. So,after

all, onejust hasto view complex abelianvarietiesasgivenby a # -Hodgestructureanda lattice,

andusetheusualstuff regardinglattices.

One can of coursedo somethingfancy now with the category of abelianvarietiesup to

isogeny, and interpret �C¹)º-! [ Að�=�C2-3.! as the setof isomorphismclassesof ��S��.Æp�|Ý��]Ôc! , withS an abeliansurfaceup to isogeny, Æ an 1 -actionon it, Ý an isomorphismof 2p8�� 3 -modules

from 2 [ 8£� 3 to ':X���S���243D! , and Ô anisomorphismof 1 -vectorspacesfrom 1 [ to '\Xf��SÒ��#/! .
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B Polarizations.

Why do we never have to discusspolarizability of our Hodgestructures?Well, that’s because

they arein a senseonly of dimensiontwo, just asin the caseof elliptic curves. So what is in

fact true is thatevery complex torusof dimensiontwo, with anactionby ±:8 , is automatically

anabelianvariety. Of course,this is very standard,but I just write it down for myself,sothat I

understandit, andsothatI have theargumentavailableelectronically.

Considerthestandardsymplecticform on the 1 -vectorspace1 [ :
÷eÚP�K1 [ A×1 [ x ^ 1n� �C�b� � !4¿^û� ô>Þ � � Þ �-ß ø �x_� ø�à {

Thenwecomposethis ÷eÚ with anarbitrarynon-zero# -linearmap : from 1 to # in orderto get

a # -bilinearanti-symmetricform:

÷á9��K1 [ A×1 [Üâ ux ^ 1 9x ^û#_{
In particular, onecantake for : thetracemap;in thatcase,wewill denote÷á9 simplyby ÷ .

For all q in �\�c[a��1<! andall � and � in 1 [ , onehas ÷£Ú�� q �b� qJ� !¤�ö�G	fÛ�� q ! ÷eÚa�%�b� � ! . Henceif

moreover �}	�Ûa� q ! is in # , onehas: ÷�9�� q �b� qJ� !
� �}	�Û�� q !I÷�9��C�b� � ! . This meansthatsucha ÷�9 is a

Hodgeclassof weighttwo (or is it x R ?) for all ~��9�i�Ò^ �/� thatarein �%¹ º ! [ , sincethey factor

throughthesubgroupof � of elementsthathavedeterminantin �¤��� É .

Let us now checkthat ÷ is a polarizationon �%¹ Ì ! [ . So the only conditionleft to checkis

that �Z¿^ ÷/�%�b�.~��%¾H!H�Å! shouldbepositivedefiniteon �"¬ 1 [ . (Onechecksindeedthatthismakes

sense,in thesensethat �%�b� � !)¿^ ÷/�%�b�.~��%¾H! � ! is symmetric.)The fact that �¦¬ñ1 �ö� [ means

that it suffices to checkthat �¥¿^ � ô ~b��¾Þ!I� is positive definiteon � [ for every ~ in ¹ Ì . But

now notethat for all ~ in ¹ Ì andall non-zero� in � [ , � and ~b��¾Þ!I� are � -linearly independent

(interpret ~ asgiving a structureof complex vectorspaceon � [ ). Henceeither �<¿^ � ô ~b��¾Þ!I� is

positivedefinite,or negativedefinite,for all ~ in ¹ Ì simultaneously. Solet uscheckjustwhatit

is for thestandard~ , theonethatsends»)¼�½D¾ to À Á&ÂJÃÃZÁ Ä . In thatcase,onehas ~b��¾H!-� x Þ , hence�9ô Þ ~b�%¾H!I�`�¯�9ôC� , which is thestandardinnerproduct.

On ¹ Â , � ô Þ ~b��¾H!H� is negative definite,sincethestandard~ therehas ~b��¾Þ!/� Þ . Sowe have

seenthat ÷ is a polarizationon �C¹ Ì ! [ , and x ÷ oneon �C¹ Â ! [ . On theothertwo componentsof�%¹)º-! [ onegetspolarizationsby varying themap : , for exampleby taking thecompositionof :
with multiplication by a suitableelementof 1 , i.e., an elementwith the right signsat the two

infinite places.
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C Somestuff on group (schemes).

Let � denotethegroupscheme�_�i[ (over ² , that is). Let � denoteits standardrepresentation.

I usein thetext thatthekernelof � actingon 5JØJ* [ ���Y!P¬õ�}	�Û Â X is preciselythescalarsubgroup�¤� of � . Thiscanbecheckedasfollows. Firstof all, thepairing ��A\�¥^ �G	�Ûj���Y! , �%�b� � !4^ � � ,
is perfect.Henceit givesusanisomorphismbetween�ñ¬¦�G	fÛ Â X and �_� , thedualof � . Hence

we mayaswell considerÇ4ÈG������!/� � � ¬ñ� as �©¬��ñ¬��G	fÛ Â X . Underthis isomorphism,the

quotient 5JØJ* [ ���Ò!�¬©�G	�Û Â X of �ú¬N�ö¬©�G	fÛ Â X correspondsto the quotientof Ç-È}�����Ò! by the

submoduleof scalarmatrices.Sowe testthequestionthere.Onecomputes:ß » ½N Ì à ß � øø ø à x ß � øø ø à ß » ½N Ì à � ß ø x ½N ø à �ß » ½N ÌÏà ß ø ø� økà x ß ø ø� økà ß » ½N Ì°à � ß ½ øÌ x » ½�à {
Theconditionthatthesetwo matricesarescalargive that »g�$Ì and ½¤�$N
�ñø .
D The Shimura datum for ã ÐÊ� .
For �\�c� ^ � ÜÞÝ asabove, we claim that � inducesan isomorphism(of real algebraicvari-

eties)from �%¹/º-! [ in 'U(+*Ò�e���-�.�/�0! to a conjugacy class(thatwe will alsodenoteby �C¹/º-! [ ) in')(F*Y�b�����ç� ÜÞÝ� ! . Let usdenotethekernelof � by k (it is thecenterof � ). Let ~GÚ beourstandard

elementin �%¹)º-! [ . Let q bein �$�%�p! , andsupposethat ��ùÅ�«È0Û z ùc~GÚ��V�
ùc~GÚ . Wehaveto show that�«È0Û z ù>~GÚ)�ú~GÚ . Hereis how thatgoes.Definea map(i.e.,morphismof realalgebraicvarieties)"4�Å�ª^ ke� by: "9����!:� q ~GÚa���a! q Â X 0 ~GÚ����a! Â X . Then,becauseit goesto thecenter, " is actuallya

morphismof groups.All we have to show is that it is trivial. Well, it is trivial on the �
��� � in � ,

sincethatoneis mappedcentrallyin �/� . Now theargumentis finishedby noting that ke� is a

split torus,and �£EF�£��� � is not split.

E Comparing various groups.

It is notyetclearto mewith whichgroupI actuallywantto work. Thepossibilitiesare: �_�i[a��1<! ,Î��_�i[a��1<! and �:lU�äY qåw �\�i[a��1<! ¨ �G	�Û�� q ! w #+Z . Justto get someideaof what actually

happenswith thesegroups,andwith themorphismsof Shimuradatabetweenthem,I think it is a

goodideato makesomethingsexplicit, suchasthesetsof connectedcomponents,andthefinite

mapsbetweenthevariousShimuravarieties.
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Solet usfirst think abit aboutthe �KÚ ’s. Let’sfirst consider� asabove. Thenclearlywehave:�KÚ����
���p!@!
�©�_�c[���1<! Ì ?0�\�c[a�C2&8£� 3Þ!�EF�_�c[���± Í8 !f{
But this set is the set of isomorphismclassesof locally free rank 2 ±:8 -modules T with an

orientationon �}	�Ûa�IT©!§�/æ [ ³G´ T at the two infinite places. Now eachlocally free rank two

moduleover ±:8 is isomorphicto oneof the form ±:8õü$Q (show first that it is decomposable

by choosingaonedimensional1 -sub-vectorspacein #¯¬hT ; thenshow that T hasanowhere

vanishingelement).Of course,Q is determinedby T sinceonehas �G	fÛa�yT�!Y�ÚQ . It follows

that: �KÚj���
����!�!U�ñÎ4��Q0��±:8&! Ì , thestrict classgroupof 1 .

Let usnow consider�KÚj��� ÜÞÝ ����!@! . We have:�KÚ���� ÜÞÝ ���-!�!U��Î��_�c[���1<! Ì ?+Î��\�b[j�%2p8£� 3H!@EFÎ��_�c[���± Í8 !D{
This we recognizeasthesetof isomorphismclassesof B X -bundleson �©��� 5JOÅ	�Q0��±:8&! , locally

trivial in the Zariski topology, with an orientationat the two infinite places(it doesnot seem

a completetautology, the correspondencewith the Zariski B X -bundles,namely, it saysmore

directlysomethingas:trivial over 1 , andovereverycompletion).Anyway, let usshow thateachB X -bundle  on � comesfrom a locally freeranktwo bundleon � . Justnotethateachelement

of  B��1<! extendsto onein  B����! . An elementin  B���-! givesan invertible ç'è -module Æ that

hasdegreeoneoneachfibre,hencewith � � Æ aranktwo bundleon � . Thenonechecksthat  is

isomorphic,over � , to B��o� � Æ
! (it is easyto seethat  is theGrassmannianof locally freerank

onequotientsof � � Æ ). This hasan interpretationin the long exact sequencecomingfrom the

shortexactsequenceof Zariski sheaveson � :

�\x ^ ����� Ë x ^ �_�c[�� Ë x ^ Î��_�i[�� Ë x ^ � {
Whatis quitenicein thissituationis that � is of dimensionone,hencethat ' [ ���£�.�¤�U!-��ø , which

explainstheobservationabove. Now thatweknow thateachelementof �KÚ���� ÜÞÝ ���p!@! comesfrom

a locally freeranktwo ±:8 -module,we want to know whentwo suchmodulesgive isomorphicB X -bundles.Well, theGrassmannianinterpretationsaysthat thathappensif andonly if the two

modulesareisomorphicup to twist by aninvertible ±:8 -module.Hence:CP[&¬¦Î4�«Q0��±:8¤!4�ÜYsB X -bundleson 5JOÅ	�QR��±:8&!�Z�� Ùé {
Let us now considerorientations.Note that ��ê}Û ³G´ ��±:8õü=Q�! mapssurjectively, under �G	fÛ , to�¹ê7Û ³G´ �IQ�!-�ñ±Ò�8 , andthatdoublesin Î4��Q0��±:8&! haveacanonicalorientation.It follows that:�KÚ���� ÜÞÝ ����!@!)��Î-��Q0��±:8¤! Ì ESRFÎ4�«QF��±:8&!f�
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andthat: ë �KÚ���� ÜÞÝ ����!�!U� ìî ï
ë CP[¤¬ýÎ4�«Q+��±:8¤! if ¢þ��± �8 !4�ÜY � � x�� Z ,R ë CP[�¬ýÎ4�«Q+��±:8&! if ¢þ��± �8 !4�ÜY � Z .

Let us now saysomethingaboutthe map �
���p!`^ �4ÜÞÝ0����! . This makesit necessaryto know

thingsaboutthe morphismof groupschemes�\�c[�� ³G´ ^ Î��_�i[�� ³G´ . We would like to know

that this morphismis surjective for the Zariski topology. For this, it sufficesto show thaton a

scheme� , an � -automorphismof B XË is induced,locally on � , by anelementof �\�c[����-! . Now

usethatfor any scheme� , to give anelementof B X �C�>! is to giveaninvertible ±�½ -modulewith

two sectionsthatgenerateit. Let q be an � -automorphismof B XË . Then q � ç`� � ! is of the form� � Æª¬åçZ� � ! for someinvertible ç\Ë -moduleÆ . SinceÆ is locally trivial, wegetwhatwewant.

Hence:themorphism �_�c[���±ÒÍ8 !>^ Î��\�i[a��±�Í8 ! is surjective (usethat ±ÒÍ8 is theproductof

the completionsat all finite placesandthat onehasthesurjectivity for eachsuchcompletion).

And: �_�i[a�C2&8£� 3Þ!U^ Î��_�i[a�C2&8£� 3Þ! is surjective (just usewhatelementsof 2p8�� 3 look like, or use

that to give a point of a schemewith valuesin 243 is to give, for each� , a point with valuesin#-� , suchthatfor almostall � thepointcomesfrom apointwith valuesin ²�� ). Themoredifficult

thing thatremainsnow is thequestionof surjectivity of themorphism�_�i[a��±:8¤!-^ Î��\�i[a��±:8&! .
It follows that �
����!\^ � ÜÞÝ ����! is surjective. Thestabilizerof �C¹ Ì ! [ AÕY � Z in �_�i[a��1<! andÎ��_�i[a��1<! are �\�i[a��±:8&! Ì and Î��\�b[j��±:8¤! Ì , respectively. Solet usfind outwhatthecokernelof�\�c[���±:8¤! Ì ^ Î��_�i[a��±:8¤! Ì is.

An automorphismof Bö���ìB XË is givenby an invertible ç¹í -moduleof degreeonetogether

with two generatingsections.Sucha moduleis of theform � � Æþ¬=çZ� � ! . But thenwe have the

conditionthat � � � � Æþ¬`çZ� � !¤�vÆþüJÆ is generatedby two globalsections.This canbedoneif

andonly if Æ�üVÆ$Û � çÿü$ç , i.e., if andonly if Æ � [ Û � ç . This explainsthatwe have anexact

sequence: �_x ^ ± �8 x ^ �\�c[���±:8&! x ^ Î��\�b[���±:8¤! x ^ Î-��Q0��±:8¤!���R�
 x ^ ø
Likewise,onegets:

�_x ^ ± �8 x ^ �\�b[j��±:8¤! Ì x ^ Î��_�i[a��±:8¤! Ì x ^ Î4��Q0��±:8&!���R�
 x ^ ø}{
Weconcludethat �
���p! Ú ^ � ÜÞÝ ����! Ú is thequotientfor afaithful actionby thegroup Î-��Q+��±:8¤![��R�
 ,
where �
����! Ú and � ÜÞÝ ���-! Ú arethe standardirreduciblecomponentsof �
���p! and � ÜÞÝ ���p! . One

computesdirectly thatthemap �U����!)^ � ÜÞÝ ����! is thequotientfor a faithful actionby thegroup1×�D?Ê2��8 EF± Í � �8 , i.e.,by Î4��Q0��±:8p! .
Let us now do somecomparingbetween� and � l , with � l comingfrom the Shimurada-

tum with the group �:l . We first remarkthat �:l%�C�¤! is the setof � q XD� q [D! in �\�i[a�%�&! [ suchthat
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�G	fÛa� q X�!¤�ÿ�G	�Ûj� q [D! . This meansthatthe �:l%�C�¤! conjugacy classof morphismsfrom � to �:l� that

wedealwith is:  l ���Ô�C¹ Ì ! [�î �%¹ Â ! [ �Ô�C¹ [ ! º {
Hencewehave:

� l ����!
��� l �%#>!@?9�% l A×� l �C2-3.!�EÊ� l � ·²p!�!D� �KÚa��� l ����!�!U�ñ� l ��#)! Ì ?+� l �%243D!@EF� l � ·²p!D{
This last set is the setof isomorphismclassesof triplets �yT������.Æ£! with T a locally free ±:8 -

moduleof ranktwo, �)�K±:8¦^ �G	fÛa�IT©! anisomorphism,and Æ anorientationon �ð¬>µ/�G	fÛa�IT©!
thatinducesplusor minusthestandardorientationon � ¬�±:8õ���ñA � via � . Sinceeverysuch

triplet is isomorphicto ��± [8 �ç�«�Å�a��¼Y�D¼\!@! , wesee:

� l ���-! is connected.

Whataboutthemap � l ����!�^ �
����! ? It sufficesto look at whathappenson �C¹ [ ! Ì A�Y � Z . The

stabilizerof this in � l ��#/! is simply 5}�b[a��±:8¤! , andthestabilizerin �$��#)! is �_�c[���±:8¤! Ì . Hence

the map �£l%���p!<^ �
����! Ì is the quotientfor the faithful actionby the group ± � � Ì8 EF± � � [8 , i.e.,

totally positiveglobalunitsmodulosquaresof globalunits.

F Somestuff on bilinear forms and field extensions.

Let
¬ ^ 1 bea finite field extension,sayof degree Ì . Let � bea finite dimensional1 -vector

space,sayof dimension� . Let  denotethe
¬
-vectorspaceof

¬
-bilinear forms ½K�|�êA"�Ô^ ¬

suchthat ½���»+�b� � !_� ½��C�b�.» � ! for all � and � in � andall » in 1 . (I.e., the maps�ð¿^ »+� are

requiredto beself-adjoint.)Wewantto relate to theset Ö of 1 -bilinearformson � .

Let :a�K1 ^ ¬
beasurjective

¬
-linearmap(for example,onecantakethetracemapif

¬ ^ 1
is separable).Thenwehaveamap:Q���Ö x ^  n� ½�¿^ :}ùU½j{
Indeed,for ½ in Ö wehave: �#:Gù
½f!���»+�b� � !-�`: ��½��C�b�.» � !@!��ú�I:9ù
½f!��C�b�.» � ! . Themap Q is injective,

since,for ½ a 1 -bilinearform, theimageof ½ is either ø or 1 .

Let usnow assumethat
¬ ^ 1 is separable.Thenonecomputesthatboth  and Ö areof

dimension� [ Ì over
¬

(of course,for Ö this is clearly truewithout theseparabilityassumption;

for  , oneusesthis assumptionin orderto reduceto thecase1 � ¬ Í via basechangefrom
¬

to somealgebraicclosurefor example). Hencewe concludethat themap Q above is bijective.

(I did not botherto checkif this is still truewithout theseparability.) Sowe have thefollowing

result.
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F.1 Proposition. Let
¬

be a field, and 1 a finite separable
¬
-algebra. Let :a��1 ^ ¬

be a

surjective
¬
-linear map(for examplethe tracemap). Let � be a finitely generatedprojective1 -module.Thenfor every

¬
-bilinearform ½K�Å�NA`�¥^ ¬

suchthat ½���»+�b� � !4��½��%�b�ç» � ! for all �
and � in � andall » in 1 thereexistsa unique 1 -bilinear ½çlD�Å� A<�Ô^ 1 suchthat ½)�v:Gù)½çl .
With this notation,½ is symmetric(antisymmetric)if andonly if ½ l is so.

Proof. It only remainsto prove that ½ is symmetric(antisymmetric)if andonly if ½çl is so. For½ asabove, let ½ ô denoteits adjoint, i.e., ½ ô �%�b� � !Y�¶½�� � ���Å! ; we will usethe samenotationfor

elementsof Ö . Thenonehas ��½ ô !Il£� ��½çl ! ô . Now ½ is symmetricif andonly if ½ ô �é½ , and ½ is

antisymmetricif andonly if ½ ô � x ½ . Hencetheresult.
å

Thenext resultgivesaconstructionof theinverseof Q , if onetakes : to bethetracemap.

F.2 Proposition. Let
¬

bea field, and 1 a finite separable
¬
-algebra.Let � bea finitely gener-

atedprojective 1 -module,and ½P�P�ÿAZ�¥^ ¬
a
¬
-bilinearmapsuchthat ½���»+�b� � !��ñ½Ê�C�b�.» � ! for

all � and � in � andall » in 1 . Becauseof theseparability, we have a naturalisomorphismof1 -algebras:1�¬ ª 1¶��1éAg1,l , whereweview 1©¬ ª 1 asa 1 -algebravia thefirst factor. This

decompositiongivesadecompositionof 1 -modules:1Ô¬ ª �¥��1 ¬ ª 1ö¬_8��N�©�Bü��_l with�_l}�ñ1,l�¬\8,� . Let ½D8 denotethe 1 -bilinearform on 1ö¬ ª � obtainedby extensionof scalars.

Thenthedecompositionof 1é¬ ª � in � and � l is orthogonalfor ½f8 , and ½ l is therestrictionto� of E>8 . In particular, onehas ½��¯Û���ùU½ l .
Let usnow notethespecialcasewhere� is of dimensiontwo. In thatcase,the 1 -vectorspaceÖ
of antisymmetric1 -bilinear formsis of dimensionone,henceonegetsthefollowing corollary,

which is of interestfor Hilbert modularvarieties.

F.3 Corollary. Let
¬

be a field, and
¬ ^ 1 a finite separable

¬
-algebra.Let � be a free 1 -

moduleof rank two. Let ÷£ÚK�b� AB�Ö^ 1 be a non-degeneratealternating1 -bilinear form.

Thenfor everyalternating
¬
-bilinearform ÷=�Å� A<�N^ ¬

suchthat ÷>��»0�b� � !-�ñ÷/�%�b�.» � ! for all� and � in � andall » in 1 , thereexistsa unique ½ in 1 suchthat ÷/�%�b� � !)�úÛ��j��½D÷eÚ��%�b� � !�! for

all � and � in � .

G Moduli interpretation for the symplecticgroup.

For details,see[12, Sections1, 4]. Justin this section,let � denotethe groupof symplectic

similitudesof rank R�� . More precisely, let � � ø be an integer, andlet � denotethegroupof

automorphismsof the ² -module² [ � thatpreserve,upto scalarmultiple,thestandardsymplectic
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form, i.e., the form givenby the matrix � ÚþXÂ XcÚ ! . Let  �v�Ï¹/º� the setof ~��|�ð^ �>� that are

Hodgestructuresof weight x_� suchthat ÷ is a polarizationup to a sign. Thenthis  is one�$�%�&! -conjugacy classandit is calledtheSiegeldoublespace.Let usconsider:

S � ����!>�v�ñ�=�%#/!@?9�% A×�=�C2�3D!@EF�$� ·²p!�!D{
Whatwe want to show is that S � ���-! is thesetof isomorphismsclassesof pairs ��SÒ� � ! of prin-

cipally polarizedabelianvarietiesof dimension� . We alreadyknow what the interpretationof is: it is the setof Hodgestructuresof weight x�� suchthat ÷ is a polarizationup to a sign.

Let usnow interpret�$�%243.!�EF�$� ·²p! . Considertheactionof �=�C243D! on thesetof latticesin 2 [3 . The

stabilizerof thestandardlattice ·² [ is �=� ·²¤! . Hence�=�C2�3D!@EF�$� ·²p! is thesetof latticesof theform�/·² [ , with � in �=�C2�3D! . We claim that this is thesetof lattices Q on which a suitablemultiple of÷ inducesa perfectpairing. For � in �$�%243.! we have: ÷/�%��rb����c7!>� �-�%�Å!I÷>�!r��|c}! , which proves

that �-�%�Å! Â X ÷ is a perfectpairing on � ·² [ . On the otherhand,let Q be a lattice and » in 2 �3 be

suchthat »0÷ is a perfectpairing on Q . Thentake a ·² -basis :%XD�]{]{]{i�):«[ � of Q suchthat »0÷ is in

standardform, i.e., givenby thematrix � Ú�XÂ XiÚ ! . Thentheelement� of �\�c[ � �%2�3.! with � � M-��: M
is in �=�C243D! . This finishestheproof of thefact that �=�C243D!@EF�=� ·²p! is thesetof latticeson which a

multipleof ÷ is perfect.

Let usnow describetheconstructionsthatgive S � ����! theinterpretationasthesetof isomor-

phismclassesof abelianvarietiesof dimension� , with aprincipalpolarization.

Suppose�%SÒ� � ! is given. Thenchoosean isomorphismT/�c# [ � ^ '\X��%SÒ�ç#/! suchthat ÷
correspondsto a multiple of � (suchan T is uniqueup to an elementof �$��#)! ). Let � be the

elementof  that is given by the Hodgestructureon # [ � inducedfrom S via T . Let Q in�$�%243D!@EF�$� ·²p! bethelatticecorrespondingto ² [ � via T . Theclassof �C�b�FQ�! modulo �$��#/! depends

only on theisomorphismclassof ��S�� � ! .
Supposenow thatwe have �%�b�FQ�! in  A"�=�C2-3.!�EÊ�=� ·²&! . Thenlet S be �C�ý¬`Q�!�EkQ with the

complex structuregiven by the Hodgestructurecorrespondingto � . Let » be the elementof# � suchthat »0÷ is perfecton Q (this fixes » up to sign)andis a polarization� on S (this fixes

thesign). For q in �$��#/! , multiplicationby q givesan isomorphismfrom ��S�� � ! to the �%S)lm� � l !
obtainedfrom � q �b� q Q�! .

Let usendwith a remarkwhich is just a reminderto myself.

G.1 Remark. Let � be a free finitely generated² -module,with ~��i�¥^ �_������!Þ� a Hodge

structureof type � x�� �çø0!f�a��ø}� x_� ! . Let S ���Ó�C�ý¬��Ò!�E+� betheassociatedcomplex torus.Then

thedualcomplex toruscorrespondsto theHodgestructure�p¿^ ��~b�D�@!]ïJ! Â X ¢ �!�@!&�N~b�)%c7!8ï on ��ï .
In otherwords,thedualof S is �%�U¬�� ï !�EF� ï , with thecomplex structureon �)¬�� ï �Ô�C�U¬��Z! ï�ð
suchthat " in � actsas %" ï . In order to prove this, onenotesthat the tangentspaceof S)ô is
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' X �%SÒ�[ç'ñc! , which is naturally � -anti-linearly isomorphicto ' Ú �%SÒ�Fò Xñ ! , which is thedualof the

tangentspaceof S at zero.

H Moduli interpretation of óõô[ö�÷hø .
Let usrecall: � l ����!)��� l ��#)!�?9�C l An� l �%243D!@EF� l � ·²p!@!f{
H.1 Proposition. The Shimuravariety �£lÉ is the moduli spaceof triplets ��S��.Æp� � ! with S an

abeliansurface, ÆÒ�P±:8¯^ Ç-È}�b��S>! a ring morphism,and � �PS¥^ S � a principal ±:8 -polariza-

tion.

First of all, we have to explain what S/� is, andwhat we call a principal ±:8 -polarization. Let

usbegin with S � : it is thedualof S in thecategory of abelianvarietieswith ±:8 -action. More

precisely, sincefor S anabelianvarietythedualis definedto be S ô �v��Ç�òJÛ X �%SÒ�.�¤�U! , weput:

S � �v��Ç£òJÛ X³}´ ��S��.±:8×¬¦���U!4��ó�¬ ³G´ Ç£òJÛ X �%SÒ�.�¤�U!-�ñó¤¬ ³G´ S ô �
with óÒ����'U(+* ³G´ ��')(+*�µK��±:8)�ç²�!f�.±:84!
the differentof the extension ²ê^ ±:8 . In orderto prove the above equalities,it is useful to

notethatfor Sñ^ E amorphismof rings,for T a E -moduleand ¢ and S -module,onehasthe

adjunction: ')(+*2ù��yT��.')(+*1ñ£�IE=�)¢n!�!-��')(+*2ñ��!ñ�Tñ�F¢n!D�
where ñ�T denotesthe S -modulegiven by T . Thenoneusesthat for E locally free of finite

rankas S -moduleonehas ')(F*úñ£�IE=�)¢n!>�ûE�ï�ü;¬'ñx¢ , with E�ïpü � 'U(+*1ñ��#E=�çS:! the S -dual

of E . And thenoneusesthatfor ý afinitely generatedlocally free E -moduleonehas:

')(+*2ù��yT��Fý¦¬'ñ1¢n!-�$ýý¬®ù 'U(+*2ù-�yTñ�)E�¬'ñ�¢n!D{
Thisestablishes: ')(F*úù��ITñ�FE�¬+ñ1¢,!-��ó�¬+ù=')(F*2ñ£�yT��F¢n!D�
with ó\�ö�IE�ï�üP!8ï�þ . Deriving with respectto ¢ thengives:

Ç£òJÛ M ù �ITñ�FE�¬+ñ1¢,!-��ó�¬+ù=Ç£òJÛ M ñ �ITñ�F¢,!f{
This explainsthe reasonthat S/� occursin this context. In our context, S �Ï² and E � ±:8 ,

so that ó is an ideal in ±:8 , sincethe tracemap Û��G��±:8 ^ ² gives an injective morphism
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±:8B^ ��±:8¤!8ïpÿ (in fact,thetracemapfrom E to S alwaysgivesamorphismó\^ E , but it might

bezero).Thisgivesanisogeny:

S � ��ó¤¬ ³G´ S ô x ^ûS ô {
We definean ±:8 -polarizationto be an ±:8 -morphism � �|Sé^ S � suchthat the inducedmor-

phismfrom S to S ô is a polarization;� is calledprincipal if it is anisomorphism(notethatthis

meansthat theinducedmorphismSö^ SUô is not an isomorphism,since ±:8 is ramifiedover ²
(wedo supposethat 1 is a field, afterall).

Let us now turn to the proof of the propositionabove that givesthe moduli interpretation

of �£lÉ . So we want to show that �£l%����! is the setof isomorphismclassesof triplets �%SÒ�.Æ�� � !
over � . In Hodgetheoreticalterms,suchtripletsaregivenby triplets ���4�D~c�ç÷¤! with � a locally

free ±:8 -moduleof rank two, ~
�Å�ð^ ���_�|µK���Ò!@!Þ� a Hodgestructureof type � x_� �.ø0!D�a��ø}� x�� ! ,
and ÷=�P�©A �N^ ±:8 aperfectantisymmetric±:8 -bilinearform suchthat Ûç�Kù�÷=�P�ñA �¥^ ² is

apolarization.Notethatfor sucha triplet ���4�D~c�ç÷&! , thepair ���4�ç÷&! is isomorphicto thestandard

pair ��±:8¯üê±:8U�a� ÚþXÂ XcÚ !@! . The proof of the propositioncan now be easily described. As in

the last section,oneshows that � l �%243.!�EF� l � ·²&! is the ±:8 -latticesin 1 [ on which ÷ � � Ú XÂ XiÚ !
inducesaperfectpairingof ±:8 -modules,up to a factorin #U� . Thespace l is thesetof Hodge

structures.As in thelastsection,oneshowsthat �:l%�C2-3.!�EÊ�\lC� ·²p! is the ±:8 -latticesin 1 [ onwhich÷��é� ÚþXÂ XcÚ ! inducesa perfectpairingof ±:8 -modules,up to a factorin 2 �3 . Thespace nl is the

setof Hodgestructuresof type � x_� �.ø+!f�a��ø}� x_� ! on the 1 -vectorspace1 [ suchthat,up to sign,Ûç��ù)÷ is a polarization.f type � x_� �.ø+!f�a��ø}� x_� ! on the 1 -vectorspace1 [ suchthat,up to sign,Ûç��ù/÷ is a polarization.After theseremarksonesimply follows the linesof theproof above of

the modularinterpretationfor the symplecticgroup. Anyway, for details,onecanconsult[12,

4.11].

Let usendby statingthat themultiplier character�:�P� l ^ �¤� is thedeterminant(view � l
asa subgroupof �
	���³G´ ��µ �_�i[�� ³G´ and �¤� asa subgroupof �
	��ç³}´ ��µ ����� ³G´ . More precisely, for

all q in � l ��#/! andall � and � in 1 [ wehave �%Ûç��ù¤÷&!�� q �b� q7� !��¯�G	�Û�� q !��%Û��bù�÷¤!��%�b� � ! .
I A remark on Mumf ord-Tategroups.

What I want to sayis that to an isomorphismclassof # -Hodgestructuresonecanassociateits

Mumford-Tategroup. Namely, if � and � l are isomorphic # -Hodgestructures,andif T andTPl are isomorphismsfrom � to �:l , then TPl
�¸T q with q an automorphismof � . But then q
centralizestheMumford-Tategroupin �\�-���Y! . Hence T and T l inducethesameisomorphism

from ���_���Y! to �������:l ! . For example,thefunctor �¥¿^ ��ê}Ûa���Y! doesnothave this property.
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The sameargumentshows that a point ý on a Shimuravariety 57698>������ "!����-! definesan

algebraicgroup �����Iý�! , with agiven �$��#)! -conjugacy classof embeddingsin � .

J On computing the genericMumf ord-Tategroup on óõô[ö[÷hø .
First notethatfor all ~,�Ó��~ÅXD�D~G[f!7�P� � ^ �\�c[��%�&! [ in  nl onehas �G	�Ûj��~ÅX��I"0!@!��¥�G	fÛa��~9[��#"0!�! for

all " . This shows that ��� is containedin �:lÉ . The locally constantsheaf � becomesconstant

on  nl . Hence���&� containsall ~b��� � !/¥�\�c[��%�&! [ for the ~ in  nl . In particular, it containsall

conjugatesunder � l �%�&! of thoseimages.but thenit containsall �%�b���Å! , all � � � � Â X �@�Å! , henceall�%� � � Â X � Â X � � ! , etc. It follows that �§�¯�ñ� lÉ .

K Other remarks on Mumf ord-Tategroups.

We have definedthe Mumford-Tategroup �������Ò! of a # -Hodgestructure� givenby a mor-

phism ~��P�"^ �_�-���Y!Þ� to be thesmallestalgebraicsubgroup� of �\�-���Y! suchthat ~ factors

through�Ò� . This is not theusualdefinition,perhaps.Theusualdefinitionis to take �§� l ���Y! , the

smallestsubgroup� of �\�-���Y!
Aª�¤� suchthat ~}lD�K�×^ �_�-���Y!Þ�nA"�¤��� � factorsthrough �Ò� ,
where �,^ �¤��� � correspondsto #Ò� � ! . Thedifferencebetweenthetwo choicesis that ��� l ����!
keepstrackof weights,whereas��������! doesn’t. TheTannakianinterpretationof �������Ò! is that

it is theautomorphismfunctorof thefibre functor “forget Hodgestructure”on the tensorcate-

gory generatedby � . For ��� l ���Y! , oneconsidersthetensorcategory generatedby � and #�� � ! .
Yet another(of courserelated)characterizationis that ��� l ���Ò! seemsto be the biggestsub-

groupof �\�p���Ò!/Aª�¤� thatfixesall elementsof type ��ø7�.ø0! in # -Hodgestructuresof the form� � � ¬ö��� � ! ��� ¬�#��o�P! . For this, seeDeligne-Milne-Ogus-Shih.In the sameway, �§�_���Y! is

characterizedby the fact that it stabilizesall lines generatedby Hodgeclasses(i.e., classesof

sometype �o�i���K! ) in # -Hodgestructuresof theform ü:M%� � ��� ¬©��� � ! ��� � .
SinceI did not find this explicitly written (but I haven’t lookedvery much,I shouldsay),let

mewriteaproof. Solet � betheintersectionof thestabilizersof suchlines.Letusfirst provethat��������!¤¯� . Solet � in some����ü>M���� ��� ¬����_�D!]��� � beof sometype � �i���P! . Then � �:��K� is

fixedby � , henceby ��������! . Thisprovesthat �������Y!&�� . Let’snow provethat � ���������! .
Now weuseChevalley’sresult:everysubgroupof �\�-���Y! is thestabilizerof a line in somefinite

dimensionalrepresentationof �_�-���Y! , plusthefactthateachfinite dimensionalrepresentationof�\�-���Y! is containedin a representationof theform ü>M�� � ��� ¬N��� � ! ��� � (I will evengive proofs

for thesetwo factsbelow, sinceI donot liketheproofgivenin DMOS).Anyway, let � in some�
besuchthat �§�Ò���Y! is thestabilizerof #¦� . Then �e� is fixedby � , hence� is of sometype � �i���P! .
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(Usefor examplethatthenorm �Z^ ����� � generates')(+*��%���ç�£��� ��! .)
As I said,I donot liketheproofof parts(a)and(b) of Proposition3.1in ChapterI of DMOS.

SoI giveone.

K.1 Theorem. Let � be an affine algebraicgroupover a field
¬ � # . Let � be an algebraic

subgroupof � , and � a finite dimensionalfaithful representationof � . Thenthereexistsa lineQ in somerepresentationof � of theform ü:M�� � ��� ¬¯��� � ! ��� � , suchthat � is thestabilizerof Q .

Proof. Firstof all, wemayanddosupposethat �ÿ�©�\�-���Y! . Theideais now thefollowing: let� acton itself by right translation;then � actson
¬ � �+
 , and � is thestabilizerof theideal �]Õ ;

thenusethat ��Õ is finitely generated,andthat
¬ � �+
 is locally finite. Let usfirst write down what¬ � �+
 is, asa � -modulevia right translationon � . Well,¬ � �+
Å� ¬ � Ç4ÈG�����Y!7
4� � E��G	�Û8
Å�©5JØJ* ª ��Ç-È}�����Ò! � !�� � E��G	�Û]
P�©5JØJ* ª ��� Í !�� � E��G	fÛ|
��

wherethelastequalitycomesfrom thefactthat Ç4ÈG�b���Y! � , as � -modulegivenby right translation

on Ç4ÈG�����Ò! , is simply � Í , where Ì is of coursethedimensionof � (notethat the � -actiononÇ4ÈG������!@� extendsto an Ç4ÈG�����Ò! -action). Also, notethat �}	�Û is in 5JØJ* Í ��Ç4ÈG������!@�.! , andthatwe

have q 0��G	fÛ&�ñ�G	�Ûj� q !}�G	fÛ . Thescalarsubgroup��� of � inducesa ² -gradingon
¬ � �+
 . Wehave:¬ � �'
�M|� � È ¬ � Ç-È}�����Ò!>
�M Ì?Í�ÈD�G	�Û Â È �

and: ¬ � Ç4ÈG������!7
 M|��5JØJ* M ��Ç4ÈG�b���Y! � !��ñ5JØJ* M ��� Í !¤¥��� Í ! � M �ö��� � M ! Í � �¬ 0��G	�Û&�`æ Í � �� � Í �¬ 0 �G	fÛ Â X �ú�#æ Í ��! � ¥��� � ! � Í {
This describes

¬ � �+
 as � -module. Let T+Xf�]{]{]{|�DT × be a finite setof generatorsof the ideal �]Õ
of
¬ � �'
 . Let �  ¬ � �+
 be a finite dimensionalsub-� -modulecontainingthe TaM . Then � is

the stabilizerof the subspace��Õð¢�� of � , henceof the line æ � ����Õõ¢��¥!Z æ � ���N! , with�N� �G��*,���]ÕB¢	�N! . Now note that � is a subrepresentationof a representationof the formü>M�� � ��� ¬©��� � ! ��� � . å
K.2 Remark. If weallow subquotientsof the ü:M%�É� ��� ¬����Ò�ç!]��� � , thenwecandropthehypoth-

esisthat
¬

is of characteristiczero.

K.3 Remark. If � containsthescalarsin �ö�ö�\�-���Y! , thenonecantake Q to bein somerep-

resentationof theform ���®� � !>� . To prove this,considertheZariski closure� of � in Ç4ÈG������! ,
andusethatit is a cone.

37



Justfor fun, let us look at someexamplesin ���v�Ó�_�c[ . TheBorel subgroupE¸�v� Y7� �e�Ú � !�Z is

thestabilizerof the line generatedby � � �.ø0! in ���v� ¬ [ . ThesubgroupY7� X �Ú � !�Z is thestabilizer

of
¬ � � �j� � �.ø+!�! in

¬ ü�� . ThesubgroupY7� �e�Ú-X !FZ is thestabilizerof
¬ � � �a��ø}� � ! � ! in

¬ ü�� � . The

subgroupY7� ô ÚÚ ô !�Z is thestabilizerof
¬ �@� � �çø0!f�a��ø}� � !@! in �¯ü¦� . ThesubgroupY7� � ÚÚ � !�Z is thesta-

bilizer of thetwo-dimensionalsubspaceof the �@�%�b�.ø+!f�a��ø}� � !�! in �<ün� ; notethattheproofabove

givesthesameresult.Finally, thetrivial subgroupY7� XcÚÚ�X !�Z is thestabilizerof � � �a� � �.ø0!D�a��ø7� � !�! in¬ ü��¯ü¦� .

L Modular interpretation of 
 � .
Let S beacomplex abeliansurfacewith multiplicationby ±:8 andwith aprincipal ±:8 -polariza-

tion � �|S¸^ S � . Let � be an ±:8 -submoduleof S�� �?
Þ����! that is free of rank one. Thenwe

claim that � � inducesa principal ±:8 -polarizationon S>EF� . So how doesthis work? Write� � �v�K[)�cX , with �cX7�PSÿ^ E thequotientby � . Then ��S>EF�×!@� is thequotientof S by �F	��a�!�b�[ ! .
So we have to seethat �F	��a�!�i�[ !=���Ê	��a�D�cX�! . Sinceboth have the samenumberof elements,it

suffices to seethat one is containedin the other. Since �F	��j�!�cX�! is maximal isotropic for the

pairing
��� � � that � induceson S�� �?
 , it sufficesto seethat �Ê	��a�D�b�[ ! and �Ê	����!�cX ! areorthogonalfor

thatpairing.Thatresultsfrom standardthingsaboutsuchpairingscomingfrom expressionslikeS>�p��Ç£òJÛ X �%SÒ�.±:8<¬ý���U! .
Thegeneralstatementis this: let T/�9Sñ^ E and q ��Eú^ � beisogeniesof abelianvarieties

with multiplicationsby ±:8 . Let ~���� q T . Thenwehaveashortexactsequence:

ø x ^ �F	��j��Tc! x ^�F	��j��~K! x ^�F	��a� q ! x ^ ø}{
Applying ')(+*��70«�.±:8<¬ý���U! givesanisomorphismof shortexactsequences:

ø x�x9x ^ �Ê	���� q � ! x�x9x ^ �Ê	��a��~ � ! x�xKx ^ �Ê	��a��T � ! xÊx9x ^ ø���
���

���
���

���
ø x�x9x ^ �Ê	���� q ! � x�x9x ^ �Ê	��a��~K! � x�xKx ^ �Ê	��a��Tc! � xÊx9x ^ ø}{

Thefact thatthemapfrom �F	���� q � ! to �Ê	��a��Tc! � is zeromeansthat �F	��a��Tc! and �F	��j� q � ! areorthog-

onalfor theparinginducedby ~ between�F	��a��~K! and �F	��j��~ � ! .
M Somestuff on orders in finite separable � -algebras.

I needlowerboundsfor ordersof Picardgroupsof certainordersin certainCM fields.Therefore,

somegeneraltheoryshouldbequiteuseful.
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Let # ^ 1 be a finite separable# -algebra. Then 1 is a finite productof numberfields,

say 1 �©1ZX
AÕ0s0s09A<1 � , andtheintegral closureof ² in 1 is thentheproductof themaximal

ordersof the 1;M . Let    1 be an order in 1 , i.e., a subringof 1 with #ö¬N  � 1 and

which is finitely generatedasa ² -module.Then   is containedin ±:8 sincetheelementsof  
areintegral over ² , and ±:8¤EÊ  is a finite additivegroup,since   and ±:8 arefree ² -modulesof

thesamefinite rank. Consideridealsof   thatarealso ±:8 -ideals. Clearlya lot of suchideals

do exist: for every � in ² that annihilates±:8&EF  , we have the example �c±:8 . The sumof a

family of suchidealsis againonesuch,hencethereexistsa uniquemaximalsuchideal,called

theconductorof   (relative to ±:8 ). I don’t think thatwe will usethis conductorsomuch,since

wewantestimatesin termsof thediscriminantof   .

Let �nN  bea non-zeroideal that is alsoan ±:8 -ideal. Then   is the inverseimagein ±:8
of thesubring \E�� of thequotient ±:8&E�� of ±:8 ). Actually, thediagram:

  x�xKx ^  \E�����
���

±:8 x�xKx ^ ±:8¤E��
is bothCartesianandco-Cartesian.For us,themostimportantis thateveryorderof 1 is obtained

asfollows: take theinverseimagein ±:8 of asubringof afinite quotientof ±:8 .

M.1 Discriminants.

Recallthat �G����Q��]��±:8&! is thediscriminantof thetraceform on ±:8 . To beprecise:for T a free² -moduleof finite rankand ½ abilinearform on T , let �G����Q��j�yT��.½f! betheintegerdefinedby: letË bea basisof T , then �G�«�@Q��]�yTñ�.½f! is thedeterminantof thematrix of ½ relative to Ë . In more

intrinsic terms,onecanusethat ½ inducesa bilinear form on themaximalexterior power of T ,

andusethe integercomingfrom there. Thewhole thing doesnot dependon thebasisbecause

changingthebasischangesit by thesquareof aunit. Overmoregeneralrings,andfor projective

modules,oneobtainsanideal,locally principal,with someextra structuredueto thesquaresof

unitsthatintervene.In fact,oneseesthatif thelocalgeneratorsof theidealarenonzerodivisors,

thentheideal is, asinvertiblemodule,thesquareof æ T . In our case,we usethebilinear form�%�b� � !)¿^ Û��j�C� � ! . Theseparabilityof # ^ 1 shows that �G�«�@Q��j��±:8&! ��êø . Choosinga basisof±:8 adaptedto   showsthat:

�}�«��Q��j�� \!����G�«�@Q��j��±:8&! ¨ ±:8¤EF  ¨ [ {
M.2 Theorem. Let � « denotethezetafunctionof theorder   , i.e., thezetafunctionof 57OP	�QR�� \!
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in theusualsense.Then:

�
	���X���� « !¤�v��Ñ��«*���/X ��� x�� ! � � « ���a!-� R × d �IR���! × h ¨ Î4�«QF�� \! ¨ �U	[�P�� \!¨ Ûç(F���j��  � ! ¨j¨ �G�«�@Q����� \! ¨ X��Þ[ �
with �¯¬�1 Û� � × d Aþ� × h and �U	[�|�� \! the regulatorof   (seein the proof for the definition).

(Recallthat 1 is theproductof Ë numberfields.)

Proof. For ±:8 , seefor exampleLang’s “Algebraicnumbertheory”, 2nd edition,VIII, � 2. In

fact,Langgivestheproofwhen 1 is afield, but for ±:8 in aproductof numberfieldseverything

decomposesinto products.Let us digressa little bit on the regulator. I find that the regulator�
	�� l �� \! shouldbedefinedasfollows: oneconsiders

± �8 x ^ �%�õ¬¦±:8¤! ��� (������x ^ � × d@Ì × h �
andputs: �
	�� l �� \!¤�v���-(+Ñ��%� × d Ì × h � Ì é Ú E imageof ± �8 !f�
with the volume measuredwith respectto the volume form coming from the standardinner

producton � × d@Ì × h , andwhere Ñ«(k��� � is taking log of absolutevalueat every factorof �ý¬¯±:8 ,

with �.��� beingthe factorby which the Haarmeasureschange(
¨ � ¨ for a real place,

¨ � ¨ [ for a

complex one).But this doesnotgive theusualdefinition,asgivenin Lang.Thereoneomitsany

oneof the infinite placesin orderto get a squarematrix of which onetakesabsolutevalueof

thedeterminant.Oneeasilyprovesthat �
	�� l �� \!
� R Â × h � d X�¼VR d [.!�� d Xe¼ d [D! Â X��Þ[ �U	[�P�� \! , which

actuallymakesmy definitionabit ugly.

Anyway, let’s proceed.Sincewe know thetheoremfor ±:8 , all we have to do is to compare

our   to ±:8 . Let  �v�ö57OÅ	�QR��±:8&! , ÖÏ�v�Ô5JOÅ	�QR�� \! , and ¢©�9 ^ Ö themorphisminducedby

theinclusionof   in ±:8 . Thenwehaveashortexactsequenceof sheaveson  :

ø x ^ ç �! x ^ ¢ � ç �è x ^ " x ^ ø}�
with " a skyscrapersheafgivenby ±:8 � E   � in case  is given by the subring   of the finite

quotient±:8 of ±:8 . Thisgivesa longexactsequence:

ø x ^   � x ^ ± �8 x ^ ±:8 � E   � x ^ Î4�«QF�� \! x ^ Î4��Q0��±:8&! x ^ ø}{
Let S bethecokernelof   � ^ ± �8 , and E thekernelof Î4�«QF�� \!-^ Î4�«Q0��±:8¤! . Thenonegets:

¨ Î-��Q0�� \! ¨ � ¨ E ¨j¨ Î4�«QÊ��±:8¤! ¨ � ¨ ±:8 � E   � ¨ � ¨ S ¨j¨ E ¨ � ¨ S ¨ � ¨ Ûç(+�@�j��± �8 ! ¨¨ Ûç(+�@�j��  � ! ¨$####
± �8 E�Û�(+���  � E�Û�(+��� ####�
	��Å�� \!4� ####

± �8 EaÛç(+�@�  � E�Û�(+��� ####
�
	��P��±:8&!f� ¨ �G����Q��]�� \! ¨ X��Þ[ � ¨ ±:8 ¨¨   ¨ ¨ �G�«�@Q��j��±:8&! ¨ X��Þ[ {
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Puttingthis all togethershows thattheright handsideof theequalitywe wantto provechanges

by thefactor
¨ ±:8 � ¨j¨   � ¨ Â X ¨   ¨j¨ ±:8 ¨ Â X whengoingfrom ±:8 to   . Soall thatwe have to do now

is to show thattheleft handsidechangesby thesamefactor. But thennote:¨   ¨¨   � ¨ � nª
resfield of « ¨�¬�¨¨�¬ � ¨ � n ª ��Ux ¨�¬�¨ Â X �

which is clearlythecontribution to �
	��fX���� « ! of thoseresiduefields.
å

M.3 Theorem. Let ¢�L�ø . Thenthereexistsa realnumberN�L¦ø suchthatfor everyorder   in

aseparable# -algebra1 of degreeat most ¢ , onehas:

¨ Î4�«QF�� \! ¨ �U	[�P�� \! � N ¨ �G�«�@Q��j�� \! ¨ X��>³ {
M.4 Remark. As theproof will show, we canactuallyget � Ek¥ x K asexponent,insteadof � E&% ,
with a N dependingon K , for every KMLNø . If oneassumesthegeneralizedRiemannhypothesis,

thenonecanget � ESR x K asexponent,for every K�L¦ø , with againN dependingon K . In thatcase,

oneusesSiegel’s theoremthatonefindsin [17, Ch.XIII, � 4].

Proof. Wewill first prove this for maximalordersin numberfieldsof boundeddegree,thenfor

maximalordersin finite separable# -algebrasof boundeddegree,andthenfor arbitraryorders

of boundeddegree.

In the caseof a maximal order of a numberfield of boundeddegree,we just apply two

theorems.Thefirst oneis theBrauer-Siegel theorem(seefor example[17, Ch.XVI]), thatstates

that:

for ¢�L�ø and K�L�ø , thereexists N�L¦ø suchthat:

¨ Î4��Q+��±:8¤! ¨ �
	��9��±:8¤! � N ¨ �G�«�@Q�����±:8&! ¨ X��Þ[ Â P
for all Galoisextensions1 of # of degreeat most ¢ .

Thesecondtheoremis oneof Stark([29, Thm.1]):

let ¢ L¦ø . Thereexists N¹L�ø suchthatfor all numberfields 1 of degreeat most ¢
over # , onehas:

¨ Î4��Q0��±:8&! ¨ �
	��K��±:8¤! � N ¨ �G�«�@Q�����±:8¤! ¨ X��Þ[ Â X��|� 8a  Ép¡ {
Together, thesetwo resultsshow:

let ¢äL�ø . Thereexists N®Lñø suchthatfor every numberfield 1 of degreeat most¢ over # onehas:
¨ Î-��Q+��±:8¤! ¨ �U	[�P��±:8p! � N ¨ �G����Q��]��±:8p! ¨ X��4� {
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This settlesthecasewherethe # -algebra1 is a field. Thecasefor a maximalorderin a finite

separable# -algebraof degreeat most ¢ thenfollows, becauseeverythingdecomposesinto a

productof at most ¢ factors,for whichonehastheresultalready.

So let now 1 bea finite separable# -algebraof degreeat most ¢ , andlet   beanorderin

it, givenby thesubring  of somefinite quotient ±:8 of ±:8 . Wehavealreadyseenthat:

¨ Î-��Q+�� \! ¨ �
	��P�� \!4� ¨ ±:8 � ¨¨   � ¨ ¨ Î-��Q+��±:8¤! ¨ �U	[�K��±:8&! ¨ Ûç(+�@�j��  � ! ¨¨ Û�(+���]��± �8 ! ¨ �¨ �G�«�@Q��j�� \! ¨ � § ¨ ±:8 ¨¨   ¨ © [ ¨ �G�«�@Q��]��±:8¤! ¨ {
Wenotethatthequotient

¨ Û�(+���]��  � ! ¨j¨ Ûç(F������± �8 ! ¨ Â X andits inverseareboundedin termsof ¢ only.

Hencethetheoremfollows from thefollowing claim:

for ¢ L�ø and K�L¦ø thereexists N�L�ø suchthatfor   anorderin a finite separable# -algebra1 of degreeatmost ¢ , onehas:¨ ±:8 � ¨¨   � ¨ � N®§ ¨ ±:8 ¨¨   ¨ © X Â P �
where  is theinverseimageof thesubring   of thefinite quotient ±:8 of ±:8 .

We now prove this claim. Let � denotë ±:8pE   ¨ . We mayanddo assumethat �HL � . Localizing

at themaximalidealsof   , followedby asimplecomputation,showsthat:¨ ±:8 � ¨¨   � ¨ � � n �p¯ � § �
x �
� ©(' � � § �² Ñ«(k�K�#�c! ©)' {

SinceÑ«(S�9�#�i!-�`��Ä t X w , this showsour claim,andhencefinishestheproof of thetheorem.
å

N On effectiveChebotarev.

As usual,let �i���%�Å!=���+* ¡[ ÌS�@E4Ñ�(S�9�D�@! . If oneassumesGRH, thenthe effective Chebotarev the-

oremof Lagarias,MontgomeryandOdlyzko, statedasin [28, Thm. 4] andthesecondremark

following thattheorem,says:

for T a finite Galois extensionof # , let ��\ denoteits degree, Ì°\ its absolute

discriminant
¨ �G�«�@Q��j��±'\Y! ¨ , andfor � in � , let ��\/� X��%�Å! bethenumberof primes� ¶ �

thatareunramifiedin T andsuchthattheFrobeniusconjugacy classÐ9��(SÑÊ� contains
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just theidentityelementof �_ÐÊÑ��IT¦EÊ#/! . Thenonehas,for all sufficiently large � and

all finite GaloisextensionsT of # :

####
��\/� X��C�Å! x ��_\ �i���%�Å! #### ¶ �

ëk��\ � X��Þ[ ��Ñ«(k�K�IÌ°\g!i¼g�_\�Ñ«(S�9�%�Å!�!|{
This resultshows that for all � sufficiently large,andall finite GaloisextensionsT of # , one

has: ��\/� X��C�Å! � ���\�Ñ«(S�K�C�Å! §P�i���%�Å! Ñ�(S�K�C�Å!� x Ñ«(S�K�C�Å!ëÊ� X��Þ[ ��Ñ�(S�K�IÌ°\g!i¼g�_\þÑ�(S�K�%�Å!@! © {
If � tendsto infinity, �i���%�Å!}Ñ�(S�K�%�Å!@E�� tendsto 1 and Ñ«(S�K�C�Å! [ E�� X��Þ[ tendsto 0. Somecomputa-

tion (that we will do below) shows that if � is sufficiently big (i.e., biggerthansomeabsolute

constant),andbiggerthan RG��Ñ�(S�9�#Ì;\Y! [ �%Ñ«(S�K�%Ñ«(S�9�IÌ°\g!�!@! [ , then Ñ�(S�K�%�Å!}Ñ�(S�K�#Ì;\Ò!�EFë�� X��Þ[-, � ESR , and

hence: ��\/� X��%�Å! � �ëk��\þÑ«(S�9�%�Å! {
Hereis thecomputationthatI promised.Put »=�v�¯Ñ«(S�9�IÌ°\g!�EÊë . Wewantto find a lowerboundfor� that impliesthat »pÑ�(S�K�C�Å!�E/. � , � ESR . We put �"�v� � [ (with � Lñø , of course).Thenwhatwe

want is a lower boundfor � suchthat ½PÑ«(S�9� � ! , � , with ½>�fG0» . we put � �Ü"+½ . Thenwhatwe

wantis a lowerboundfor " suchthat " x Ñ�(S�K�I"+!¤LAN , with NU�ñÑ�(S�K��½�! . Now write "Y�ö� � ¼�rÅ!]N .
Thenwhat we want is: r�N x Ñ«(S�9� � ¼årÅ! x Ñ«(k�K�IN�!2L ø . Since Ñ«(S�K� � ¼årÅ! ¶ r , it sufficesthatr�N x r x Ñ«(k�K�IN�!�Lÿø , i.e., that r±L©Ñ�(S�K�#N�!@EG�IN x�� ! (by theway, sincewe arewilling to let � be

sufficiently large,wemaytakecareof small Ì°\ by that,andsupposethat N is sufficiently large).

For N sufficiently large, for any K Léø , r`L�K is goodenough.Translatingthis backto � andÑ«(k�K�IÌ°\g! , onegetsthat � Lÿ� � ¼gKF! [ �#G0»�Ñ«(S�9�#G0»J!�! [ is good.Thenoneusesthat R�L � ¥0E&0 .
O Real approximation.

It is known that for � an affine algebraicgroupover # onehas �=�%#/! densein �$�%�&! . This is

what Delignecalls real approximation.To prove it, onereducesto the caseof tori. But even

thatcaseis not so trivial to me. Of course,tori areunirational(they areimagesof tori thatare

productsof multiplicativegroupsof numberfields),but that is not enough:thatonly givesthat

therationalpointsof � aredensein theconnectedcomponentsof �=�C�¤! thatdocontainarational

point. Anyway, for adetailedproof I would referto thebook[26] of Platonov andRapinchuk.
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