
Onthesemi-simplicityof the
���

-operatoronmodular

forms.

RobertF. Coleman BasEdixhoven�
Fall 1996

1 Introduction.

For � and � positiveintegers,let ���
	��������� denotethe � -vectorspaceof cuspidalmodularformsof

level � andweight � . Thisvectorspaceis equippedwith theusualHeckeoperators��� , ����� . If we

needto considerseveral levelsor weightsat thesametime, we will denotethis ��� by ���� , or ��� � !� .

If " is a primenumberdividing � , our �$# is alsoknown underthename%&# . Oneof our mainresults

canbestatedveryeasily: if �('*) and",+ doesnotdivide � , thentheoperator�$# is semi-simple.We

canprove thesameresultfor weight �-�/. , undertheassumptionthatcertaincrystallineFrobenius

elementsaresemi-simple.Milne hasshown in [11, 0 2] thatthis semi-simplicityis implied by Tate’s

conjectureclaimingthatfor 1 projectiveandsmoothoverafinite field of characteristic" , and 23�54 ,687:9<; 	>=@?�AB	C1D�FEHGJILKNMO� equalstheorderof PQ	C1R��SB� at 2 . Ulmer provedin [17] that �$# is semi-simple,

for �5'T. and ",U not dividing � , underthe assumptionof the Birch-Swinnerton-Dyerconjecture

for elliptic curvesover function fields in characteristic" . His methodis quite differentfrom ours:

assumingthat �$# is notsemi-simple,hereallyshowsthattheBirch-Swinnerton-Dyerconjecturedoes

nothold for anexplicitly givenelliptic curve.

Thestructureof our proof is asfollows. Usingthetheoryof newforms,theproblemis shown to

be equivalentto the problemof showing that, for a normalizednewform V of weight � , prime-to-"
level andcharacterW , thepolynomial X UZY\[ #]X<^\W8	_"��`" !ba,c hasno doubleroot. Thispolynomialhap-

pensto bethecharacteristicpolynomialof theFrobeniuselementat " in thetwo-dimensionalGalois

representationsassociatedto V ; it is alsothe characteristicpolynomialof the crystallineFrobenius

asociatedto V . Weshow thatthis crystallineFrobeniuscannotbeascalar.

In Sections2 and3 we prove the resultsconcerningtheseFrobeniuselementsfor ��'d) and�e�f) , respectively. Section2 is quiteelementary, whereasin Section3 weusea lot of themachinary

for comparing" -adicetaleandcrystallinecohomology. In Section4 we give someapplications:the

Ramanujaninequalityis astrict inequalityin certaincases,certainHeckealgebrasarereduced,hence

have non-zerodiscriminant.Section5 givessomeresults,dueto AbbesandUllmo, concerningthe

discriminantsof certainHeckealgebras.g
partially supportedby theInstitutUniversitairedeFrance
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To endthis introduction,let usexplain why the case�h'i� is completelydifferent. Considera

normalizedcuspidaleigenformVD'kj [ �ml � of somelevel � , of weightoneandwith somecharac-

ter W . DeligneandSerrehave shown ([5, 0 4]) that thereexistsa continuousrepresentationnpo fromqsrHt 	 uvE
u�� to
qsw U 	>�x� , unramifiedoutside� , suchthat,for all primes" not dividing � , thecharac-

teristic polynomialof a Frobeniuselementat " is XyU Yz[ #{X|^zW�	_"�� . Sincethe imageof npo is finite,

Chebotarev’s densitytheoremgivestheexistenceof primes" not dividing � suchthattheFrobenius

elementat " is theidentityelement,hencehascharacteristicpolynomial 	CX Y �}�LU .
2 An elementary proof in the case of weight two.

2.1 Theorem. Let Vf' j [ �Hl � be a cuspidalnormalizedeigenformof weight two, somelevel �
andcharacterW�~B	���E]����L��� �O� . Let " be a prime numbernot dividing � . Thenthe polynomialXyU Y\[ #{X�^\W�	_"��`" hassimpleroots.

Proof. Theproof is by contradiction,sowe supposethat thepolynomialhasa doubleroot � . Then

of coursewe have � U '�W�	�"��C" and )���' [ # . Let � be the finite extensionof u generatedby the[ � andthe W8	 [ � , andlet �J� beits ring of integers.Let � denotethe jacobianvarietyof themodular

curve 1 c 	��R� over u . Weidentify thespace���m	>����)�� ; of weighttwo cuspformsof level � andwith

coefficientsin u with thecotangentspaceat theorigin of � ; this is compatiblewith theactionof the

Heckeoperators.Let � bethesubringof ��� 6 	���� thatis generatedby the ��� , �D��� , andthediamond

operators� [�� , [�� 	`��E]����� � . Let � betheannihilatorof V in � , andlet ���; ~�' �,Em�,� bethequotient

of � by its subvariety generatedby the imagesof all elementsof � . It is well known that ���; has

dimension¡¢� ~,u�£ , andthat for every primenumber¤ , the free �¦¥zu�§ -module ¨y§>	`���; � of ranktwo

givesthe ¤ -adicGaloisrepresentationnpo � § associatedto V . We preferto work with anabelianvariety� ; thatis isogeneousto � �; andonwhichwehaveanactionof all of �J� . This is easilydone:define� ; ~©'f�J��¥sª�� �; , wherethetensorproductshouldbecalculatedby takingapresentationof �J� .

Theabelianvariety � ; hasgoodreductionat " ; let ��«�¬ denotethecorrespondingabelianscheme

over �# . Weconsiderthefirst algebraicdeRhamcohomologygroup � ~�'�? c®�¯ 	`��«�¬FEm�°#{� . It is a free�# -moduleof rank )�¡±�T~�u�£ , equippedwith its Hodgefiltration:	²)�³©)�� � '�´ 7 t � � µ5´ 7 t c � '�? � 	`��«H¬b�·¶ c ��³
Thesubmodulé

7 t c � is freeof rank ¡±�T~pu�£ as �# -module,andhasthepropertythat ´ 7 t � ��EH´ 7 t c �
is torsionfree.Thedoubleroot � of XyU Y\[ #]X<^¸W�	�"��C" is in �J� , sinceit is integraland )H� is in � . In

theendomorphismring of ��¹ ¬ wehave theEichler-Shimuracongruencerelation:	²)�³�.º� 43'»	>´,¼F½H¾�# Y ´y¼¿½�¾H#
�b	>´,¼F½H¾H# Y ´y¼¿½�¾ �# �O'f´y¼¿½�¾ U# Y\[ #B´,¼F½�¾m#@^ÀW8	_"��`"Á'k	�´,¼F½�¾m# Y ��� U �
where ´,¼F½�¾m# is the Frobeniusendomorphismand ´,¼F½�¾ �# the Verschiebung,multiplied by W�	�"�� . The

factthateveryabelianvarietyover Â�# is isogeneousto a productof simpleonesimpliesthat ´,¼¿½�¾�# is

semi-simplein thesensethat it satisfiesanidentity of theform Ã(	>´,¼F½�¾m#
��'»4 , with Ã a polynomial

with coefficientsin u thathassimpleroots. It follows that ´,¼F½H¾H#�'Ä� in ��� 6 	`��¹�¬�� . Since �J�D¥��#
is a productof a finite numberof discretevaluationrings, ´ 7 t c � is a locally freemoduleover it; it
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is in fact freeof rankone(consideru�¥�´ 7 t c � ). It follows that � doesnot annihilateÂ�#Å¥�´ 7 t c � ,

sincewehave �yUZ'5W�	_"��`" . But Â�#Æ¥�´ 7 t c � is thesameas ?��B	���¹ ¬ �N¶�cF� , andon this module � actsas´,¼F½�¾ �# , henceit doesannihilate.Thiscontradictionfinishestheproof. Ç
3 The general case.

In this sectionwe try to generalizeTheorem2.1asmuchaswecanto higherweights.For doingthat

we replacethemodule � of Section2 by the " -adiccrystallinerealizationof themotive associated

to V ; this gives us a filtered È -module � of rank two. The comparisontheoremfor crystalline

and " -adic etalecohomologyimplies that this filtered È -moduleis weakly admissible,from which

it follows immediatelythat the crystallineFrobeniusÈ cannotbe a scalar. Unfortunately, it is not

known that È is semi-simple,soall we show is thatsemi-simplicityof È impliesthatthepolynomialXyU Y\[ #{X�^\W�	_"��`",!Éa,c hassimpleroots.

Let V-' j [ �Hl � bea normalizedcuspidalnewform of somelevel � , weight �D�») andcharac-

ter W . Let � bethefield generatedby the [ � andthe W8	 [ � . Let " bea primenumbernot dividing � .

Our first objective is to constructthe " -adiccrystallinerealizationof themotive associatedto V . In

[14], Scholl constructsa Grothendieckmotive �k	>VÊ� over u , with coefficients in � , suchthat for

every prime number ¤ the Galoisrepresentationnpo � §`~·Ë ; � qsw U 	�u�§ ¥*��� is the dual of the ¤ -adic

realization?�§>	²�k	>VÊ�F� . Concretely, heconstructsa projectorin thegroupring of a finite groupof au-

tomorphismsof thesmoothandprojectivemodel 1 of the � Y ) -fold fiberedproductof theuniversal

elliptic curve over ÌÁ	>����� (with ��� a suitablemultiple of � ) constructedby Delignein [3, 0 5], such

thatthe ¤ -adicandBetti realizationsof thecorrespondingChow motiveare,in a way that is compat-

ible with Hecke operators,theparaboliccohomologygroupsusedin [3]. TheGrothendieckmotive

associatedto this Chow motive (i.e., onereplacesrationalequivalenceby homologicalequivalence)

hasanactionby theHeckealgebraof thespaceof cuspidalmodularformsof weight � onthemodular

curve 1Í	>� � � ; ; �k	>VÊ� is a suitablefactor. Thevariety 1 over u hasa smoothprojective modelover�s¡_�BE]� � £ (see[14, 4.2.1]and[3]), hence�k	>VÊ� hasacrystallinerealization� ~©'�?�Î`Ï:Ð¿Ñ·	>�k	²V&�F� which

is a free uO#3¥5� -moduleof ranktwo equippedwith anendomorphismÈ , thecrystallineFrobenius,

thatis inducedby theFrobeniusendomorphismof thereductionmod " of 1 . Thecharacteristicpoly-

nomialof È is XyU Yz[ #{Xe^�W�	�"��C",!ba,c ; this canbe shown in the sameway asonecanshow it for the¤ -adicrealizations,or oneinvokesa resultof KatzandMessing(see[14, 4.2.3]).

3.1 Theorem. Let VÀ'Òj [ �Hl � bea normalizedcuspidalnewform of somelevel � , weight �h� )
andcharacterW . Let " be a prime numbernot dividing � . Thenthe FrobeniusÈ of the crystalline

realization� of themotive �k	²VÊ� is not scalar, i.e., it is not in uÓ#Æ¥�� .

Proof. The proof is by contradiction. We supposethat È is an element, � say, of uÓ#Ô¥Õ� . The

comparisontheoremfor crystallineanddeRhamcohomologyfor smoothproper�# -schemes(see[8,0 1.3]) givesusanisomorphismbetween� and uO#s¥�? ®8¯ 	²�k	>VÊ�F� , andhencea decreasingfiltration

(the Hodgefiltration) ´ 7 t on � . So 	²����È��·´ 7 t � is an objectof the category of filtered È -modules.

(A filtered È -moduleis a finite dimensionaluÓ# -vectorspace� with a decreasing,exhaustive and

separatingfiltration ´ 7 t©Ö , × � � , andanendomorphismÈ ; morphismsarelinearmapsrespectinǵ
7 t
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and È ; see[8, 0 2.3].) The Hodgefiltration on ? ®8¯ 	²�k	>VÊ�F� inducesthe Hodgedecompositionof��¥�?�Ø�	>�k	²VÊ�¿� , which is of type 	²� Y ���·4��É�B	�4���� Y �B� , hencé
7 t � 	>�*�s'Ò� , ´ 7 t c 	>�*�s'Ù´ 7 t !ba,c 	²�Ú�

is freeof rankone,and ´ 7 t ! 	²�*�x'*4 . FontainehasconstructedGrothendieck’s “mysteriousfunctor”Û Î`Ï:Ð¿Ñ from the category of finite dimensionuO# -vectorspaceswith continuous
qsrHt 	 u # EmuO#$� -action

to the category of filtered È -modules(seethe introductionof [8]). It is a theoremof Faltings(see

[8, 0 3.2]), of which a specialcasewas proved earlier by Fontaineand Messing,that there is an

isomorphismof filtered È -modulesbetween� and
Û Î`Ï:Ð¿Ñ·	�?Ó#p	>�k	²V&�F�F� . In fact, thetheoremis stated

for varieties,but sincetheisomorphismis compatiblewith themultiplicativestructureandwith cycle

classes,it alsoworksfor Grothendieckmotives.

The most importantconsequenceof this theoremfor us is that the filtered È -module � is ad-

missible,henceweaklyadmissible,in thesenseof Fontaine,see[7, 4.4.6]. Recall that to a filteredÈ -module � oneassociatestwo polygons:theHodgepolygon,dependingonly on thefiltration, and

theNewtonpolygon,dependingonly on È . Weaklyadmissiblemeansthatfor everysubobject� � of� theNewton polygonlies above or on theHodgepolygon,andthat thetwo polygonsfor � itself

have the sameend-point. An equivalent formulation is the following. For � a filtered È -module

let Ü � 	>�*� bethe " -adicvaluationof thedeterminantof È , andlet ÜLÝ�	>�*� bethemaximal × suchthat´ 7 t Ö 	 68ÞÉß �*�Jà'Ú4 . Then � is weaklyadmissibleif andonly if firstly: Ü � 	²�*�x'5ÜLÝ�	²�*� , andsecondly:

for all subobjects�f� of � onehasÜLÝ�	²�f���Zá�Ü � 	²�5�â� .
Considernow our weaklyadmissiblefiltered È -module � . Since È is theelement� of uO#�¥z� ,

we have the subobject�f�@~�'Ò´ 7 t !Éa,c 	²�*� of � (we give it the inducedfiltration). Then ÜLÝ�	²�f�â��'¡¢�ã~ºu�£�	>� Y �B� , whereasÜ � 	>� � ��'k¡¢�ã~ºu�£ä	²� Y �B�FE�) (recallthat � � is freeof rankoneover ux#�¥À�
andthat � U 'fW�	�"��C" !ba,c ). Since �e�f) , this contradictstheweakadmissibilityof � . Ç
3.2 Corollary. Let V' j [ �ml � bea normalizedcuspidaleigenformof somelevel � , weight ��Ú)
andcharacterW . Let " bea primenumbernot dividing � andsupposethat thecrystallineFrobeniusÈ of the ux# -vectorspace�k	²V&� is semi-simple.Thenthepolynomial XyU Y-[ #{X�^�W8	_"��`"8!ba,c hassimple

roots.

Proof. Theproof is by contradiction:we supposethat � � � is a doubleroot. As we have already

saidabove,thepolynomialin questionis thecharacteristicpolynomialof theendomorphismÈ of the

free rank two ux#3¥Ú� -module � . Henceit satisfiesthe identity 	²È Y ���LU3'Ò4 . Now ux#3¥Ú� is a

finite productof fields,hencethesemi-simplicityof È impliesthat È is multiplicationby � . But this

contradictsTheorem3.1. Ç
3.3 Remark. The first threelines of [11, 0 2] show that Tate’s conjecturementionedin Section1

impliesthesemi-simplicityof ¤ -adicandcrystallineFrobeniuselementsof smoothprojectivevarieties

overfinite fields. Ç
3.4 Remark. Scholl remarksthathis explicit constructionof thecrystallinerealization� of �k	²V&�
in [15] shouldshow directly that � is weaklyadmissible. Ç
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4 Applications.

4.1 Theorem. Let � � � and �Ò� ) be integers. Let Vå' j [ ��l � be a normalizedcuspidal

eigenformof level � andweight � . Let " beaprimenumbernotdividing � . If ��æf) assumeTate’s

conjecturementionedin Section1. Thenwehave ç [ #8çpè5)É"&é�!ba,c>êâëäU .
Proof. Let W be the characterof V . Theorems2.1 and3.1 show that X U Y�[ #]X�^fW�	�"��C" !ba,c hasno

doubleroot. Delignehasshown ([5, Thm.6.1] and[4, Thm. 1.6]) that therootshave absolutevalue"&é�!ba,c>êâëäU . Ç
4.2 Theorem. Let �d�k� and �ì��) beintegers.Let " bea primenumbersuchthat " + doesnot di-

vide � . AssumeTate’sconjecturementionedin Section1 if �e�5. and"çí� . Thentheendomorphism�$# of � � 	�����8��� is semi-simple.

Proof. For thesake of notation,let �ã�k� beanintegerand " a primenumbernot dividing � . Let�-�î� . In this case��# is normalwith respectto thePeterssonscalarproducton ���
	>�����8��� . Hence�$# is diagonalizable.

Let us now consider���
	�",����8��� , with �ï�Ò) . By the theoryof newforms, ���
	�"y�����8��� is the

direct sum of its " -new part ���
	�",����8� #·INðCñ� and its " -old part �f�
	�"y�����8� #·ò�óíô� , this decomposition

beingrespectedby all Hecke operators.Therestrictionof � # � � !# to � � 	�"y�����8� #·INðCñ� is normal,hence

diagonalizable.The " -old part is isomorphicto thedirect sumof two copiesof � � 	��������� , via the

map 	²V°	�lH�É�Fõ&	�lH�F�3ö� V	�lH��^�õ&	�l # � . The restrictionof � # ��� !# to �f�
	�"y�����8� #·ò�óíô� is thengiven by the

following two by two matrix:	�÷�³©)$³â�B� � # � � !# çíøÆù é # � � !·ê ¬�úCû üý ' þ � ��� !# �Y " !ba,c �â" � 4Rÿ ³
We have alreadyseenthat ���
	>�����8��� is thedirectsumof its commoneigenspaces̈�� ¬ � � for ��# and

thediamondoperators.It follows that ���
	_"y��·�8� #·ò�óíô� decomposesasadirectsumof terms ¨ÅU� ¬ � � , and

that the restrictionof � # � � !# to eachof the ¨ U� ¬ � � is annihilatedby X U Yf[ #{Xe^fW�	�"��C" !ba,c . Underthe

hypothesesof the theoremwe areproving, thesepolynomialshave simple rootsby Theorems2.1

and3.1.

Let usnow consider�f�H	_",U·�����8��� , with �ì�Ä) . Heretoo this spaceis thedirectsumof its " -old

and " -new parts. On the " -new part � # � � � !# is self-adjoint,hencediagonalizable.The " -old part is

now isomorphicto the direct sumof threecopiesof ���
	�����8��� andtwo copiesof ���
	_"y��·�8� #·INðCñ� .

Therestrictionsof � # � � � !# to ���
	�����8� +� and 	²���
	_"y������ #·INðCñ� �LU aregivenby thefollowing matrices:

	�÷�³©)$³�)�� ��
� � � � !# � 4Y ",!ba,c]��" � 4 �4 4 4

�	�

 � þ � # ��� !# �4 4 ÿ

Onecannow repeatthesametypeof argumentasabove, invoking Theorems2.1and3.1 to seethat,

underthe hypothesesof the theoremwe are proving, X 	`XyU Y�[ #{Xì^*W�	�"��C",!ba,c�� , with 	 [ #��¿W8	_"��F� as

before,hassimpleroots.Thespace�f�
	�"y�����8� #·INðCñ� is adirectsumof eigenspacesfor ��� # � !# , andone

knowsthattheeigenvaluesarenon-zero(see[5, 0 1.8]). It followsthatalsotherestrictionof � # � � � !# to	²�f�
	�"y�����8� #·INðCñ� �LU is diagonalizable. Ç
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4.3 Corollary. Let � ��� becubefree,andlet �e�f) . Let � bethe � -algebrageneratedby theendo-

morphisms�Q� , �Í� � , and � [�� , [R� 	���E]���� � , of ���
	�����8��� . AssumeTate’s conjecturementioned

in Section1 if �eæz) . Thenthering � is reduced.

Proof. This is sobecause� is asubringof the � -algebra� � ~©'��-¥¸� generatedby the �Q� and � [�� .
Theorem4.2tellsusthatthe �$# and � [�� canbesimultaneouslydiagonalized.They generate� � , hence� � is aproductof copiesof � , hencereduced. Ç
4.4 Remark. For general � and � , the Hecke algebra � is well known to be a free � -module;� ; ~�'Äu�¥z� is well known to beGorenstein,i.e., its u -linear dual 	`u*¥����� is freeof rankoneasuÍ¥h� -module,seefor example[18, p. 481]. Onewayto provethis is asfollows. By the l -expansion

principle, ���
	>�����8��� is freeof rankoneas � � -module.Thenoneconstructsa � � -bilinear � -valued

pairingon ���
	�����8��� to getan isomorphismof � � -modulesbetween�f�
	>��·�8��� andits dual. An-

otherway to prove it is to usethe theoryof new forms. This last proof givesmoreinformationon

how exactly � � decomposesasa productof � -algebras.Parentneededsuchinformationandsohe

workedout thedetailsin [13]. His work madeseethatTheorem4.2shouldbestatedfor � cubefree

insteadof squarefree.Of course,statementsthatcompletionsof � atcertainof its maximalidealsare

Gorensteinaremuchmoresubtleandharderto prove(seefor example[18, 0 2.1]). Ç
5 Discriminants of Hecke algebras.

Accordingto Corollary4.3,certainHecke algebras� arereduced.Thismeansthatthediscriminants687���� ¼{	��� of their traceforms 	`X������Zö� ß ¼ r �]Þ 	`X���� arenon-zero.Thesediscriminants“count” all con-

gruencesbetweendifferenteigenformsof fixedlevel andweight,hencearequiteuselessfor dealing

with congruenceswith a fixed form (in particular, nothinginterestingcanbesaidon thedegreesof

modularparametrizationsof elliptic curvesover u ). Thefollowing result,relatingsuchdiscriminants

to heightsof modularcurves,is dueto AbbesandUllmo (unpublished).

5.1 Theorem. (Abbes, Ullmo) Let " bea primenumber, andlet � betheHecke algebraassociated

to ���m	�" ��)H���Ô'f?��
	`1 � 	_"����Q�·¶�� . Thenonehas:

� 	C1 � 	�"�� ; �x' �) t ½��Æç 687���� ¼}	`���}ç Y �� Ö�� c t ½����� Ö �B�
where

�
is themodularheightof curvesover u (see[16, 0 3.3]), where c �{³{³]³]�� � arethenormalized

eigenformsand �"!#� thenormof thescalarproduct �$ sç % � 'k	`×�E�)���&	' ù é # ê é � ê  )( % on ?��B	C1 � 	_"����Q�·¶�� .
Proof. We startby recallingthedefinition of

�
. So let 1 ; bea smoothpropergeometricallyirre-

duciblecurve over u , of somegenusõ . Let � ; beits jacobianand � theNéronmodelover � . Then

we have the free � -moduleof rank one  +*ì~�'-, � 4��N¶ c* ë « , with thescalarproducton �z¥. /* given

by �$ sç % � ' 	�×�EH)�� � 	 Y �B� � é � a,c>êâëäU & * é � ê  0( % . The height
� 	`1 ; � is thendefinedto be the Arakelov

degreeof thismetrizedline bundle:
� 	`1 ; �O' 68Þ �21 Ï 	3 /*H�O' Y t ½��4�� �� , with  ageneratorof  /* . The� -module /* is equippedwith thescalarproducton �¸¥5 /*Å'*? � 	`1 � 	_"����Q�·¶�� alreadymentionedin
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the theoremabove. This scalarproductinducesa realscalarproduct,andhencea volumeform, on6 ¥7 /* (thevolumeform beingdeterminedby theconditionthatacubewith edgesof lengthonehas

volumeone).A calculation(see[16, lemme3.2.1])shows thatonehas:	98�³:��³â�B� � 	`1 ; ��' Y t ½��/:�½ t 	 6 ¥; /*mE< /*��É³
Let now 1 bethecurve 1 � 	�"�� ; . In thatcase, /* is thesameas ? � 	C1Ô«��·¶�� , with 1<« theusualmodel

over � (semi-stable,1v¹�¬ consistingof two irreduciblecomponents)and ¶ its dualizingsheaf([10,

Ch. II, 0 3]). The fact that the two irreduciblecomponentsof 1v¹�¬ areof genuszeroimplies that the

pairing	98�³:��³�)�� �>=? /*�� �Æ� 	`Ü��� Z�°ö� [ c 	`Ü@ Z���
with [ c denotingthe linear form on  +* that takesthecoefficient of l in the l -expansion,is perfect,

i.e., it inducesanisomorphismbetween� � of � and /* . Let  c �]³{³{³]� � beasin thetheorem.Sending

anelementof �BA to theeigenvaluesof the  Ö for it is anisomorphismof
6

-algebras:	98�³:��³ .º� �BA� 6 � � Ü�ö� 	 [ c 	CÜ@ c �É�{³]³{³]� [ c 	CÜ@ � �F�É³
The traceform on � correspondsto the standardscalarproducton

6 � . Composingthe dual of the

isomorphism(5.1.3)with theisomorphism� �A � 6 ¥? /* from (5.1.2)givesanisomorphismfrom
6 �to

6 ¥; /* mappingthe × th standardbasisvector C Ö to  Ö . It follows thatthevolumeform on
6 ¥; /*

correspondsto D Ö �� Ö � timestheoneon �/�A correspondingto thetraceform. Wefind:	98�³:��³±÷p� :�½ t 	 6 ¥E /*�EF +*m�O' þ �G Ö�� c �� Ö � ÿ :�½ t 	�� �A E
���@' þ �G ÖH� c �� Ö � ÿ :�½ t 	`�BA Em��� a,c ³
Theproof is finishedsince:�½ t 	��BAÊE
���@' ç 687���� ¼{	���Bç c>ëäU . Ç
5.2 Theorem. (Abbes, Ullmo) For every W�æ�4 thereexists Im	`WH� in

6
suchthatfor all primenumbers" onehas

� 	`1 � 	�"y� ; �@á.IH	CWH�`"&cKJ � .
Proof. Let � and õ beasabove,andlet � � ~©' j �Ö�� c �Z� Ö . Then � � is of finite index in � becauseL is

notaWeierstrasspointof 1 � 	_"�� (see[9, 0 3] or [6, 0 4]). Theimageof � Ö undertheisomorphism(5.1.3)

is 	 [ Ö 	M c �É�{³{³]³]� [ Ö 	M � �F� . It follows thatwe have theequalities:	98�³©)$³â�B� 687���� ¼}	���@' 687���� ¼}	�� � �}ç �Em� � ç a�U � ç 687���� ¼]	�� � �Bçm' ç 68ÞbßcON Ö � PQN � [ Ö 	M P �}ç U ³Weil’s theoremon absolutevaluesof eigenvaluesof Frobeniusendomorphismsof abelianvarieties

over finite fields implies that ç [ Ö 	3 P �Bçá-RO	`×��L×�c>ëäU , where RO	�×ä� is the numberof positive integersdi-

viding × . It follows that ç 687���� ¼}	�� � �BçÓá¦õTSQD �Ö�� c RO	�×ä�L×�c>ëäU . The restof the proof consistsof applying

Theorem5.1andstandardestimates(includinganabsolutelowerboundfor the �� Ö � ). Ç
5.3 Remark. Oneknows (see[10, Ch. II, Prop.10.6]) that UWV ÞX� 	��� (for � asabove) is connected.

This impliesalowerboundfor
687���� ¼{	��� (use[12]). Ontheotherhand,the �� Ö � areboundedaboveby

a constanttimes " . Unfortunately, thelower boundfor
� 	`1 � 	�"y� ; � obtainedlike this seemstoo weak

to beuseful.Assuming� to beGorensteindoesnotsignificantlyimprovethis lowerbound. Ç
7



5.4 Remark. Severalproblemsarisewhenonewantsto generalizethe above resultsfor 1 � 	�"�� ; to

moregeneral1 � 	>�R� ; . Firstof all, �Y� will notbethesameas  /* , but it shouldbepossibleto estimateç � � E< /*�ç . Secondly, thecomparisonof thetraceform on � andthescalarproducton
6 ¥; /* is more

complicated.Notethatthetraceform canevenbedegenerate,if � is notcubefree.Thirdly, it seems

to beunknown if L canbea Weierstrasspoint on 1 � 	>� � ; when � is squarefree(see[9, 0 3]; it is

known that L is aWeierstrasspointwhen � is divisibleby 4 or 9, for example).

Supposenow that � is squarefree.Beforeknowing theresultthat � is reduced,AbbesandUllmo

have related
� 	C1 � 	>�R�¿� to thediscriminantsof the “new parts”of theHecke algebrasof level divid-

ing � (unpublished).Thetechniquesthey usecomefrom [1] and[2]. They show thatTheorem5.2

holdsfor squarefree � suchthat L is notaWeierstrasspoint. With thesametechniquesit is certainly

possibleto solve thefirst two of thethreeproblemsmentionedabove. Ç
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