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1 Introduction.

For N andk positiveintegers,let M°(N, k)¢ denotethe C-vectorspaceof cuspidaimodularformsof
level N andweightk. This vectorspacds equippedwith theusualHecke operatorsl;,, n > 1. If we
needto considerseverallevels or weightsat the sametime, we will denotethis T, by TV, or TN+,
If p is aprimenumberdividing NV, our T}, is alsoknown underthe nameU,. Oneof our mainresults
canbestatedvery easily:if k¥ = 2 andp® doesnotdivide N, thenthe operatorT,, is semi-simple We
canprove the sameresultfor weightk > 3, underthe assumptiorthat certaincrystallineFrobenius
elementsaresemi-simple.Milne hasshown in [11, §2] thatthis semi-simplicityis implied by Tate's
conjectureclaimingthatfor X projectve andsmoothover afinite field of characteristip, andr > 0,
dimg(CH"(X)/=num) €qualstheorderof ¢(X, s) atr. Ulmer provedin [17] thatT, is semi-simple,
for k¥ = 3 andp? not dividing N, underthe assumptiorof the Birch-Swinnerton-Dyeiconjecture
for elliptic curvesover function fields in characteristiqp. His methodis quite differentfrom ours:
assuminghatT, is notsemi-simplehereally shavs thatthe Birch-Swinnerton-Dyeconjecturedoes
not hold for anexplicitly givenelliptic curve.

The structureof our proofis asfollows. Usingthe theoryof newforms, the problemis shavn to
be equialentto the problemof showving that, for a normalizednenform f of weight &, prime-top
level andcharactek, the polynomialz? — a,z + £(p)p* ! hasno doubleroot. This polynomialhap-
pensto bethe characteristipolynomialof the Frobeniuslementatp in thetwo-dimensionalGalois
representationassociatedo f; it is alsothe characteristigpolynomial of the crystalline Frobenius
asociatedo f. We shaw thatthis crystallineFrobeniuscannotbe a scalar

In Sections2 and 3 we prove the resultsconcerningtheseFrobeniuselementsfor £ = 2 and
k > 2, respectiely. Section2 is quiteelementarywhereasn Section3 we usea lot of themachinary
for comparingp-adic etaleandcrystallinecohomology In Section4 we give someapplications:the
Ramanujannequalityis a strictinequalityin certaincasesgertainHecke algebrasrereducedhence
have non-zerodiscriminant. Section5 givessomeresults,dueto AbbesandUllmo, concerninghe
discriminantsof certainHecke algebras.
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To endthis introduction,let us explain why the casek = 1 is completelydifferent. Considera
normalizedcuspidaleigenformf = ) a,¢™ of somelevel N, of weightoneandwith somecharac-
tere. Deligneand Serrehave shavn ([5, §4]) thatthereexists a continuousrepresentatiop; from
Gal(Q/Q) to GLy(C), unramifiedoutside N, suchthat, for all primesp not dividing N, the charac-
teristic polynomialof a Frobeniuselementat p is z? — a,z + €(p). Sincetheimageof p; is finite,
Chebotare's densitytheoremgivesthe existenceof primesp notdividing NV suchthatthe Frobenius
elementat p is theidentity elementhencehascharacteristipolynomial(z — 1)2.

2 An elementary proof in the case of weight two.

2.1Theorem. Let f = > a,q" bea cuspidalnormalizedeigenformof weight two, somelevel N
andcharactee: (Z/NZ)* — C*. Letp bea prime numbernot dividing N. Thenthe polynomial
z? — ayx + £(p)p hassimpleroots.

Proof. Theproofis by contradictionsowe supposéhatthe polynomialhasa doubleroot A. Then
of coursewe have A2 = ¢(p)p and2) = q,. Let K bethefinite extensionof Q generatedy the
a, andthee(a), andlet O beits ring of integers.Let J denotethe jacobianvariety of the modular
curve X, (N) overQ. Weidentify thespaceM (N, 2)q of weighttwo cuspformsf level N andwith
coeficientsin Q with the cotangenspaceatthe origin of J; thisis compatiblewith the actionof the
Hecle operatorsLet T bethesubringof End(.J) thatis generatedby the7,,, n > 1, andthediamond
operatorga), a € (Z/NZ)*. Let I betheannihilatorof f in T, andlet Ag, := J/IJ bethe quotient
of J by its subvariety generatedy the imagesof all elementsof . It is well known that Ay, has
dimensionK : QJ, andthatfor every prime numberl, thefree K’ ® ;-moduleV;(Ag) of ranktwo
givesthel-adic Galoisrepresentatiop,, associatedo f. We preferto work with anabelianvariety
Aq thatis isogeneouso A(@ andonwhichwe have anactionof all of Og. Thisis easilydone:define
Aq := Ok ®r Agy, wherethetensomproductshouldbe calculatedby takinga presentationf O

Theabelianvariety Ag hasgoodreductionatp; let Az denotethe correspondingbelianscheme
overZ,. We considetthefirst algebraicde RhamcohomologygroupM := Hi}y, (47,/Z,). It isafree
Z,-moduleof rank2[K : Q|, equippedwith its Hodgefiltration:

(2.2) M =Fil’M D Fil'M = H(4g,,Q").

The submoduleFil' M is freeof rank[K : Q] asZ,-module,andhasthe propertythat Fil’ M /Fil' M
is torsionfree. The doubleroot A of z? — a,z + £(p)p isin Ok, sinceit is integraland2\ isin K. In
theendomorphisnning of Ar, we have the EichlerShimuracongruenceelation:

(2.3) 0 = (Frob, — Frob,)(Frob, — Frob!) = Frob} — a,Frob, + (p)p = (Frob, — A)?,

whereFrob, is the Frobeniusendomorphismand Frob;, the Verschieling, multiplied by £(p). The
factthatevery abelianvariety overF, is isogeneouso a productof simpleonesimpliesthatFrob, is
semi-simplen the sensehatit satisfiesanidentity of theform P(Frob,) = 0, with P apolynomial
with coeficientsin Q thathassimpleroots. It follows thatFrob, = A in End(Ag, ). SinceOx ® Z,
is a productof a finite numberof discretevaluationrings, Fil' M is alocally free moduleover it; it
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is in factfree of rank one (considerQ ® Fil' M). It follows that A doesnot annihilateF, ® Fil' M,
sincewe have \? = ¢(p)p. ButF, ® Fil' M is thesameasH’(4y,, 2!), andon this module) actsas
Froby, henceit doesannihilate.This contradictiorfinishesthe proof. O

3 Thegeneral case.

In this sectionwe try to generalizelheorem2.1asmuchaswe canto higherweights.For doingthat
we replacethe module M of Section2 by the p-adic crystallinerealizationof the motive associated
to f; this givesus a filtered ¢-module M of rank two. The comparisontheoremfor crystalline
and p-adic etalecohomologyimplies that this filtered ¢-moduleis weakly admissible from which
it follows immediatelythat the crystalline Frobeniusp cannotbe a scalar Unfortunately it is not
known that ¢ is semi-simplesoall we shaw is thatsemi-simplicityof ¢ impliesthatthe polynomial
2% — a,x + (p)p*~! hassimpleroots.

Let f = > a,¢™ beanormalizedcuspidalnenform of somelevel N, weightk > 2 andcharac-
tere. Let K bethefield generatedy the a,, andthee(a). Let p bea prime numbemotdividing V.
Our first objectie is to constructthe p-adic crystallinerealizationof the motive associatedo f. In
[14], Scholl constructsa Grothendieckmotive M ( f) over Q, with coeficientsin K, suchthat for
every prime number! the Galoisrepresentatiop;;: Go — GL2(Q, ® K) is the dual of the [-adic
realizationH; (M (f)). Concretelyhe constructsa projectorin the groupring of afinite groupof au-
tomorphismsof the smoothandprojectve model X of the k—2-fold fiberedproductof the universal
elliptic curve over Y/(N') (with N’ a suitablemultiple of N) constructedy Delignein [3, §5], such
thatthe [-adicandBetti realizationsof the correspondingChov motive are,in away thatis compat-
ible with Heclke operatorsthe paraboliccohomologygroupsusedin [3]. The Grothendieckmotive
associatedo this Chanv motive (i.e., onereplacegationalequivalenceby homologicalequialence)
hasanactionby theHecke algebraof thespaceof cuspidaimodularformsof weights onthemodular
curve X (N')q; M(f) is asuitablefactor Thevariety X over Q hasa smoothprojectve modelover
Z[1/N'] (se€[14, 4.2.1]and[3]), henceM (f) hasacrystallinerealizationM := H,s(M (f)) which
is afreeQ, ® K-moduleof ranktwo equippedwith anendomorphisng, the crystallineFrobenius,
thatis inducedby the Frobeniussndomorphisnof thereductionmodp of X. Thecharacteristipoly-
nomialof ¢ is 22 — a,z + £(p)p*~!; this canbe shavn in the sameway asonecanshaw it for the
[-adicrealizationspr oneinvokesaresultof KatzandMessing(see[14, 4.2.3]).

3.1Theorem. Let f = > a,q™ beanormalizedcuspidalnexform of somelevel N, weightk > 2
andcharactee. Letp be a prime numbernot dividing N. Thenthe Frobeniusp of the crystalline
realizationM of themotive M (f) is notscalari.e., it is notin Q, ® K.

Proof. The proof is by contradiction. We supposehat ¢ is an element,\ say of Q, ® K. The
comparisortheorenfor crystallineandde Rhamcohomologyfor smoothproperZ,-schemegsee[8,
§1.3]) givesusanisomorphismbetweenM andQ, ® Hpr(M (f)), andhencea decreasingiltration
(the Hodgefiltration) Fil on M. So (M, ¢, Fil) is an objectof the category of filtered ¢-modules.
(A filtered p-moduleis a finite dimensionalQ,-vector space)M with a decreasingexhaustve and
separatindiltration Fil*, i € Z, andanendomorphismp; morphismsarelinear mapsrespectingil
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and ¢; see[8, §2.3].) The Hodgefiltration on Hpr(M(f)) inducesthe Hodge decompositiorof

C ® Hg(M(f)), whichis of type (k—1,0), (0, k—1), henceFil’(M) = M, Fil'(M) = Fil*~' (M)

is free of rankone,andFil*(M) = 0. Fontainehasconstructedsrothendiecks “mysteriousfunctor”
D..ys from the catgyory of finite dimension@Q,-vector spaceswith continuousGal(@p /Q,)-action
to the cateyory of filtered ¢-modules(seethe introductionof [8]). It is a theoremof Faltings (see
[8, §3.2]), of which a specialcasewas proved earlier by Fontaineand Messing,that thereis an
isomorphismof filtered ¢-modulesbetweenM andD.,ys(H,(M (f))). In fact,thetheoremis stated
for varieties but sincetheisomorphisms compatiblewith the multiplicative structureandwith cycle
classesit alsoworksfor Grothendieckmotives.

The mostimportantconsequencef this theoremfor usis thatthe filtered ¢-module M is ad-
missible,henceweakly admissiblejn the senseof Fontaine,see[7, 4.4.6]. Recallthatto a filtered
¢-moduleM oneassociateswvo polygons:the Hodgepolygon,dependingonly on thefiltration, and
the Newton polygon,dependingonly on ¢. Weakly admissibleneanghatfor every subobjectM’ of
M the Newton polygonlies above or on the Hodgepolygon,andthatthe two polygonsfor M itself
have the sameend-point. An equvalentformulationis the following. For M a filtered ¢-module
let £y (M) bethe p-adicvaluationof the determinanbdf ¢, andlet ¢ (M) bethemaximali suchthat
Fil'(det M) # 0. ThenM is weaklyadmissiblgf andonly if firstly: ¢x (M) = (M), andsecondly:
for all subobjects\I’ of M onehasty (M') < ty(M").

Considemow our weakly admissibl€filtered g-module)M . Since¢ is theelementh of Q, ® K,
we have the subobjectM’ := Fil* ' (M) of M (we give it the inducedfiltration). Thent (M') =
[K : Q|(k —1),whereasy(M') = [K : Q|(k —1)/2 (recallthat M’ is freeof rankoneoverQ, ® K
andthat\? = (p)p*1). Sincek > 2, this contradictsheweakadmissibilityof M. O

3.2Coroallary. Let f =" a,q" beanormalizedcuspidaleigenformof somelevel N, weightk > 2
andcharactee. Letp bea primenumbemotdividing N andsupposéhatthe crystallineFrobenius
¢ of theQ,-vectorspaceM ( f) is semi-simple.Thenthepolynomialz? — a,x + & (p)p*~! hassimple
roots.

Proof. Theproofis by contradiction:we supposéahat\ € K is adoubleroot. As we have already
saidabove,thepolynomialin questionis the characteristipolynomialof theendomorphisng of the
freeranktwo Q, ® K-module)M. Henceit satisfiestheidentity (¢ — A\)*> = 0. Now Q, ® K isa
finite productof fields, hencethe semi-simplicityof ¢ impliesthat ¢ is multiplicationby A. But this
contradictsTheorem3.1. O

3.3Remark. The first threelines of [11, §2] shav that Tate’s conjecturementionedin Sectionl
impliesthesemi-simplicityof -adicandcrystallineFrobeniuslementof smoothprojective varieties
overfinite fields. d

3.4 Remark. Schollremarksthathis explicit constructiorof the crystallinerealizationM of M (f)
in [15] shouldshow directly that M is weaklyadmissible. O



4 Applications,

41Theorem. Let N > 1 andk > 2 beintegers. Let f = ) a,q" be a normalizedcuspidal
eigenformof level N andweightk. Letp beaprimenumbemotdividing N. If k > 2 assumelates
conjecturementionedn Sectionl. Thenwe have |a,| < 2p*~1/2.

Proof. Lete bethecharacteof f. Theorems2.1and3.1 shaw thatz® — a,z + £(p)p*~! hasno

doubleroot. Delignehasshavn ([5, Thm. 6.1] and[4, Thm. 1.6]) thatthe rootshave absolutevalue
(k—1)/2 O
P .

4.2 Theorem. Let N > 1 andk > 2 beintegers.Letp be aprime numbersuchthatp® doesnot di-
vide N. AssumeTates conjecturanentionedn Sectionl if k > 3 andp|N. Thentheendomorphism
T, of M°(N, k)¢ is semi-simple.

Proof. Forthesale of notation,let N > 1 beanintegerandp a prime numbemotdividing N. Let
k > 1. In this caseT,, is normalwith respecto the Peterssorscalarproducton M°(N, k)c. Hence
T, is diagonalizable.

Let usnow considerM(pN, k)¢, with k& > 2. By thetheoryof nenforms, M°(pN, k)¢ is the
direct sum of its p-new part M°(pN, k)" andits p-old part M°(pN, k)?*'¢, this decomposition
beingrespectedy all Hecke operators Therestrictionof T2V* to M°(pN, k)7 is normal,hence
diagonalizable The p-old partis isomorphicto the direct sumof two copiesof M°(N, k)¢, via the
map (f(q),9(q)) — f(g) + g(¢”). Therestrictionof T?V* to M°(pN, k)2 is thengiven by the
following two by two matrix:

N TNE 1
(4.2.1) TP | pold — I: .
P MO(pN,lc)‘C _pk 1<p> 0

We have alreadyseenthat M°(N, k)¢ is thedirectsumof its commoneigenspacey, . for T, and
the diamondoperators|t followsthat M°(pN, k)2 decomposeasa directsumof termsV;? _, and
thatthe restrictionof T2"* to eachof the V2 _ is annihilatedby +* — a,z + (p)p*~*. Underthe
hypothese®f the theoremwe are proving, thesepolynomialshave simpleroots by Theorems2.1
and3.1.

Let usnow considerM?® (p? N, k)¢, with k& > 2. Heretoo this spacds the directsumof its p-old
andp-new parts. On the p-new partT,g’r‘W”c is self-adjoint,hencediagonalizable.The p-old partis
now isomorphicto the direct sumof threecopiesof M°(N, k) andtwo copiesof M°(pN, k)&,
Therestrictionsof TfN”“ to M°(N, k)2 and(M°(pN, k)7"°")? aregivenby thefollowing matrices:

TpN’k 10 TovE 1
(4.2.2) _pk*1<p> 01 |, P
0 0
0 00

Onecannow repeatthe sametype of argumentasabove, invoking Theorem=2.1 and3.1to seethat,
underthe hypothese®f the theoremwe are proving, z(z? — a,z + ¢(p)p*~'), with (a,,e(p)) as
before hassimpleroots. ThespaceM?(pN, k)2 is adirectsumof eigenspacefor TpNP”“, andone
knowsthattheeigervaluesarenon-zeraseg[5, §1.8]). It followsthatalsotherestrictionof T52N * to
(M°(pN, k)7°")? is diagonalizable. O



4.3 Corollary. Let N > 1 becubefree,andletk > 2. LetT betheZ-algebrageneratedby the endo-
morphismsT,,, n > 1, and{a), a € (Z/NZ)*, of M°(N, k)c. AssumeTate’s conjecturementioned
in Sectionl if k > 2. Thenthering T is reduced.

Proof. Thisis sobecausé is asubringof theC-algebral¢ := C ® T generatedby theT,, and{a).
Theoremd.2tellsusthattheZ), and(a) canbesimultaneouslyliagonalizedThey generatélc, hence
T¢ is aproductof copiesof C, hencereduced. O

4.4 Remark. For general N and k, the Hecke algebraT is well known to be a free Z-module;
To := Q® T is well known to be Gorensteinj.e., its Q-linear dual (Q ® T)" is free of rankoneas
Q ® T-module,seefor example[18, p. 481]. Onewayto provethisis asfollows. By the ¢g-expansion
principle, M°(N, k)¢ is free of rankoneasTc-module. Thenoneconstructsa T¢-bilinear C-valued
pairingon M°(N, k)¢ to getanisomorphismof T¢-modulesbetweenM(N, k)¢ andits dual. An-

otherway to prove it is to usethe theoryof new forms. This last proof givesmoreinformationon

how exactly T decomposeasa productof C-algebras. Parentneededsuchinformationandso he
workedoutthedetailsin [13]. His work madeseethat Theorem4.2 shouldbe statedfor N cubefree
insteadof squardree. Of course statementthatcompletionof T at certainof its maximalidealsare
Gorensteiraremuchmoresubtleandharderto prove (seefor example[18, §2.1]). O

5 Discriminants of Hecke algebras.

Accordingto Corollary4.3, certainHecke algebrasT arereduced.This meanghatthediscriminants
discr(T) of theirtraceforms (z,y) — trace(xy) arenon-zero.Thesediscriminants‘count” all con-

gruencedetweendifferenteigenformsof fixed level andweight, hencearequite uselesgor dealing
with congruencesvith afixed form (in particular nothinginterestingcanbe said on the degreesof

modularparametrizationsf elliptic curvesover@Q). Thefollowing result,relatingsuchdiscriminants
to heightsof modularcurves,is dueto AbbesandUlimo (unpublished).

5.1 Theorem. (Abbes, Ullmo) Letp bea prime numberandletT bethe Hecke algebraassociated
to M°(p,2)c = H*(Xo(p)c, ). Thenonehas:

1 ) g
h(Xo(p)o) = 2 log [discr(T)| — Zlog ||ws ],
=1

whereh is themodularheightof curvesoverQ (see[16, §3.3]), wherew, . . ., w, arethenormalized
eigenformsand|| - || thenormof the scalamproduct{w|n) = (i/2) [ Xo)(©@ W AT onH%(X,(p)c, ).

Proof. We startby recallingthe definition of . Solet Xy beasmoothpropergeometricallyirre-
duciblecurve over Q, of somegenusy. Let Jg beits jacobianand.J the Neronmodelover Z. Then
we have the free Z-moduleof rankonew; := A-‘JO*Q}/Z, with the scalarproducton C ® w; given
by (wln) = (i/2)*(=1)?9"D" [}, w A 7. The heighth(Xq) is thendefinedto be the Arakelov
degreeof this metrizedine bundle: h(Xq) = deg,,(ws) = —log ||w||, with w ageneratoof w;. The
Z-modulew; is equippedwith the scalamproducton C ® w; = H(X;(p)c, ) alreadymentionedn

6



the theoremabove. This scalarproductinducesa real scalarproduct,andhencea volumeform, on
R ® w; (thevolumeform beingdeterminedy the conditionthata cubewith edge<f lengthonehas
volumeone).A calculation(seg[16, lemme3.2.1])shovsthatonehas:

(5.1.1) h(Xg) = —logvol(R @ wy/wy).

Let now X bethecurve Xy(p)g. In thatcasew; is thesameasH (X7, Q), with Xz theusualmodel
over Z (semi-stable X, consistingof two irreduciblecomponentsand(2 its dualizingsheaf([10,
Ch. I, §3]). Thefactthatthe two irreduciblecomponent®f Xy, areof genuszeroimpliesthatthe
pairing

(5.1.2) TXw;—Z, (t,w)r— a(tw),

with a; denotingthe linearform on w; thattakesthe coeficient of ¢ in the g-expansion,is perfect,
i.e.,it inducesanisomorphisnbetweerl" of T andw,. Letwy, ..., w, beasin thetheorem.Sending
anelementof Ty to the eigervaluesof thew; for it is anisomorphisnof R-algebras:

(513) TR —)Rg, t— (al(twl),...,al(twg)).

The traceform on T correspondso the standardscalarproducton R?. Composingthe dual of the
isomorphism(5.1.3)with theisomorphisnily;, -+ R®w; from (5.1.2)givesanisomorphismfrom R?
to R ® w; mappingtheith standardasisvectore; to w;. It followsthatthevolumeformonR ® w;
correspondso [, ||ws|| timestheoneon Ty, correspondingo thetraceform. We find:

(5.1.4) vol(R ® wy/wy) = (H||wz||> vol(TY,/T) = <H||w,||> vol(Tg /T)~"

Theproofis finishedsincevol (Tg /T) = |discr(T)|'/2. O

5.2 Theorem. (Abbes, Ullmo) Foreverye > 0 thereexistsc(e) in R suchthatfor all primenumbers
p onehash(Xy(p)g) < c(e)p'*=.

Proof. LetT andg beasabove,andletT’ :=»"7 | ZT;. ThenT" is of finite index in T becausec is
notaWeierstraspointof X, (p) (se€9, §3] or[6, §4]). Theimageof T; undertheisomorphism(5.1.3)
is (a;(w1), - - -, ai(wy)). It followsthatwe have the equalities:

(5.2.1) discr(T) = discr(T')|T/T'|7%, |diser(T')| =| det a;(w;)|*

1<14,j<g

Weil's theoremon absolutevaluesof eigervaluesof Frobeniusendomorphismef abelianvarieties
over finite fieldsimplies that |a;(w;)| < o(i)i'/2, whereo (i) is the numberof positive integersdi-
viding i. It follows that|discr(T')| < ¢! [I%, o(3)i'/2. Therestof the proof consistsof applying
Theoremb.1andstandardestimategincludinganabsolutdower boundfor the ||w;||). O

5.3 Remark. Oneknows (see[10, Ch. Il, Prop.10.6]) that Spec(T) (for T asabove) is connected.
Thisimpliesalowerboundfor discr(T) (use[12]). Ontheotherhand the ||w;|| areboundedabore by
aconstantimesp. Unfortunately the lower boundfor (X, (p)q) obtainedik e this seemgoo weak
to beuseful. AssumingT to be Gorensteirdoesnot significantlyimprove this lower bound. O
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5.4 Remark. Several problemsarisewhenonewantsto generalizethe above resultsfor X (p)q to

moregeneralXy(N)q. Firstof all, TV will notbethesameasw,, butit shouldbepossibleto estimate
|TY /ws|. Secondlythe comparisorof thetraceform on T andthe scalarproducton R ® w; is more
complicated Notethatthetraceform canevenbedegenerateif N is notcubefree. Thirdly, it seems
to be unknavn if co canbe a Weierstraspointon Xy(N)g whenN is squarefree (see[9, §3]; it is

known thatoo is a Weierstraspointwhen N is divisible by 4 or 9, for example).

Supposeaow that V is squardree. Beforeknowing theresultthatT is reduced AbbesandUlimo
have relatedh(X,(V)) to the discriminantsof the “new parts” of the Hecke algebraof level divid-
ing N (unpublished).The techniqueshey usecomefrom [1] and[2]. They shawv thatTheorem5.2
holdsfor squardree NV suchthatoo is notaWeierstrasgoint. With thesametechniquedt is certainly
possibleto solve thefirst two of thethreeproblemsmentionedabore. O
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