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Preface

From April 12 to April 16, 1992, the instructional conference for Ph.D-students “Dio-
phantine approximation and abelian varieties” was held in Soesterberg, The Nether-
lands. The intention of the conference was to give Ph.D-students in number theory
and algebraic geometry (but anyone else interested was welcome) some acquaintance
with each other’s fields. In this conference a proof was presented of Theorem I of
G. Faltings’s paper “Diophantine approximation on abelian varieties”, Ann. Math. 133
(1991), 549-576, together with some background from diophantine approximation and
algebraic geometry. These lecture notes consist of modified versions of the lectures
given at the conference.

We would like to thank F. Oort and R. Tijdeman for organizing the conference,
the speakers for enabling us to publish these notes, C. Faber and W. van der Kallen
for help with the typesetting and last but not least the participants for making the
conference a successful event.
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Introduction

Although diophantine approximation and algebraic geometry have different roots,
today there is a close interaction between these fields. Originally, diophantine ap-
proximation was the branch in number theory in which one deals with problems such
as approximation of irrational numbers by rational numbers, transcendence problems
such as the transcendence of e or =, etc. There are some very powerful theorems in
diophantine approximation with many applications, among others to certain classes
of diophantine equations. It turned out that several results from diophantine approxi-
mation could be improved or generalized by techniques from algebraic geometry. The
results from diophantine approximation which we discuss in detail in these lecture
notes are Roth’s theorem, which states that for every algebraic number o and for
every § > 0 there are only finitely many p,q € Z with |a — p/q| < |¢/™®7%, and a
powerful higher dimensional generalization of this, the so-called Subspace theorem
of W.M. Schmidt. Here, we would like to mention the following consequence of the
Subspace theorem, conjectured by S. Lang and proved by M. Laurent: let I' be the
algebraic group (Q°)", endowed with coordinatewise multiplication, V a subvariety of
T, not containing a translate of a positive dimensional algebraic subgroup of I, and
G a finitely generated subgroup of I'; then V NT is finite.

We give a brief overview of the proof of Roth’s theorem. Suppose that the equation
|a ~ p/g| < ¢%7¢ has infinitely many solutions p,q € Z with ¢ > 0. First one shows
that for sufficiently large m there is a polynomial P(X;,...,Xn) in Z[Xy,...,Xy]
with “small” coeflicients and vanishing with high order at (a,...,a). Then one shows
that P cannot vanish with high order at a given rational point z = (p1/q1,-.-,Pn/qn)
satisfying certain conditions. This non-vanishing result, called Roth’s Lemma, is the
most difficult part of the proof. From the fact that | — p/g| < ¢~27% has infinitely
many solutions it follows that one can choose z such that | —p,/¢.| < ¢;%~% for n in
{1,...,m}. Then for some small order partial derivative P, of P we have Pi(z) # 0.
But P;(z) is a rational number with denominator dividing e := g ... g%, where
d; = degy (P;). Hence |P(z)| 2 1/a. On the other hand, P; is divisible by a high
power of X; — « and |p;/q; — @] is small for all j in {1,...,m}. Hence P;(z) must be
small. One shows that in fact |P;(z)| < 1/a and thus one arrives at a contradiction.

Algebraic geometry enables one to study the geometry of the set of solutions (e.g.,
over an algebraically closed field) of a set of algebraic equations. The geometry often
predicts the structure of the set of arithmetic solutions (e.g., over a number field)
of these algebraic equations. As an example one can mention Mordell’s conjecture,
which was proved by G. Faltings in 1983 [21]. Several results of this type have been
proved by combining techniques from algebraic geometry with techniques similar to
those used in the proof of Roth’s theorem. Typical examples are the Siegel-Mahler
finiteness theorem for integral points on algebraic curves and P. Vojta’s recent proof
of Mordell’s conjecture.

In these lecture notes, we study the proof of the following theorem of G. Faltings
([22], Thm. I), which is the analogue for abelian varieties of the result for (Q’)"



xi
mentioned above, and which was conjectured by S. Lang and by A. Weil:

Let A be an abelian variety over a number field k and let X be a subvariety
of A which, over some algebraic closure of k, does not contain any positive
dimensional abelian variety. Then the set of rational points of X is finite.

(Note that this theorem is a generalization of Mordell’s conjecture.) The proof of
Faltings is a higher dimensional generalization of Vojta’s proof of Mordell’s conjecture
and has some similarities with the proof of Roth’s theorem. Basically it goes as follows.
Assume that X (k) is infinite. First of all one fixes a very ample symmetric line bundle
£ on A, and norms on £ at the archimedian places of k. Let m be a sufficiently large
integer. There exists ¢ = (z1,...,2n) in X™(k) satisfying certain conditions (e.g., the
angles between the z; with respect to the Néron-Tate height associated to £ should be
small, the quotient of the height of z;,1 by the height of z; should be bigfor 1 <7 < m
and the height of z, should be big). Instead of a polynomial one then constructs a
global section f of a certain line bundle L(c—¢, 51,. . .,$m)? on a certain model of X™
over the ring of integers R of k. This line bundle is a tensor product of pullbacks of £
along maps A™ — A depending on o—e¢, the s; and on d; in particular, it comes with
norms at the archimedian places. By construction, f has small order of vanishing at =
and has suitably bounded norms at the archimedian places of k. Then one considers
the Arakelov degree of the metrized line bundle z*£(a—¢, s1,. .., 5m)? on Spec(R);
the conditions satisfied by the z; give an upper bound, whereas the bound on the
norm of f at the archimedian places gives a lower bound. It turns out that one can
choose the parameters ¢, o, the s; and d in such a way that the upper bound is smaller
than the lower bound.

We mention that the construction of f is quite involved. Intersection theory is
used to show that under suitable hypotheses, the line bundles £(—¢, s1,...,$n)? are
ample on X™. A new, basic tool here is the so-called Product theorem, a strong
generalization by Faltings of Roth’s Lemma.

On the other hand, Faltings’s proof of Thm. I above is quite elementary when
compared to his original proof of Mordell’s conjecture. For example, no moduli spaces
and no l-adic representations are needed. Also, the proof of Thm. I does not use
Arakelov intersection theory. Faltings’s proof of Thm. 1 in [22] seems to use some of
it, but that is easily avoided. The Arakelov intersection theory in [22] plays an essential
role in the proof of Thm. II of [22], where one needs the notion of height not only for
points but for subvarieties; we do not give details of that proof. The only intersection
theory that we need concerns intersection numbers obtained by intersecting closed
subvarieties of projective varieties with Cartier divisors, so one does not need the
construction of Chow rings. The deepest result in intersection theory needed in these
notes is Kleiman’s theorem stating that the ample cone is the interior of the pseudo-
ample cone. Unfortunately, we will have to use the existence and quasi-projectivity
of the Néron model over Spec(R) of A in the proof of Lemma 3.1 of Chapter XI; a
proof of that lemma avoiding the use of Néron models would significantly simplify
the proof of Thm. I. We believe that for someone with a basic knowledge of algebraic
geometry, say Chapters II and III of [27], everything in these notes except for the
use of Néron models is not hard to understand. In the case where X is a curve, i.e.,
Mordell’s conjecture, the proof of Thm. I can be considerably simplified; this was
done by E. Bombieri in [9].



xii

Let us now describe the contents of the various chapters. Chapter I gives an
overview of several results and conjectures in diophantine approximation and arith-
metic geometry. After that, the lecture notes can be divided in three parts.

The first of these parts consists of Chapters II-IV; some of the most important re-
sults from diophantine approximation are discussed and proofs are sketched of Roth’s
theorem and of the Subspace theorem.

The second part, which consists of Chapters V-XI, deals with the proof of Thm. I
above. Chapters V and VII provide the results needed of the theory of height functions
and of intersection theory, respectively. Chapter VIII contains a proof of the Product
theorem. This theorem is then used in Chapter IX in order to prove the ampleness
of certain £(—¢,3i,...,5m)?. Chapter X gives a proof of Faltings’s version of Siegel’s
Lemma. Chapter XI finally completes the proof of Thm. I. Chapter VI gives some
historical background on how D. Mumford’s result on the “widely spacedness” of
rational points of a curve of genus at least two over a number field lead to Vojta’s
proof of Mordell’s conjecture.

The third part consists of Chapters XII and XIII. Chapter XII gives an application
of Thm. I to the study of points of degree d on curves over number fields. Chapter XIII
discusses a generalization by Faltings of Thm. I, which was also conjectured by Lang.



Terminology and Prerequisites

In these notes it will be assumed that the reader is familiar with the basic objects of
elementary algebraic number theory, such as the ring of integers of a number field, its
localizations and completions at its maximal ideals, and the various embeddings in
the field of complex numbers. The same goes more or less for algebraic geometry. To
understand the proof of Faltings’s Thm. I the reader should be familiar with schemes,
morphisms between schemes and cohomology of quasi-coherent sheaves of modules
on schemes. In order to encourage the reader, we want to mention that Hartshorne’s
book [27), especially Chapters II, §§1-8 and III, §§1-5 and §§8-10, contains almost
all we need. The two most important exceptions are Kleiman'’s theorem on the ample
and the pseudo-ample cones (see Chapter VII), for which one is referred to [28], and
the existence and quasi-projectivity of Néron models of abelian varieties {used in
Chapter XI), for which [11] is an excellent reference. At a few places the “GAGA
principle” (see [27], Appendix B) and some algebraic topology of complex analytic
varieties are used. A less important exception is the theorem of Mordell-Weil, a proof
of which can for example be found in Manin’s [52], Appendix II, or in [70]; Chapter V
of these notes contains the required results on heights on abelian varieties. Almost
no knowledge concerning abelian varieties will be assumed. By definition an abelian
variety over a field k will be a commutative projective connected algebraic group over
k. We will use that the associated complex analytic variety of an abelian variety over
C is a complex torus.

Since these notes are written by various authors, the terminologies used in the
various chapters are not completely the same. For example, Chapter I uses a normal-
ization of the absolute values on a number field which is different from the normaliza-
tion used by the other contributors; the reason for this normalization in Chapter 1 is
clear, since one no longer has to divide by the degree of the number field in question
to define the absolute height, but it has the disadvantage that the absolute value no
longer just depends on the completion of the number field with respect to the absolute
value. Another example is the notion of variety. If k is a field, then by a (algebraic)
variety (defined) over k one can mean an integral, separated k-scheme of finite type;
but one can also mean the following: an (absolutely irreducible) afline variety (de-
fined) over k is an irreducible Zariski closed subset in some affine space K™ (K a fixed
algebraically closed field containing k) defined by polynomials with coefficients in k,
and a (absolutely irreducible) variety (defined) over k is an object obtained by glueing
affine varieties over k with réspect to glueing data given again by polynomials with
coefficients in k. As these two notions are (supposed to be} equivalent, no (serious)
confusion should arise.



Chapter 1

Diophantine Equations and
Approximation

by Frits Beukers

1 Heights

Let F be an algebraic number field. The set of valuations on F' is denoted by Mp. Let
|.ls, or v in shorthand, be a valuation of F. Denote by F, the completion of F' with
respect to v. If F, is R or C we assume that v coincides with the usual absolute value
on these fields. When v is a finite valuation we assume it normalised by |p}, = 1/p
where p is the unique rational prime such that |{p|, < 1. The normalised valuation
[|-]ls is defined by
el = JefiF- 0

with the convention that p = oo when v is archimedean and Q. = R. For any
non-zero z € F we have the product formula

(1.1) M=l = 1.

Let L be any finite extension of F. Then any valuation w of L restricted to F is a
valuation v of F. We have for any ¢ € F and v € MF,

(1.2) lizlly = I|I Iz

where the product is over all valuations w € My whose restriction to F is v. The
absolute multiplicative height of z is defined by

H(z) = [T max(L, fell.).

It is a consequence of (1.2) that H(z) is independent of the field F' which contains z.
The absolute logarithmic height is defined by

k(z) = log H(z).

Let P™ be the n-dimensional projective space and let P € P*(F) be an F-rational point
with homogeneous coordinates (zo,1,...,2,). We define the projective (absolute)
height by

h(P) = 3 logmax(||zo|ls, llz1llu, .- -, llnlls)-
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Again, h(P) is independent of the field F containing P. Therefore the projective
height can be considered as a function on P"(F). Notice that the height A(z) of a
number coincides with the projective height of the point (1 : z) € P!. The projective
height has the fundamental property that, given hg, there are only finitely many
P € P*(F) such that h(P) < he.

Let V be a non-singular projective variety defined over F. Let ¢ : V «— PV
be a projective embedding also defined over F. On V(F), the F-rational points of
V, we take the restriction of the projective height as a height function and denote
it by hg. In general the construction of heights on V runs as follows. First, let D
be a very ample divisor. That is, letting fo, f1,..., f. be a basis of the space of all
rational functions f defined over F' with (f) > —D, the map ¢ : V — P” given
by P = (fo(P), fu(P),..., fa(P)) is a projective embedding. The height hp is then
simply defined as hy. If Dy, D, are two linearly equivalent very ample divisors, then
hp, — hp, is known to be a bounded function on V(F).

Now let D be any divisor. On a non-singular projective variety one can always
find two very ample divisors X,Y such that D +Y = X. Define hp = hx — hy.
Again, up to a bounded fuction, hp is independent of the choice of X and Y.

We summarize this height construction as follows.

1.3 Theorem. There exists a unique homomorphism

linear divisor classes — real valued functions on V(F)
modulo bounded functions

denoted by ¢ — h. + O(1) such that: if ¢ contains a very ample divisor, then h, is
equivalent to the height associated with a projective embedding obtained from the
linear system of that divisor.

We also recall the following theorem.

1.4 Theorem. Let ¢ be a linear divisor class which contains a positive divisor Z.

Then
he(P) 2 O(1)

for all P € V(F), P ¢ supp(Z).

For the proof of the two above theorems we refer to Lang’s book [36], Chapter 4.

Finally, following Lang, we introduce the notion of pseudo ample divisor, not to
be confused with the pseudo ample cone. A divisor D on a variety V is said to be
pseudo ample if some multiple of D generates an embedding from some non-empty
Zariski open part of V into a locally closed part of projective space. One easily sees
that there exists a proper closed subvariety W of V such that, given hq, the inequality
hp(P) < ho has only finitely many solutions in V(F) — W.

2 The Subspace Theorem

For the sake of later comparisons we shall first state the so-called Liouwille inequality.
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2.1 Theorem (Liouville). Let F be an algebraic number field and L a finite exten-
sion. Let S be a finite set of valuations and extend each v € S to L. Then, for every

a € L, a #0 we have
1

fledly 2 =z
g H(a)LF]
Proof. Let us assume that ||af|, < 1 for every v € S. If not, we simply reduce the
set S. Let Sp be the finite set of valuations on L which are chosen as extension of v
on F. Using the product formula we find that

IT lledl II lledlg?

wESy, wgSy
2 ]I max(1,]la]l)?
wg&S
1
> T max(l, lalle)™ = 5.
JE e H(@)

The proof is finished by noticing that
llodly = [ iV F > a5
.o

Liouville applied more primitive forms of this inequality to obtain lower bounds for the
approximation of fixed algebraic numbers by rationals. In our more general setting,
let o be a fixed algebraic number of degree d over F. Then it is a direct consequence
of the previous theorem that
c(e)
. - >
(2.2) IL(le - all) > 755

vES

for every z € F with z # 0. Here ¢(a) is a constant which can be taken to be
(2H(a))™?. Using such an inequality Liouville was the first to prove the existence
of transcendental numbers by constructing numbers which could be approximated by
rationals much faster than algebraic numbers. In 1909 A. Thue provided the first non-
trivial improvement over (2.2) which was subsequently improved by C.L. Siegel (1921),
F. Dyson (1948) and which finally culminated in Roth’s theorem, proved around 1955.
The theorem we state here is a version by S. Lang which includes non-archimedean
valuations, first observed by Ridout, and a product over different valuations.

2.3 Theorem (Roth). Let F be an algebraic number field and S a finite set of
valuations of F. Let ¢ > 0. Let a € Q and extend each v to F(a). Then

1
[Tz —ell) < A

vES
has only finitely many solutions z € F.

A proof of Roth’s original theorem can be found in Chapter III of these notes. Around
1970 W.M. Schmidt extended Roth’s techniques in a profound way to obtain a simul-
taneous approximation result. Again the version we state here is a later version which
follows from work of H.P. Schlickewei.
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2.4 Theorem (Schmidt’s Subspace theorem). Let F be an algebraic number
field and S a finite set of valuations of F. Let Hy,H,,...,H, be m hyperplanes
of P" in general position. For each i let H; be given by L; (:vo, .y &y) = 0 where L; is
a linear form with coefficients in Q. Extend each v € S to the field generated by the
coefficients of the L;. Let ¢ > 0. Then the points P = (zq,...,z,) € P"(F) which

satisfy
HHm ”L,’(Z’o,...,zn)
v€S i=1 Zj v

1
H(P)r+ite

lie in a finite union of proper hyperplanes of P™.

For a rough sketch of the proof of Schmidt’s original theorem we refer to Chapter IV.
Let us rewrite these theorems, starting with Roth’s theorem. Take logarithms.

Then we find that

> loglle — ally < ~(2-+ h(z)

vES
has finitely many solutions. The function on the left can be considered as a distance
function, measuring the S-adic distance between z and . Minus this function can be
considered as a prozimity function which becomes larger as z gets closer to o. Roth’s
theorem can now be reformulated as follows. For all but finitely many z € F we have

=Y log|lz — alls < (2 + €)h(2).

vES

We can reformulate the Subspace theorem similarly. There is a finite union Z of
hyperplanes in P* such that for all P € P"(F), P & Z, we have

HL 10’

i=1

<(n+1+ek(P).

> log max

vES x")

The left hand side of this inequality can be considered as a proximity function mea-
suring the S-adic closeness of the point P to the union of hyperplanes UZ, H;.

For comparison, under the same assumptions a trivial application of the Liouville
inequality would give that for all P ¢ P*(F), P¢ H; : = 1,...,m),

m

Z;
I L za )|,

i=1 ,'(1‘0, ey

> log max <|[L: Flmh(P)+ 0(1)

veS

where L is the field generated over F by the coeflicients of the L;.

As a comment we would like to add that the Subspace theorem, in the way we
have formulated it here, has two crucially distinct ranges of applicability. The first
which we call the arithmetic one is when m < n + 1. The Subspace theorem gives a
non-trivial result as long as {L : F]m > n + 1. However if we allow points P in some
finite extension of F' it may happen that [L : F'] decreases and the statement of the
theorem becomes trivial. The second range is when m > n + 2, which we like to call
the geometric realm. Here it does not matter if we extend the field F, the theorem
remains non-trivial.
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3 Weil Functions

On general varieties we can also define proximity functions. In that case they are
known as Weil functions. The general definition is too cumbersome to state here,
and we refer to [36], Chapter 10. Instead we give a short recipe for the construction
of Weil functions on projective varieties. First construct sets of positive divisors
X, t=1,...,n)and Y;, ( = 1,...,m) such that D + X; ~ Y; for every ¢,j and
such that the X; have no point in common and the Y; have no point in common. Let
fi; €F (V) be such that (f;;) = Y; — X; — D for each pair 4, j. Extend the valuation
to all of F. For each P € V(F) we define

Ap(P) = maxminlog || f;;(P)ll.-

Of course Ap, depends upon the choice of the f;;, but it is known that two Weil

functions associated to the same divisor D differ only by a bounded function on

V(F). For more details on Weil functions we refer to Lang’s book [36], Chapter 10.
Consider for example the elliptic curve in P? with affine equation

y’=2*+Ac+B, ABEF.

Let D be three times the point at infinity. Choose fi; = z, fio = y and fi3 = 1.
Notice that (z) = {00, (0,£vB)} — D and (y) = {2-torsion # oo} — D. Notice that
when B # 0 the zero divisors of z and y are disjoint. The corresponding Weil function
is

Ap,» = logmax(1, ||z|l., [ly]l»)-
As another example take for D the union of hyperplanes U, H; in P" from the
Subspace theorem. Let L be the product of all L;. For the functions f;; we choose

m
Z;

m ]=0,...,n.

flj =
The pole divisor of each fy; is precisely D and the zero divisor is m times the hyper-
plane z; = 0. Our v-adic proximity function (Weil function) reads

m
T

L(zo,...,%a)||,

Apu(P) = log max

The Subspace theorem can again be reformulated. There is a finite union of hyper-
planes Z in P™ such that for all P € P"(F), P ¢ Z we have

S Apu(P) < (n+1+ h(P).
vES

4 Vojta’s Conjecture

In the beginning of the 1980’s P. Vojta [80] discovered an uncanny similarity be-
tween concepts from diophantine approximation and from value distribution theory
for complex analytic functions. Theorems in the latter area, translated via Vojta’s
dictionary to diophantine approximation, yielded statements which can be considered



6 F. BEUKERS

as very striking conjectures. Although we are far from being able to prove these con-
jectures, they look like a fascinating guide line in further development of diophantine
approximation and diophantine equations. Here we state only Vojta’s “Main Con-
jecture” without going into the analogy with value distribution theory. A normal
crossing divisor D of a non-singular variety V is a divisor which has a local equation
of the form z,2; - - - 2, = 0 near every point of D for suitably chosen local coordinates
21,22, - Zdim(v) O0 V.

4.1 Conjecture (Vojta). Let V be a non-singular projective variety defined over
the algebraic number fleld F' and let A be a pseudo ample divisor. Let D be a normal
crossing divisor defined over a finite extension of F. Let K be the canonical divisor of
V. Let S be a finite set of valuations on F and for each v € S let Ap,, be a proximity
function for D. Let € > 0. Then there exists a Zariski closed subvariety Z of V such
that for all P € V(F), P ¢ Z we have,

> Apu(P)+ ki (P) < eha(P) + O(1).

vE€S

The subvariety Z will be referred to as an ezceptional subvariety. Actually, an ex-
ceptional subvariety is nothing but a Zariski closed subvariety, but it sounds more
suggestive for this occasion. One could argue whether or not the condition “non-
singular” is really necessary. The “normal crossings” condition is vital however. In
the example of the Subspace theorem this condition comes down to the condition that
the hyperplanes lie in general position.

As an example consider V = P". To determine the canonical divisor consider the

differential form ) = dz,dz; - - - dz,, in the affine coordinates (1:2;:25:...:2,) on
Us = {z € P"|zo # 0}. There are no zeros or poles on Us. But if we rewrite Q with
respect to (zo:...:1:...2,) on U; = {z € P*|z; # 0} we find
Q= ———,;lﬁdzo...d:i:i...dxn.
Zo

Hence ? has a pole of order n 4 1 along 2o = 0 and K = —(n + 1)H where H is
the hyperplane at infinity. So by linearity of heights we find that Ax = —(n + 1)h
where 4 is the ordinary projective height. Thus Vojta’s conjecture for V = P" reads
as follows. For all P € P(F), P ¢ Z we have

3" Apo(P) < (n+1 + €)h(P) + O(1).

vES

So in particular, when D is a union of hyperplanes in general position we recover the
Subspace theorem again, except that Z is now known to be a union of hyperplanes.
If we take for D any hypersurface and, to fix ideas, F = Q, we obtain the following
interesting consequence.

4.2 Conjecture. Let D be a hypersurface in P" defined over Q of degree d > n + 2
with at most normally crossing singularities. Suppose it is given by the homoge-
neous equation Q(zo,...,z,) = 0 where Q has coefficients in Z. Let S be a £-
nite set (possibly empty) of rational primes. Then the set of points (zo,...,z,) €
Zm, ged(zo, . .., zn) = 1 such that Q(zo, ..., z,) only contains primes from S lies in
a Zariski closed subset of P™.
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Proof. We apply Vojta’s conjecture with the proximity functions

d

Z;

Q(zo,-..,2n)

and the set of valuations S U co. The conjecture implies that for any € > 0 the set of
projective n + 1-tuples (zo,...,%s) € Z™! with ged(zo,...,z,) = 1 which satisfy

Ap,w = log max

v

o
Q(zo,- -, 2n)

lies in an exceptional subvariety. The inequality can be restated as

Y 1ogliQ(zo,- - Za)lls < —(n + 1+ €}h(zo,...,2) + 3 logmax(||zll,)

vESUoo v€SUo

> (n+ 1+ e)h(zo,...,z,)

v

>~ logmax

vESUo t

The sum on the right is precisely dk(zy,...,2,) since the sum includes the infinite
valuation and the max; is 1 for all finite v. So the set of solutions to

Z log ||@(zo, . .-y zn)|lo < (d—n — 1 — €)h{zo,...,Zn)

vESU

lies in an exceptional subvariety. Suppose @Q(zo,...,Zs) is composed of primes only
from S. Then by the product formula the left hand side of the latter inequality is zero
and we have a solution of the inequality because d > n+ 1. This proves our corollary.
a

Application of this corollary to the case n = 1 yields the Thue-Mahler equation
F(z,y) = p¥* -- - p** where F is a binary form of degree at least 3 and distinct zeros.
Application of the corollary to @ = zoz; - - - zn(Zo + 21 + - - - + 25,) gives us the S-unit
equation in n + 2 variables.

Application of the corollary in the case n = 2 already poses us with problems that
no one knows how to solve. We obtain a so-called ternary form equation

(4.3) Q(z,y,z) = pit -+ p}"

where Q is a ternary form of degree d and p;,...,p, are given primes. A number
which is composed of only the primes py,...,p, will be called an S-unit. We assume
that the curve Q(z,y, z) = 0 has at most simple singularities. Let us distinguish three
cases, the case d = 1 being considered trivial.

d = 2 Here it is very easy to construct examples having a Zariski dense set of solutions.
Suppose that @ is indefinite and that there are integers xg,yo, 2o such that
Q(zo, Yo, 20) = 1. We indicate how this implies the existence of a Zariski dense
(in P?) set of solutions to Q(z,y,z) = 1, z,y,z € Z. Take any triple of integers
z1,%1,21 € Z and consider the binary form Q(A\zo + pz1, Ayo + py1, Azo + pz1)
which has the shape A2 + Ay + Bu?. Because @ is indefinite we can choose
Z1,%1, 21 in infinitely many ways such that A% — 4B is positive and not a square.
By writing down an infinite set of solutions A, u of the Pellian equation A% +
Al + Bu? = 1 for each such z;,y;, 2 we arrive at our dense set of solutions.
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d =3 This case seems to be very interesting. When Q = 0 has a singular point it
is often possible to construct a dense set of solutions to (4.3) by considering
straight lines through the singularity in a way similar to the previous case.
When @ = 0 is a non-singular curve, things seem to be more difficult, but we
can still give examples of dense solution sets. The equation #*+ 33 + 2% = 1, for
example, has a Zariski dense set of solutions z,y,2 € Z. This can be inferred
from a construction by D.H. Lehmer [42].

d > 4 The above corollary implies that the solutions are contained in an exceptional
subset of P2.

Of course the arguments given in cases d = 2, 3 are very ad hoc. It would be very
interesting to have a more systematic treatment which the author is presently trying
to work out.

For the proof of the following Corollary we refer to [80], Chapter 4.4.

4.4 Conjecture (Hall). For any € > 0 there exists c(¢) > 0 such that
2% — 3| > c(€)z7~
for any z,y € Z with y® # z°.

It is known that 1/2 is the best possible exponent.
The totally new and very remarkable ingredient in Vojta’s conjecture is the occur-
rence of the term hg(P). It makes the following kind of statement possible.

4.5 Conjecture (Bombieri). Let V be a projective variety over F and suppose that
it is of general type. Then V(F) is contained in a Zariski closed subset of V.

Proof. Apply Vojta’s conjecture to the case D = 0, A = K and e = 1/2. Because
V is of general type, K is pseudo ample. We find that for any P € V(F) outside a
certain exceptional subvariety Z the height hx(P) is bounded. Because K is pseudo
ample we conclude that V(F) — Z is finite. O

Thus we see that in case D = 0 Vojta’s conjecture still makes highly non-trivial
predictions thanks to the occurrence of hx (P). Roughly speaking the case D = 0 can
be seen as an example of diophantine approximation without actually approximating
anything!

More particularly, when V is an algebraic curve of genus > 2 defined over F, the
number of F-rational points should be finite (Mordell’s conjecture). This was proved
by Faltings [21] in 1983, and later by Vojta in 1989 following an admirable adaptation
of Siegel’s diophantine approximation method. So it was Vojta himself who vindicated
his insight that one can do diophantine approximation without approximants.

Finally there are some consequences of Vojta’s conjecture which have recently
been proved by Faltings as Theorems 5.5 and 5.6. We shall discuss them in the next
section.
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5 Results

In order to be able to appreciate the results we first establish a trivial result which is
the analogue of Liouville’sinequality. With the same notations as in Vojta’s conjecture
it reads as follows.

5.1 Theorem (Liouville). Suppose that the divisor D is ample and defined over a
finite extension L of F. Then we have for all P € V(F), P ¢ D,

Y Ap(P) < [L : Flhn(P) + O(1).

Proof. Choose m such that mD is very ample. Let fo, f1,..., fv be an L-basis of
the linear system corresponding to mD. A good proximity function is given by

Nmp(P) = logmax [|i(P)ll-

Since the A, ,p are functions bounded from below for all v and bounded from below
by 0 for almost all v we find that

5 hom(P) < X logmax| (Pl + O1)

vES v

where for each v we have chosen an extension to L. The term on the right can now
be bounded by [L : Flh,p(P)+ O(1). Division by m on both sides yields our desired
result. 0O

In the previous section we have already considered the Subspace theorem and its
relation with Vojta’s conjecture. In 1929 C.L. Siegel applied his theorem on the ap-
proximation of algebraic numbers by algebraic numbers from a fixed number field to
the situation of algebraic curves. His result, as extended by Mahler, can be reinter-
preted as follows.

5.2 Theorem (Siegel-Mahler). Let C' be a non-singular projective curve of genus
> 1 and defined over an algebraic number field F. Let S be a finite set of valuations
on F. Let h be a height function on C(F) and let D be a positive divisor on C defined
over F. Then, for any € > 0, we have

3" Ap(P) < ch(P)
vES

for almost all P € C(F) (i.e. finitely many exceptions).

Proof. (sketch) First we embed C into its Jacobian variety J and let & be a height
on J. It is known that if we prove the theorem for % restricted to C' we have proved
it for all 2. Although Siegel had to work with a weaker result we can nowadays profit
from Roth’s theorem. It is a fairly direct consequence of Roth’s theorem that

> Apu(P) < 3uh(P)
veS
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for almost all P € C(F), and where y is the maximum multiplicity of the components
of D. Actually we can have 2 + ¢ instead of the factor 3, but the latter will do. Let
€ > 0 and suppose that there exists an infinite subset £ C C(F) such that
(5.3) S Ap.(P) > eh(P)

vES
for all P € E. Choose m € N such that m% > 4u. It is known via the weak Mordell-
Weil theorem that J(F')/mJ(F) is finite. Let a;,...,a, be a set of representatives
of J(F)/mJ(F). There exists a representative, a; say, such that mQ + e, € E for
infinitely many @ € J(F). We denote this set of @ by E’. The covering w : J — J
given by wu = mu + a; provides an unramified cover of C' by an algebraic curve U.
It follows from (5.3) that

(5.4) S Apu(mQ+a) > eh(mQ + a;)
vES
= mieiz(Q) +0(1)
> 4ph(Q) +0(1)

for all @ € E'. Notice that Ap.(m@ + 41) is a proximity function for @ € U(F) with
respect to the divisor w*D on U. Because w is unramified the maximum multiplicity
of the components of w*D is also . Direct application of Roth’s theorem to the curve

U shows that

> App(mQ +a1) > 3uh(Q)

veS
has only finitely many solutions @ € U(F). This is in contradiction with (5.5). Hence
(5.3) has only finitely many solutions, as asserted. O

It is well known that from Siegel’s theorem we can derive the finiteness of the set
of integral points on affine plane curves. This is done by taking for D the divisor at
infinity. Consider for example the elliptic curve

y:=12%+ Az 4+ B, ABeF

considered previously. In the section on Weil functions we saw that the function
log max(1, j{z]|s, lly]]») is 2 good proximity function to the point R at infinity, counted
with multiplicity 3. Suppose we are only interested in points (z,y) on E with z,y in
Op, the ring of integers of F'. Take for S the set of infinite valuations. Then Siegel’s
theorem implies that

2 logmax(1, [|z]lo. lly|l.) > €h(1: 2 : y)

v[oo
has finitely many solutions for any e. If z,y € Op we see that the left hand side of the
inequality equals A(1 : z : y). Hence, if we take € = 1/2 say, we have a solution of the
inequality. Siegel’s theorem tells us that there are only finitely many such solutions.

In 1989 Vojta proved the Main Conjecture for the case of algebraic curves. The

method used is an adaptation of a method of Siegel to the geometric case. Originally
Vojta used some highly advanced results from the theory of arithmetic threefolds.
However, Bombieri gave in 1990 a version which uses only fairly elementary notions
of algebraic geometry. It seems that Vojta’s ideas had broken a dam because Faltings
very soon, in 1990 and 1991, produced two papers where the following two fascinating
theorems are proved.
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5.5 Theorem (Faltings). Let A be an abelian variety over F' and E a subvariety,
also defined over F. Let h be a height on A and v a valuation on F. Let € > 0. Then
we have

Ag(P) < €h(P)
for almost every point P € A(F) - E.

This theorem settles a conjecture of S. Lang about integral points (with respect to F)
on abelian varieties. In [80], Chapter 4.2 it is shown that Vojta’s conjecture implies
this theorem.

5.6 Theorem (Faltings). Let A be an abelian variety defined over a number field
F. Let X be a subvariety of A, also defined over F. Then the set X(F) is contained
in a finite union of translated abelian subvarieties of X.

We observe that Theorem 5.6 is again a consequence of Vojta’s conjecture. For this we
remark that a subvariety of an abelian variety is either of general type or a translated
abelian subvariety. Then we apply the following argument. If X is of general type,
the exceptional subvariety is a lower dimensional subvariety. If a prime component
X' of this exceptional subvariety is again of general type we repeat our argument for
X’. When we have finally reached dimension zero, we are left with an exceptional
subvariety which is a finite union of translated subtori. The only technical detail we
have to be aware of is that X and other components of exceptional varieties may
be singular. In that case we must resolve singularities to be able to apply Vojta’s
conjecture.

It is nice to notice that Theorem 5.6 partly solves two conjectures proposed by
S. Lang. The first one is that an algebraic variety which is (Kobayashi) hyperbolic
has only finite many F-rational points for a given number field F. In 1978 it was
proved by M. Green that a subvariety X of an abelian variety which does not contain
any translate of a positive dimensional abelian subvariety is indeed hyperbolic. Thus
Theorem 5.6 settles Lang’s conjecture for this particular type of hyperbolic variety.
Theorem 5.6 is also interesting in another respect. Notice that X(F) = A(F)N X.
We know that A(F) is a finitely generated group. Thus the question of the nature
of X(F) can be considered as an example of problems where we intersect finitely
generated subgroups of algebraic groups with their subvarieties. This is precisely the
subject of Lang’s second conjecture we alluded to. The conjecture, which has recently
turned out to be a theorem, reads as follows.

5.7 Theorem. Let G be either an abelian variety over C or a power of the multi-
plicative group C*. Let T be a subgroup of G of finite Q-rank. Let V be a subvariety
of G. Then V NT is contained in a finite union of translates of algebraic subgroups

of G.

In the case when G is a power of the multiplicative group this was proved in 1984 by
M. Laurent [41], using the Subspace theorem and a fair amount of Kummer theory.
As for the case when G is an abelian variety defined over a number field it was shown
in 1988 by M. Hindry [29] that the truth of the above theorem for the special case
of finitely generated I' implies the truth of the full theorem. The proof of this result
is heavily based on work of M. Raynaud. Once that is done we only need to invoke
Theorem 5.6 to prove the above theorem in case G is defined over a number field.
The general case follows by a specialisation argument.



Chapter 11

Diophantine Approximation and
its Applications

by Rob Tijdeman

1 Upper Bounds for Approximations
Litt. [85], [58], [26] and [65].

As with many other areas, it is difficult to say when the development of the theory
of diophantine approximation started. Diophantine equations have been solved long
before Diophantos of Alexandria (perhaps A.D. 250) wrote his books on Arithmetics.
Diophantos devised elegant methods for constructing one solution to an explicitly
given equation, but he does not use inequalities. Archimedes’s inequalities 3% <
7 < 31 and Tsu Ch’ung-Chih’s (A.D. 430-501) estimate 2% = 3.1415929... for 7 =
3.1415926 . .. are without any doubt early diophantine approximation results, but the
theory of continued fractions does not have its roots in the construction methods for
finding good rational approximations to 7, but rather in the algorithm developed by
Brahmagupta (A.D. 628) and others for finding iteratively the solutions of the Pell
equation z? — dy? = 1. Euler proved in 1737 that the continued fraction expansion
of any quadratic irrational number is periodic. The converse was proved by Lagrange
in 1770. Lagrange deduced various inequalities on the convergents of irrational real
numbers. In particular, he showed that every irrational real a admits infinitely many
rationals p/q such that
a— = < w

(1.1) o<

Alternative proofs of this inequality are based on Farey sequences and on the Box
principle. In 1842 Dirichlet used the latter principle to derive the following generali-
sation:

P 1

Suppose that a;; (1 <i < n,1 < j < m)are nm real numbers and that
@ > 1 is an integer. Then there exist integers qi,...,qm, P1,---,Pn With

1 < max(g1l,- ., lgm]) < Q™™

and
loiigr + -+ Cimgm —pi} Q1 (1<i<n).
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(By taking m = n =1 we find 1 < ¢ < @, whence |a — p/g| < 1/¢%.) A further gen-
eralisation resulted from the development of the geometry of numbers. Minkowski’s
Linear Forms Theorem (1896) reads as follows.

Suppose that (8;;),1 < i < n,1 < j < n, is a real matrix with determinant
+1. Let Ay,..., A, be positive reals with AjA;--- A, = 1. Then there
exists an integer point x = (z1,...,%,) # 0 such that

|Bii@ys + - + Binzn| < A; (1£i<n—-1)

and
Iﬂnlxl +---+ ﬂnnzn[ < A,

(Dirichlet’s Theorem corresponds with n + m inequalities in n + m variables.) The
proof of Minkowski’s Linear Forms Theorem is based on his Convex Body Theorem

which says:

any convex compact set K in R", symmetric about the origin, with the
origin as interior point and with volume V(K) > 2", contains a point in

zZ™\{0}.
For j = 1,2,...,n, let A; = X;(K) be the infimum of all A > 0 such that K
contains j linearly independent integer points. The numbers A, A, ..., A, are called
the successive minima of K and satisfy 0 < A; < As € ... € A, < 00. Minkowski’s
Convex Body Theorem implies that A7V (K} < 2", In 1907 Minkowski published the
following refinement (Minkowski’s Second Convex Body Theorem):

2—, <Mda - AV(K) <20
n:

Both bounds can be attained.

The continued fraction algorithm provides a quick way to actually find ratio-
nal approximations, but the theorems of Dirichlet and Minkowski don’t. In [43] a
polynomial-time basis reduction algorithm is introduced which is practical and the-
oretically still rather strong. It implies, as an effective version of Dirichlet’s cited

theorem:

There exists a polynomial-time algorithm that, given rational numbers o;;
(1 £i<n,1<j<m)and Q satisfying Q@ > 1, finds integers ¢, ..., qm,
P1,- - -, Pn for which

1 < max(|qi], ..., |gn|) < 2077 /4mQn/m

and
leagr+ -+ Qimgm —pi| Q™ (1<i<n).

The basis reduction algorithm has been used in the theory of factorisation of polyno-
mials into irreducible factors, in optimisation theory and in several other areas. See
[31]. In Section 3 some applications to diophantine equations will be mentioned.
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2 Lower Bounds for Approximations

Litt. {8] and [65].

In 1844, Liouville proved that some number is transcendental. He derived this result
from the following approximation theorem.

Suppose « is a real algebraic number of degree d. Then there is a constant
¢(a) > 0 such that

a- s > c(a)g™®

for every rational number p/q distinct from a.

o0

(We tacitly assume ¢ > 0). Liouville deduced that numbers like 3%, 2= are tran-
scendental. Liouville’s Theorem implies that the inequality
a-2i< gt

(2.1)

has only finitely many rational solutions p/q if g > d. Thue showed in 1909 that
(2.1) has only finitely many solutions if 4 > d/2 + 1. Then Siegel (1921) in his thesis
showed that this is already true if 4 > 2v/d. A slight improvement to p > v/2d was
made by Dyson in 1947. Finally Roth proved in 1955 that (2.1) has only finitely many
solutions if g > 2. If d > 2, then comparison with (1.1) shows that the number 2
is the best possible. If d = 2, then Liouville’s Theorem is stronger than Roth’s one.
Chapter III of these notes contains a proof of Roth’s Theorem.

In a series of papers published between 1965 and 1972, W.M. Schmidt proceeded
an important step forward. One of his results is the following extension of Roth’s

Theorem.

Suppose « is a real algebraic number. Let k > 1 and 6 > 0. Then there
are only finitely many algebraic numbers B of degree < k with

loe - 8| < H(B)~(t14+D
where H(f3) denotes the classical absolute height.

This result follows from the so-called Subspace Theorem which, in its simplest form,
reads as follows.

Suppose Li(x),...,Ln(x) are linearly independent linear forms in x =
(21,-..,2,) with algebraic coeflicients. Given 6§ > 0, there are finitely
many proper linear subspaces Ty,...,T, of R™ such that every integer
point x # 0 with

|L1(x) - Ln(x)] < [x]™°

lies in one of these subspaces.

(|x| denotes the Euclidean length of x.) In Chapter III it will be shown that Roth’s
Theorem is equivalent to the case n = 2 of the above stated Subspace Theorem.



16 R. TIIDEMAN

Apart from Liouville’s Theorem, all theorems stated in this section up to now are
ineffective, that is, the method of proof does not enable us to determine the finitely
many exceptions. However, the method makes it possible to derive upper bounds for
the number of exceptions. I shall mention two results giving upper bounds for w in
the Subspace Theorem.

The first result is due to Schmidt [66].

Let Ly,...,L, be linearly independent linear forms with coefficients in
some algebraic number field of degree d. Consider the inequality

(2.2) |Li(x)--- Lao(x)| < | det(Ly,...,L,)| [x|™° where0 <6 < 1.
The set of solutions of (2.2) with
x€Z", [x] > max((n!)®, H(L,), ..., H(L,))

Q267 52

is contained in the union of at most.[(2d) | proper linear subspaces

of R™.

The second result is due to Vojta [82]. Essentially it says that, apart from finitely
many exceptions, which may depend on §, the solutions of (2.2) are in the union of
finitely many, at least in principle effectively computable, proper linear subspaces of
R™ which are independent of é.

Mahler derived in 1933 a p-adic version of the Thue-Siege]l Theorem. Ridout and
Schneider did so for Roth’s Theorem. The p-adic versions of Schmidt’s theorems
have been proved by Schlickewei. We shall see that they have important applications.
Vojta proved the p-adic assertion of the above mentioned result himself. For more
information on the Subspace Theorem see Chapter IV of these notes.

Liouville’s Theorem is also the starting point of a development of effective approxi-
mation methods. Hermite, in 1873, and Lindemann, in 1882, established the transcen-
dence of the numbers e and 7, respectively. The Theorem of Lindemann-Weierstrass
(1885) says that G1e* + - -+ + o™ # 0 for any distinct algebraic numbers ¢4, ..., o,
and any nonzero algebraic numbers f,. .., f.

A new development started in 1929 when Gelfond showed the transcendence of
2v2. In 1934 Gelfond and Schneider, independently of each other, proved the tran-
scendence of o for a, B algebraic, a # 0,1 and B irrational. Alternatively, this result
says that for any nonzero algebraic numbers a1, a2, 1, f2 with log o, log a; linearly
independent over the rationals, we have

,31 log oy + ,32 lOg (43 ;é 0.

In 1966 Baker proved the transcendence of eB"af‘ ---aP" for any algebraic num-
bers aj,...,a, other than 0 or 1, and f,...,B,, provided that either 8y # 0 or
1,b1,- .., B, are linearly independent over the rationals. This follows from the theo-
rem that

if oq,...,a, are nonzero algebraic numbers such that their logarithms
log ay,...,log a, are linearly independent over the field of all rational num-
bers, then 1,log ¢, . ..,log a, are linearly independent over the field of all
algebraic numbers.
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The above mentioned resuits have p-adic analogues and also analogues in the theory
of elliptic functions. For example, Masser [46] showed that if a Weierstrass elliptic
function gp(z) with algebraic invariants g, and g3 and fundamental pair of periods
wy,wp has complex multiplication, then any numbers uy,...,u, for which p(w;) is
algebraic for ¢ = 1,...,n are either linearly dependent over Q(w;/w2) or linearly
independent over the field of algebraic numbers.

The effective character of the results can be expressed in the form of transcendence
measures. In 1972-77 Baker [7] derived the following important estimate.

Let ey,...,a, be nonzero algebraic numbers with degrees at most d and
(classical absolute) heights at most Ay, ..., A, (all > 2), respectively. Let
b,...,b, be rational integers of absolute values at most B (> 2). Put
A=0bloga;+ -+ byloga,. Then either A=0 or

n n-1
log |A| > —(16nd)* (H log AJ-) log (H log Aj) log B.

i=1 i=1

The constants have been improved later on and the log([] log) factor has been removed.
The best bounds known at present, both in the complex and in the p-adic case, are
due to Waldschmidt and his colleagues. They use a method going back to Schneider,
whereas Baker’s proof can be considered as an extension of Gelfond’s proof of the
transcendence of of. These linear form estimates have important applications to
diophantine equations. Similar, but weaker, estimates have been obtained for linear
forms in uy,...,u, such that u; is a pole of p(z) or p(v;) is an algebraic number, for
t=1,...,n.

3 Applications to Diophantine Equations
Litt. [49], [72] and [67).

Results on diophantine approximations have been applied in various areas. I may
refer to applications in algebraic number theory (class number problem, factorisation
of polynomials), numerical mathematics (uniform distribution, numerical integration)
and optimisation theory (when applying basis reduction algorithms, geometry of num-
bers). I shall deal here with applications to diophantine equations. This is very
appropriate, since the last decade has also shown striking applications of arithmetic
algebraic geometry to diophantine equations. It is quite likely that a merging of the
theories of arithmetic algebraic geometry and diophantine approximations, as strived
after in these Proceedings, would provide a new and solid basis for the theory of
diophantine equations. This is a challenge for the young generation.
An immediate consequence of Thue’s approximation result is as follows.

The equation
(3.1) f(z,y) = a0z + a1z Yy + - +any” =k #0,

where n > 3, and f(z,y) € Q|z,y] is irreducible, has only a finite number
of solutions (in rational integers «, y).
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The corresponding consequence of Roth’s approximation result is that

the equation
(3-2) f(z,9) = P(z,y),

where f is as above and P(z,y) € Q[z,y] is any polynomial of degree
m < n — 2, has only finitely many solutions.

Schinzel used a suggestion of Davenport and Lewis to show that in the latter theorem
the condition m < n — 2 can be replaced by m < n. We note that, by a completely
different method, Runge obtained a general result in case f is reducible, but f — P is
irreducible. Runge showed in 1887 that under these conditions there are only finitely
many solutions provided that f is not a constant multiple of a power of an irreducible
polynomial. Schinzel’s result incorporates Runge’s theorem and a result from Siegel’s
famous 1929-paper. It states that

if f — P is irreducible, f is homogeneous of degree n and P is any polyno-
mial of degree < n such that (3.2) has infinitely many integer solutions,
then f is a constant multiple of a power of a linear form or an irreducible
quadratic form.

The p-adic analogues of approximation theorems led to important applications to S-
unit equations. For simplicity I state results for rational integers, but corresponding
results hold for integers from some algebraic number field or even finitely generated
integral domains, see [20]. Let pi,...,p, be given prime numbers and denote by S,
all rational integers composed of p,...,ps. In 1933 Mahler showed that

the equation
(3.3) z+y=2z in x,y,2€ S, with gecd(z,y)=1
has only a finite number of solutions.

He applied his p-adic version of the Thue-Siegel method. A general and in some
respect best possible result was proved by Evertse in 1984. He used Schlickewei’s
p-adic version of Schmidt’s Subspace Theorem to show that

for any reals ¢, d with ¢ > 0, 0 < d < 1 and any positive integer n, there
are only finitely many (z1,...,2,) € Z" such that (i) z, +--- + ¢, = 0,
(ii) i, + --- + x;, # 0 for each proper non-empty subset {iy,...,%:} of
{1,...,n}, (iii) ged(z1,...,2,) = 1 and (iv)

n

(3.9 TL (=2l T lowe) < e max el
k=1 pES Skan

For the many diverse applications of this and related results I refer the reader to the
survey paper [20].

The proofs of the above mentioned results are ineffective. So it is impossible to
derive upper bounds for the size of the solutions by following the proofs. However, it
is possible to give upper bounds for the numbers of solutions. A remarkable feature is
that these bounds depend on very few parameters. Lewis and Mahler derived in 1961
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an explicit upper bound for the number of solutions of (3.3) depending on py,...,p;.
In 1984, Evertse improved this upper bound to 3 x 7%**3 which depends only on s.
Schlickewei [63] gave an upper bound for the number of solutions of (3.4) with ¢ =1,
d = 0 in Evertse’s theorem. This bound depends only on n and s.

Bombieri and Schmidt {10] proved that the number of primitive solutions of the
Thue equation (3.1) is bounded by ¢;n**! where c; is an explicitly given absolute
constant and s denotes the number of distinct prime factors of k. Recently, Schmidt
derived good upper bounds for the number of integer points on elliptic curves.

Effective methods make it possible to compute upper bounds for the solutions
themselves. In 1960, Cassels obtained an effective result on certain special cases
of equation (3.3) by applying Gelfond’s result on the transcendence of of. Baker’s
estimates in 1967 on linear forms of logarithms in algebraic numbers caused a break-
through. Baker himself gave upper bounds for the solutions of the Thue equation
(3.1) and the super-elliptic equation

(3.5) y" = P(z)

where m > 2 is a fixed given positive integer and P(z) € Z[z] a polynomial with
at least three simple roots if m-= 2, and at least two simple roots if m > 3. (Later,
the conditions were weakened.) Baker and Coates derived an upper bound for the
number of integer points on some curve of genus 1. (This bound has been sharpened
by Schmidt.) Coates used the p-adic estimates to obtain bounds for the Thue-Mahler
equation (3.1) with m unknown and in S, equation (3.3), and the equations y?:=z3+k
with k unknown and in S. There are many later generalisations and improvements of
the bounds.

Baker’s sharpening made it possible to deal with diophantine equations which
cannot be treated by the mentioned ineffective method. E.g. Schinzel and Tijdeman
showed that equation (3.5) with m, z, y variables and P(z) € Z[z] a given polynomial
with at least two distinct roots implies that m is bounded. Tijdeman also showed that
the Catalan equation z™ — y™ = 1 in integers m, n, z, y all > 1 implies that ™ is
bounded by some effectively computable number. The bounds obtained in equations
involving a power with both base and exponent variable are, however, so large that it
is not yet possible to solve such equations in practice.

The best bounds for linear forms known at present make it, however, possible to
solve Mahler’s equation (3.3) and Thue and Thue-Mahler equations (3.1) completely.
Additional algorithms are needed to achieve this. To give a typical example, Tzanakis
and de Weger [77] considered the Weierstrass equation y? = 23— 4z +1. They reduced
it to some Thue equations, of which f(z,y) = z*—12z%y% —8zy® +4y* = 1 is a typical
example. This leads to some equations

T — dy = €12 €3?,
where €1, €2, €3 is a fixed fundamental set of units of Q(¥) and ¥ is a zero of f(z,1). A
suitable linear form estimate yields max(ja, |, [az, |aa]) < 10*!. Subsequently the basis
reduction algorithm of Lenstra, Lenstra and Lovész is applied. The first time yields
an upper bound 72, the second time an upper bound 10. Checking the remaining
values yields four solutions, (0,1), {1,—1), (3,1) and (—1,3). They correspond to
the solutions (z,+y) = (2,1), (10,31), (1274,45473), (114,1217), respectively, of the
equation y? = ° — 4z + 1. In this way Tzanakis and de Weger determined the 22
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integral solutions of the equation. For an introduction to the available additional
techniques, I refer to [86].
The following results illustrate the power of the described method.

(a) [86] The Mahler equation z + y = z subject to ged(z,y) = 1, ¢ < y, zyz
composed of the primes 2, 3, 5, 7, 11 and 13, has exactly 545 solutions of which
all large ones are explicitly stated.

(b) [86] The equation z+y = 2? in integers z > y, 2z > 0 such that both z and y are
composed of primes 2, 3, 5 and 7 and that ged(z,y) is squarefree, has exactly
388 solutions. The largest one is (z,y, z) = (199290375, —686,14117).

(¢) [78] The Thue-Mahler equation
z° — 2327y + Say® + 24y® = £27137257 74

in integers z, y, 21, 22, 23 and z4 with z > 0 has exactly 72 solutions. The
largest is given by (z,y) = (48632, ~3729).



Chapter 111

Roth’s Theorem

by Rob Tijdeman

This chapter is based on Schmidt [65] and as to the proof of Lemma 1.6 on Wirsing
(89].

1 The Proof

1.1 Theorem (Roth, [61]). Suppose « is real and algebraic of degree d > 2. Then
for each § > 0, the inequality

p

a— | < g-2+9)

(L.2) <q

has only finitely many solutions in rationals p/q.

1.3 Remarks.
(1) By Dirichlet’s Theorem the number 2 in (1.2) is best possible.
(2) If « is of degree 2, then Liouville’s Theorem implies the stronger inequality

(1.4) >ela)g?>0

o P
q

for all rationals p/q. For no single a of degree > 3 do we know whether (1.4) holds. It
is likely that (1.4) is false for every such a (that is, that every such o has unbounded
partial quotients).

(3) Lang conjectured in 1965 that for a of degree > 3

a-2l<g2(logg) ¥

has only finitely many solutions if K > 1, or at least if K > Ko(a). O

The first lemma is a straightforward application of the box principle. For a matrix
A = (a;;) with rational integer coefficients, put |A| = max|a;z|. For an integer vector
Z = (=1,...,2n), put |z| = max(|z]|,. .., |z~]).
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1.5 Lemma (Siegel). Let A be an M x N matrix with rational integer coeficients,
not all zero, and suppose that N > M. Then there is a z € ZV with

Az=0, z#0, |z] < (N|A|M/N-M),

Proof. Put Z = [(N|AYM/V-M)] and Lj(z) = TN a2 for j = 1,...,m and
z = (21,...,2n). Forz € ZV with 0 < 2z £ Z (1 < k < N) there are at most
N|A|Z + 1 possible values for L;(z). Hence Az takes at most (N|A|Z + 1)™ values.
Since (N]A|Z + 1) < (N|AM(Z + 1)™ < (Z + 1)V, there are () # z(®) in the
considered set with Az = Az, Then z := z() — z(? satisfies the conditions of the
lemma. 0O

The second lemma states that most of the values é;/d; + -+ - +2p /dm With 0 < 4, < dj,
(h=1,...,m) are close to m/2.

1.6 Lemma {Combinatorial Lemma). Suppose d,...,d, € Z3; and 0 < e < 1.
Then the number of tuples (i1, ...,im) € Z™ with

mih m

> em
h=1 dh 2

OSihSdh (h=1,...,m) a.nd

is at most (dy + 1)+~ (dm + 1)/(4me?).

Proof. We may consider ¢, ..., i, as independent stochastic variables such that 7 is
uniformly distributed on {0,...,ds}. Define the stochastic variable X = Y-, i,/ds.
Then X has expectation pX = m/2 and variance

0% = Var(iy/di) + + - + Var(im/dm).

We have ; \
. LY 1 1 2dn+1 1
Var(ip/di) = z—: (d—h — -2-)
ip=0
Hence 0% € m/4. By Kolmogorov’s generalisation of Chebyshev’s inequality, we have
g
Prob(|X — u| > ¢) < 0?/c*. Thus

Prob(|X — m/2| 2 em) < I

a

For apOlynomial P(X) = P(Xl,., .,Xm) e Z[le- . 1Xm] a-nd i = (ily- . .1im) e Z'>nO,

put .
1 ail a{m

dy dm jl jm N N

Z E (il) (i )C(jl""’jm)Xfl_"---Xjnm-'m_

J1=0 Jm=0

R(X) =

It follows that B(X) has integer coefficients. Let a1,...,a, € C and dy,...,d, €
Z3). The index i(P) of P with respect to a = (o1,...,0m) and (di,...,dn) is the
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least value o for which there is a tuple i = (t1,...,%n) With ¢3/dy + - -+ tn/dp =0
and P(a) # 0. (If P = 0, then the index is defined to be c0.) Note that {(PQ) =
i(P) +1(Q) and i(P + Q) > min(i(P), i(Q)).

The third lemma provides the construction of a polynomial with high index at
some given point. For P € Z[X,,..., X,,] we denote the maximum of the absolute
values of the coefficients of P by |Pj.

1.7 Lemma (Index Theorem). Suppose a is an algebraic integer of degree d > 2.
Let € > 0, and let m € Z with m > df2é%. Let d,,...,d,, € N. Then there is a
polynomial P in Z[{X,,...,Xn], P # 0, such that
(i) P has degree < dj, in X,
(ii) P has index > m(1 — €)/2 with respect to (a,...,a) and (di,...,dn),
(iii) |P| € CPH-Hom,

Proof. Write P(X;,...,Xm) = ?1‘=0 .. Z?:::o 2(J1y0 ey m) X3 -+ - Xim, where the
2(j1,. .., Jm) are integers which have to be determined such that (ii) holds, i.e., Bi(a) =
0 for 41/dy + -+ - + im/dm < m(1 — €)/2. By taking all these expressions together, we
obtain

Aoz + aA1z +--- 4 le+m+dmAdt+...+dmZ =0

where the A; are M x N integer matrices with |A;] < 4417 +dm where N = (d; +

1)--(dn+1) and M is the number of tuples i with é1/dy +- - +im/dm < m(1 —€)/2.
Using that o is an algebraic number of degree d, we get

Byz +aByz+ -+ B z=0

where the B; are integer M x N matrices with |B;| < Cht-tdm Gince 1,q,...,a%?
are Z-linearly independent, we have Boz = 0, B;z =0,..., B4.1z = 0. Hence Bz =0
where B is a dM x N integer matrix with |B| < C3**"+%m. By the Combinatorial
Lemma, we have
(di+1)---(dn+1) N <£

4me? " 4me? ~ 2d°
Now Siegel’s lemma implies that there is a non-zero integer vector z such that

M<

Bz =0, |z| < (N'BI)dM/(N—dM) < NIBI < Cg1+m+d"",
Note that the constants Cy, C; and Cs depend only on c. o

The fourth lemma gives a sufficient condition for a polynomial to have a small index
with respect to the approximation vector (p1/qu, .. .,Pm/qm) and (di, .. .,dn).

1.8 Lemma (Roth). Let m € Z, m > 1, and € > 0. There exists a number Cy =
C4(m,€) > 1 with the following property: Let dy,...,dn be positive integers with
dy > Cydpyy forh =1,...,m—1. Let (p1,41),- - -,(Pm,qm) be pairs of coprime integers
with

(1.9) qi" >t and qn > 23mC for h=1,...,m.

Let P(Xi,...,Xn) € Z[Xy,...,Xn] be a polynomial of degree < dy, in X, for
h=1,...,m and with :
(1.10) |P| <qft, P#0.

Then the index of P with respect to (p1/q1,---,Pm/qm) and (d1,...,dn) is < e
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Proof. We use induction on m. The case m = 1. Write P(X) = (¢ X — p;))R(X)
where //d; is the index of P with respect to py/q: and d;. The polynomial R(X) has
integer coefficients by Gauss’s Lemma. Since ¢} divides the leading coefficient of P,
we obtain ¢} < [P} < qf‘/c* by (1.10). By choosing Cy4(1,€) = ¢! we get I/d; <.

The induction step. Let m 2> 2. Suppose Roth’s Lemma is true for m — 1, but
not for m, and Cg(m — 1, 8) has been defined for 0 < § < 1. We shall apply the case
m — 1 of Roth’s Lemma to some Wronskian which is constructed as follows. Consider
a decomposition

k
(1.11) P(X1,.., Xm) =Y 6i( X1y, Xino1)¥5(Xim)
j=1
where ¢1,...,¢, and ¥y,...,%; are polynomials with rational coefficients and k is
minimal. Since the choice ¥; = X! (j =1,...,dm + 1) is possible, we have
(1.12) k<d,+1.

The minimality of k£ implies that both ¢y, ..., ¢ and t,..., ¢, are linearly indepen-
dent over the reals. We consider differential operators

81'1 Feedim

A= —rpr——
8X3 - 9Xim

and call 4, + - -+ + iy, its order. A (generalised) Wronskian of ¢y, -, ¢i is any deter-

minant of the form
det(A;g;) (1<i<k 1<j<k)

where Aq,..., A, are operators as above, with A; of order < i—1fori=1,...,k.
We shall choose the A; in such a way that det(A;$;) does not vanish. Such a choice
is possible in view of the following lemma.

1.13 Lemma. Suppose that ¢1,...,$; are rational functions in Xi,. .., X,, with real
coefficients, and linearly independent over the reals. Then at least one Wronskian of

&1, ..., ¢ is not identically zero.

Proof. We use induction on k. If & = 1, then det(A;¢;) = ¢1 # 0. Suppose now
that ¢;,..., ¢k are k > 2 rational functions satisfying the hypotheses of Lemma 1.13.
Then 1, ¢2/é1,- - .,d%/ b1 are also linearly independent over the reals. It follows that

o h 0 a
0X; ¢’ 0X;

are linearly independent over the reals for some j with 1 < j < m. By the induction
hypothesis there exists a Wronskian of these functions which is not identically zero.
This induces a Wronskian of 1, ¢2/¢1,. . . ,¢x/$1 which is not identically zero. It follows
from a simple induction argument that for any rational function ¢ a Wronskian of
éd1, b3, ..., 0ér can be written as a linear combination of Wronskians of ¢;,..., ¢
with coefficients which are rational functions involving only the partial derivatives of
¢. By taking ¢ = 1/¢; we can conclude that there exists a (generalised) Wronskian
of ¢1, é2,...,¢x which is not identically zero. ]
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We can now define the Wronskian to which Roth’s Lemma for m — 1 will be applied.
By Lemma 1.13 there exist operators

1 a"l +otima

Al = .
ol axE . X

with orders 43 + -« + 41 <i~1<k—1fort=1,...,k, such that
U(Xl, ey Xm_l) 1= det(A:¢j)15isk’ 1<i<k ;é 0.
By Lemma 1.13

1 o )
V(Xn) = det | ————————v: (X, 0,
(Xn) <(’ - )1ax;t Vi) 1<i<k, 1<5<k ?

since all the other generalised Wronskians of the prescribed type vanish. Put

W(Xe,. ., X ( Lo AP)
( Tgeeey ) (J 1)] 6X]—1 1<i<h, 1<i<h

Then, by (1.11),
W{X1,...,Xn)=U(X1,..., Xm-1)V(Xm) £ 0.

The entries in the determinant defining W are of the type P, ..;,_,j-1, whence these
entries have rational integer coefficients. Thus W is a polynomial with rational integer
coeflicients.

The determinant W is a polynomial in P and its partial derivatives. Hence a
lower bound for the index ¥ of P with respect to (p1/g1,-..,Pm/qm) and (di,...,dn)
implies a lower bound for the index © of W with respect to the same values. We shall
compute such a lower bound. On using the conditions of Lemma 1.8 we obtain, for
i1+ +imo1 £k —1< dy, that

) i1 2 tm—1 J—1
>S9 _E .4 -
Z(Rl ime1f— 1) J d] dz dm-l dm
i Fodimey -1 dn j-1 =1
e - > _ >9—ct-1 2
2 T Faal i R i

Note that this index is also non-negative. By expanding W we get using the formulas
for the index of the sum and of the product of functions,

[9k) .
(1.14) o > zma,xw crt- d ,0) > —kC;? +Z(0--—)
m 7=0
(1.15) > —kC7'+ -2-([0k] +1)> -kC; 4+ 519%.

Next we shall use the induction hypothesis to show that @ cannot be large. Let
0 < § <9 < 1. The factorisation W = UV induces the factorisation

W(X1y-o s Xm) = U(X1, ., X))V (Xim)



26 R. TODEMAN

where U* and V* have rational integer coefficients. Note that
|Pravcimeggma| S 0¥ | P| < gt bim g/,

by (1.10). Since the number of summands in the determinant expansion of W does
not exceed k! < k¥-1 < kom < 2kdm it follows that

IWI < 2kdm(2d1+-~+qu;i1/04)k < (22mq:~/04)d,k < qfdlk/CL
in view of (1.9). This yields the estimates
[U*| < g%, V| < gtMO < g2mkO by (19).

We will now apply the induction hypothesis to U*(Xj,...,X;n-1) with respect to
/a1y s Pm-1/qm—1) and (kdy,..., kdy_1). If we choose Cy(m,¢€) in such a way
that Cy(m, €) > 2C4(m — 1,68), then

IU*I < qfdlklce(‘mﬂ) < qflk/(h(m'l»f)‘
We conclude therefore that the index of U* with respect to (pi/q1,- - - , Pm—1/qm-1) and
(dik,...,dmn_1k) is at most é. Similarly we can conclude by applying the induction
hypothesis for m =1 to V(X,,) that the index of V* with respect to p,n/gm and dnk

is at most 6. Since W = U*V™, the index of W with respect to (p1/q1,...,Pm/qm)
and (dik,...,dnk) is at most 26. Hence

(1.16) , 0 < 26k,

where, as before, © is the index of W with respect to (p1/q1,....Pm/gm) and
{dy,...,dn). A suitable choice of § yields a contradiction to our assumption 9 > e.
Namely, choose Cy(m, €) so large that Cy(m, €) > 4e~2. Then, by (1.14),

0 > —kC' + €k/2 > ¥k /4.
On the other hand, choosing § < €2/8, we obtain from (1.16) that
0 < ek/4.
a

Suppose « is an algebraic number of degree d > 2 such that, for some § with
0<é<l,

(1.17) a-2l< g

q
has infinitely many rational solutions p/q. We shall use the Index Theorem to con-
struct a polynomial P with very high index with respect to (a,...,a) and arbitrary

(d1,--.,dm). We shall show below that this implies that for a suitable choice of solu-
tions p1/q1,. -+ »Pm/qm of (1.17) the polynomial P has still high index with respect to
{Pi/91s---Pm/9m) and (di,...,d,). On the other hand, we shall choose d,...,d,,
in such a way that P has to have low index with respect to (p1/q1,...,Pm/qm) and
(d1,...,dn) by Roth’s Lemma. This contradiction will complete the proof.
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Proof. (of Roth’s Theorem) Let o be an algebraic number with denominator ao

satisfying (1.2). Then
ag 1

agp
o 1S < pexTTp

(aoc) —

for ¢ > go(a). Hence we conclude that it suffices to prove Roth’s Theorem for algebraic
integers a. We assume that « is an algebraic integer of degree d > 2 with |of < 1
and § some number with 0 < § < 1/2 such that (1.17) has infinitely many rational
solutions p/gq.

Let P be the polynomial constructed in the Index Theorem with respect to a,
e = 6/12, m > d/2¢* and arbitrary dy,...,dn. Then P has index > m(1 — ¢€)/2 with
respect to (a,...,a) and (dy,...,dm). We first choose solutions p1 /g1, .., Pm/qm of
(1.17) and integers dy, . .., dy as follows:

(a) choose (p1,q1) with
(1.18) @ > max((6Cy)Ve,CT", 22m%)

(b) choose solutions (p2,¢z),- - -, (Pm,qm) such that
(1.19) loggri1 > (1+€)Caloggn  (1<h<m-—1)
[This step makes the proof ineffective.]

(¢) choose d; so large that

(1.20) edy log g1 2 log gm
(d) for h =2,...,m, choose dj such that
(1.21) ¢ < g < .

(This is possible since @4 > gm > an)
The conditions of Roth’s Lemma are satisfied, since (1.18) and (1.21) imply

dy dy log g log gn+1 1
= . > (1+€)Cy=Cy 21,
dry1r dryr1loggay  logan 1+e ( )Cs 4

whence d; > dy > -+ > d,,, and further (1.21) and (1.18) imply

qZh 2 qtlil > 22m04d1 > 22m04dh‘
Hence the polynomial P has index < ¢ with respect to (p1/q1,...,Pm/qm) and to
(di;---rdm)-

We finally show, in order to obtain a contradiction, that P has index > e with
respect to (p1/¢1,- - -, Pm/qm) and (di,...,dm). So we have to prove that for i with

131 im
A4 me
(1.22) Lt Se
we have Pi(p1/q1,---,Pm/¢n) = 0. Note that

B(e) = zj:pj(o) (]1> (::’")ah—ix .o gimTim

21 m
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whence, using |of < 1,

29) IR < (plmgx (1) - () < oy < ooy

where the maximum extends over all j with j, < dj for h = 1,...,m. Expand B(X)
in a Taylor series around o = (a,..., ),

im

P00 =S A@(J) - (7)o = @) (K = e

According to the Index Theorem, Pj(a) =0, if ji/dy + - + jm/dm < m(1 — €)/2, so
certainly if (j1 —41)/di + - + (Jm — tm)/dm < m(1 ~ 3€)/2. Furthermore, by (1.23),

XjZ l‘pj(ﬂ)l(ﬁ) C:) < (2C,)™% Zj:2jl+"'+fm < (6C,)™h

Hence, for '
T(X):= B(X)= }:T (Xi—a)r Xy —aym™
we have . .
N — i L T L AP L
TG =0 if 4 +--- 4 53 (1 -3e),
and

S ITG)) < (6Cu)™.
J

It follows that, on denoting by * the j with j1/dy + - -+ + jn/dm > m(1 — 3€)/2,
jl Jm

2t DPm d. * P
T(=,...,—)| < (6C1)™ max|— — «
I (qla ’qm)l-( 1) i e

INA

(6Ca )™ mlax ((gft /% - (g ! )77 by (1)

(6C; )™ m?x(q;ia)(jlldx+-~~+jm/dm)(—2—5) (by (1.21))

IA

< g (gh) m(=390HD) (by (1.18))
< (g% - qd,,. ){e—(1—35)(1+5/2)}/(1+€) (by (1.21))
< (gB---g¢m)? (since § = 12¢ < 1/2.)

On the other hand, T(p1/q1,-..,Pm/¢m) is a rational number with denominator di-
viding ¢ - - - ¢%=. Thus

P (&,._.,?ﬂ) = T(’-’l,... ”’") =0  if (1.22) holds.
Q1 qm Q m
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2 Variations and Generalisations

Roth’s Theorem can be restated in the following symmetric form.

2.1 Theorem. Let L,(X,Y) = aX + BY and Ly(X,Y) = vX + Y be linearly
independent linear forms with algebraic coeflicients. Then, for every § > 0, the
inequalities

(22) 0 < |Li(z,y)La(z,y)| < max(|z|, ly)~°

have only finitely many solutions in integers z, y.
Proof. Theorem 2.1 implies Roth’s Theorem, since |a — z/y| < |y|=>~° implies

ly(z — ay)| < ly|™° < (max(jz, |y]))°.

On the other hand, Roth’s Theorem implies Theorem 2.1 by the following argument.
Assume |Ly(z,y)| 2 |L1(z,y)|- We have |L1(z,y)| > ly|-|z/y + B/a| and

|La(2,4)| > |vLi(2,y) — Loz, y)| = |ab — By|-lyl > |yl

Hence 5 ) )
T
—— — ~ & —=|Li(z,y)L2(2, y)| < 7575,
a " y| € pEthE Vb < g
so there can be only finitely many solutions z/y. a

Ridout (1955) extended Roth’s Theorem to p-adic numbers and LeVeque did so for
approximations by elements from some fixed number field. In 1960 Lang formulated
the following common generalisation.

2.3 Theorem. Let K be an algebraic number field, S a finite set of places of K
containing all infinite places. Let L be a finite extension of K. For each v € S choose
a fixed extension of | |, (normalised valuation) to L. Forv € S, let o, € L. Then the

inequality
I min(1, ¢ — e u) < Hg(¢y™? inteK

vES
has only finitely many solutions.

See S. Lang, [36], p. 160. Of course, there is also a symmetric form of Theorem 2.3.
It says that for (e, : 8,) in P*(L) there are only finitely many (¢ : 5) in P*(K) such

that
|av£ + ﬁvnlv

ves 0ax([€lv, [nlo)

This implies immediately that the S-unit equation

< Hg(¢:n)*°

(2.4) z+y+2=0 inz,yand z in O%

has only finitely many solutions. Indeed, for v € S choose (a, : 8,) = (1:0), (0:1)
or (—1: —1) according as |z|,, |y, or |2|, is the smallest of |z|,, |¥|, and |z|,. Then

I le + Byl I leyzl, _ 1

ses max(|zl, yl)  iés max(lzl, lyl)® — Hi(z,9)*’
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since z,y,z € O%, whence [z|, = |y, = |z], = 1 for v ¢ 5. Thus there are only
finitely many solutions (z : y : z) of (2.4).

It is essential that in Theorem 2.3 the unknown ¢ belongs to some fixed number
field K. The 2 in the exponent is the best possible, as we see from the following result.

2.5 Theorem. Let K be a real algebraic number field. Then there exists a constant
ck such that for every real a not in K there are infinitely many £ € K having

| — €] < ex max(1, |a|?)Hg (£)72.

See Schmidt, [65], p. 253. If only the degree of ¢ is fixed, the exponent will depend
on the degree.

2.6 Theorem. Suppose « is a real algebraic number. Let k > 1, 6 > 0. Then there
are only finitely many algebraic numbers £ of degree < k with

la — €] < H(E)™ 7,
where H denotes the classical absolute height.

See Schmidt, [65], p. 278. The number k£ + 1 in the exponent is the best possible.
Theorem 2.6 is a consequence of the Subspace Theorem and it therefore belongs to
Chapter IV.

Acknowledgement. I am indebted to Dr. J.H. Evertse for making a draft for part
of this text and for making some critical remarks.



Chapter IV

The Subspace Theorem of
W.M. Schmidt

by Jan-Hendrik Evertse

1 Introduction

In Chapter III about Roth’s theorem, the following equivalent formulation of this
theorem was proved:

1.1 Theorem. Let ,(X,Y) = aX+8Y, ,(X,Y) = vX +6Y be linearly independent
linear forms with (real or complex) algebraic coefficients. Then for every € > 0, the
number of solutions of

(12) (@ )le(a )| < max(lzl, [y~ in (e,y) € Z° with ged(z,y) = 1
is finite.

A natural generalisation of (1.2) is the inequality

(1.3) [h(x)- - Lx)]<]x|™ inxeZ"

where |x| = max(|2:1],...,|2a|) for x = (z1,...,%,) in Z" and where I, ..., I, are

linearly independent hnear forms with algebraic coefficients. Inequalities of type (1.3)
might have infinitely many solutions (z,...,z,) with ged(z1,...,2,) = 1. Consider
for instance

(14) l(Il + \/_22 + \/_.'133)(371 + \/—:tz - \/-13) 2:1 \/_162 \/§$3)| < le_e

in (21, 22, z3) € Z3 where 0 < € < 1. It is easy to check that every triple (@1, 22, %3) €
73 with 23 = 0, 2, > 0, 5 < 0 and z? — 222 = 1 satisfies (1.4). Hence (1.4) has
infinitely many solutions with ged(z1, ¥2,%3s) = 1 in the subspace z3 = 0. Similarly,
(1.4) has infinitely many such solutions in the subspaces z, = 0 and z; = 0. It appears
that the set of solutions of (1.4) with z,z2z3 # 0 is contained in finitely many proper
linear subspaces of Q®. Namely, one has

1.5 Theorem. (Subspace Theorem, W.M. Schmidt, 1972 [69]). For every ¢ > 0 there
are a finite number of proper linear subspaces T, ...,Ty of Q" such that the set of
solutions of (1.3) is contained in Ty U --- U T},
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Theorem 1.5 can be reformulated in a more geometrical way as follows. The Subspace
topology (notion introduced by Schmidt) on Q" is the topology of which the closed
sets are the finite unions of linear subspaces of Q*. Then Theorem 1.5 states that
for every ¢ > 0, the set of solutions of (1.3) is not dense in Q* w.r.t. the Subspace
topology.

The Subspace Theorem has a generalisation over number fields, involving non-
archimedean absolute values. The theorem below is equivalent to a result proved by
Schlickewei [64]. The following notation is used:

K is an algebraic number field; {|| - ||, : v € Mg} is a maximal set
of pairwise inequivalent absolute values on K, normalised such that the
Product Formula [, ||z|l, = 1 for ¢ € K* holds (cf. [14], p. 151); each
Il has been extended in some way to Q; Hg(x) = [I, ||x|l,, where
%/l = max(l|z1lo,.--,||zalls) for x € P*(K); S is a finite subset of
Mg; {liv,- .., 1w} (v € S) are linearly independent sets of linear forms in

QXi,..., Xn)

1.6 Theorem. For every ¢ > 0 there are a finite number T, ..., T, of proper hyper-
planes of P""(K) such that the set of solutions of

(1.7) I1 H Ml "" Hg(x)™ ™ inx € P"(K)

vES i=1 ” ”

is contained in Ty U -+ U T}

Note that (1.3) implies that [T, (JJi(x)|leo/lIXlle0) < Ho(x) ™™ ¢ for x € Z, where
llllec 1s the usual absolute value. Hence Theorem 1.6 implies Theorem 1.5.

The following slight generalisation of Theorem 1.6, due to Vojta [80], is more
convenient for certain applications. A set of linear forms {l1,...,0.} in Q[X1, ..., X.]

is said to be in general position if each subset of cardinality < n of {h,...,In}
is linearly independent. For v € S, let {lh4,...,ln, v} be a set of linear forms in
Q[Xi,...,X,) in general position.
1.8 Theorem. For every € > 0 there are a finite number 13, . .., T}, of proper hyper-
planes of P*"(K) such that the set of solutions of
Iw v —_- - n—

(1.9) ! “(’|‘|)" < Hx(x)™  inx € P"(K)

veS i=1 v

is contained in Ty U - -- U Ty,

Proof. (Theorem 1.6 implies Theorem 1.8.) If m, < n then we may assume that
{livs---slmys Xno1, - - -, Xn } is linearly independent. Put I, = I, for: < m,, I, = X;
for ¢ > my. Thus, ||f,(x)]l, < [Ix)|, for x € K*, i > m,. Now suppose that
m, > n. Fix x € K*. There is a permutation (ji,...,Jm,) of (1,...,m,) such that
1, Gl < (Bl £ -+ < Wiy ()|o- Put &, =1,y for i =1,...,n. Fori > n,
the set {l;,...,1;,_,,{;} is linearly independent. Hence for i > n, & = 1,...,n we
have Xi = aiply, + - + ign—1lj,_, + ixalj; for suitable coefficients aiy,. It follows

that for ¢ > n,
Ixfly < max(fiL;, (%), - -5 15 o) = N ()
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Hence every solution x of (1.9) satisfies one of a finite number of inequalities

H H 1, () Il < Hy(x)™.

vES 1=1 ” ”v

By applying Theorem 1.6 to each of these inequalities we obtain Theorem 1.8. O

2 Applications

In 1842, Dirichlet proved the following result:

Let {e1,...,a,} be a Q-linearly independent set of real numbers. Then
for some C > 0, the inequality

jeazy + -+ - + anza) < Clx|™"H inx €zZ"
has infinitely many solutions.

In 1970, Schmidt ([68], see also [63], p. 152) proved that the exponent —n + 1 cannot
be replaced by a smaller number if ¢4, ..., ;, are algebraic.

2.1 Theorem. Let a,...,a, be algebraic numbers. Then for every ¢ > 0, the
inequality
(2.2) 0 < |onzy + - + ana] < x| inxeZ"

has only finitely many solutions.

Proof. Induction on n. For n = 1, the assertion is trivial. Let n > 1. We may
assume that oy # 0. Then the set of linear forms {oy X; + - + @ X5, X2, ..., X0} is
linearly independent. For every solution x of (2.2) we have

(2.3) Henzi + - + anzn )z 2| < ||

By Theorem 1.5, the set of solutions of (2.3), and hence (2.2), is contained in finitely
many proper linear subspaces of Q". Let T be one of these subspaces. Without loss of
generality we may assume that oy X1+ -+ 0. Xs = 1 X1+ -+ Ba1Xn-; identically
on T, where f,..., -1 are algebraic numbers. Hence for every solution x of (2.3)
with x € T we have

(2.4) 0< [Biz1 + -+ + Bno1Tn-1| < Ix‘—n+l—e < max(|z1],. .., lzn_ll)—-n+2—e_

By the induction hypothesis, (2.4) has only finitely many solutions in (zy,...,z4-1) €
Z"~1. Hence (2.2) has only finitely many solutions with x € T'. Since there are only
finitely many possibilities for T this completes the induction step. 0

From Theorem 2.1, one can derive the following generalisation of Roth’s theorem.
Here, the height H(€) of ¢ is the maximum of the absolute values of the coeflicients
of the minimal polynomial of £.

2.5 Theorem. For every algebraic number o € C, integer d > 1, and € > 0, there
are only finitely many algebraic numbers £ € C of degree d such that

(2.6) loc— €] < H(E)™.
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Proof. Let £ be an algebraic number of degree d satisfying (2.6). We may assume
that £ is not a conjugate of . Denote by f(X) = zap1 X%+ 24 X4 1 + -+ -+ 2, € Z[X]
the minimal polynomial of £. Then H(¢) = |x| and f(a) # 0. From, e.g., the mean
value theorem it follows that |f(a)|/|a — ¢| €« H(E). Hence

0 < |31+ Zoa + -+ + Zao?| = | f(a)| Ko |a— EJH(E) <
< H(E)™4 = x|

By Theorem 2.1, there are only finitely many x € Z?*! satisfying (2.7). This implies
that there are only finitely many ¢ of degree d with |a — ¢| < H(£)™4 1= O

(2.7)

We consider the equation
(2.8) @z + -+ a T, =1 in z1,...,2, € G,

where G is a finitely generated multiplicative subgroup of Q@ and ay,...,a, € Q.
A solution (zy,...,%,) of (2.8) is called non-degenerate if 3 ;craiz; # 0 for each
non-empty subset [ of {1,...,n}.

2.9 Theorem. ([18], [59]). Equation (2.8) has only finitely many non-degenerate
solutions.

2.10 Lemma. There is a finite set U such that for every solution (either or not
non-degenerate) of (2.8) thereis ani € {1,...,n} with z; € U.

Proof. Induction on n. For n = 1, the assertion is trivial. Let n > 1. There are an
algebraic number field K and a finite set of places S of K, containing all archimedean
places, such that G is contained in the group of S-units {z € K : ||z}, = 1 for v ¢ S}.
Define the linear form X := a3 X1 ++++ + a,X,. Then {Xp, X1,..., X} is in general
position. Let x = (z3,...,%») be a solution of (2.8) and put zo := 1. Then, from
the fact that zo,...,z, are S-units and from the Product Formula, it follows that
Mees |zoz1 + - - Znlls = 1. Further, Hx(x) = [Tues ||%||o. Hence

I‘I ”I zﬂ”” — HK(X)-N-I.

vES
Now Theorem 1.8 implies that x € TyU- - -UT}, where Ty, ..., T}, are proper hyperplanes
of P""}(K) independent of x. Now let x be a solution of (2.8) lying in a proper
projective subspace T of P""'(K) defined by an equation 5 X7 +--- + b, X, = 0. By
combining this with (2.8) we obtain Y;c;ciz; = 1, where ¢; (i € J) are elements of
K" depending only on a,...,a,, T, and J is a proper subset of {1,...,n}. Now the
induction hypothesis implies that z; € Ur for some ¢ € J, where Ur is a finite set
depending on aj,...,a, and T. Then clearly, for every solution (z1,...,2,) of (2.8)
there is an ¢ with z; € U := U, U--- U U7, (]

Proof. (of Theorem 2.9.) Induction on n. For n = 1, the assertion is again trivial.
Let n > 1. In view of Lemma 2.10, it suffices to show that (2.8) has only finitely
many non-degenerate solutions with z, = ¢, where ¢ € U is fixed. A solution with

z, = a;} is degenerate so we may assume that an,c # 1. Then clearly, (21,...,%n-1)
is a non-degenerate solution of (1 — axc) 'ayzy + -+ + (1 = anc) lan-12n-1 = 1. By
the induction hypothesis, there are only finitely many possibilities for z;,...,Zn-1.

a
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We now prove a generalisation of Theorem 2.9 which was part of a conjecture of
Lang (cf. [36], p. 220), and proved by Laurent {41]. The product of x = (1,...,2,)
and y = (41,-..,yn) in (Q)" is defined by x -y = (z1%1,...,Za¥s). We may view
(@)™ with this coordinatewise multiplication as an algebraic group (a so-called linear
torus). For every n-tuple i = (i1,...,%s) in (Zo)" we write X\ = X Xi». An
algebraic subgroup of (Q)" is a set

H={xe(@)": fAx)=0,..., fi(x) =0} (fir-- s fr € Q[ X, ..., Xa])

which is closed under coordinatewise multiplication and inversion. It is not difficult
to prove that every algebraic subgroup is of the form

(xe@):x=x for (i,j) € I},
where I is a finite set of pairs from (Zo)". We shall not need this fact.

2.11 Theorem. ([41]) Let V be an algebraic subvariety of (@) and G a finitely
generated subgroup of (Q°)". Then V N G is a finite union of “families” u - (H N G),
where H is an algebraic subgroup of (Q)" and u € G is such thatu- HCV.

2.12 Remark. Faltings [23] proved the other part of Lang’s conjecture on p. 220 of
[36], which is the analogue of Theorem 2.11 for abelian varieties, see Chapter XIII. In
this analogue, one has to take instead of (Q')" an abelian variety A over an algebraic
number field K and instead of G the group of K-rational points A(K) of K. 0

2.13 Remark. Laurent [41] proved in fact a more general result than Theorem 2.11,
in which V is a subvariety of (C*)* and G a subgroup of (C*)" of finite rank, ie., G
has a finitely generated subgroup Go such that G/Go is a torsion group. ]

Proof. (of Theorem 2.11.) Theorem 2.11 can be derived from Theorem 2.9 by using
combinatorics. We have

V= {x€ (@)n : fl(x) =07~"aft(x) = 0}7

where )
X)) = Z a(i, B)X',
ieCr
with Ci being a finite subset of (Z»o)" and a(i, k) in Q" for k=1,...,t,iin Ck. Let
P denote the collection of subsets of cardinality 2 of C;U---UC;. To every x € V we
associate a subcollection & of P, which consists of the sets {p,q} with the following

property:
there are k € {1,...,t} and a subset C of C such that

pacC,

3 a(i,k)x' =0,

iec

Z a(i, k)xi #0  for each proper, non-empty subset ¢’ of C.
iec’
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For each subcollection £ of P, put
V() ={xeV:&=¢E)
and define the algebraic subgroup of (Q7)":
HE ={xe(@)":x*=x for each {i,j} in £}.
2.14 Lemma. Let EC P andu € V(). Thenu-H(E)C V.

Proof. There are pairwise disjoint subsets Ey,..., E, of C; such that C; = E, U
.- U FE, and such that for l =1,...,s,

E a(i, 1)\1i =0, Z a(i, l)ui #0 for each nonempty E’ g E;.
iEE[ ieE’

Since u € V(€) we have & = €. Hence if i and j belong to the same set Ey, then
{i,j} € &€ which implies that x' = xJ for every x € H(£). Therefore, for every
x € H(£) we bave

Y a(i,1)(u-x)i=x" Y a(i,ljui=0 fori=1,...,s,

ieE, ieE,
where i; is a fixed tuple from E;. By taking the sum over all ! we get fi(u-x) =0
for all x € H(E). Similarly, fo(u-x) = --- = fi(u-x) = 0 for all x € H(E). Hence
u-H({E)CV. O

2.15 Lemma. For each subcollection € of P there is a finite subset W (&) of V(E)NG
such that
vViE)NGS |J u-(HE)NG).

ueWw(s)

Proof. Theorem 2.9 can be reformulated as follows: Let ao,...,a, € @ and let Gy
be a finitely generated subgroup of Q. Then there is a finite set U, such that z;/z; €
U for every non-degenerate solution (zo, . ..,z,) in Ggt' of aozo+ -+ nZn = 0 and
for all 3,7 € {0,...,n}. Now let x € V(£) N G and take {p,q} € £. Choose a set
C with p,q € C and C C Cy for some k € {1,...,t} as in the definition of &. By
applying the above reformulation of Theorem 2.9 to Yjec a(i, k)x! = 0, we infer that
xP/x9 € U, where U is some finite set, depending only on fi,..., fi,G.
We can choose the same set U for each {p,q} € £. Thus,

xP/x3e¢ U  for each {p,q} € ¢.

This implies that there is a finite subset W(E) of V(€) N G such that for every
x € V(E) N G there is an u € W(€) with xP/x% = uP/ud for each {p,q} € £, in
other words, (x/u)P = (x/u)® for each {p,q} € £ or x € u-(H(E)NG). This implies
Lemma 2.15. O

Lemma 2.15 implies that
vnecly U u-(HE)NG),

£ ueW(é)

where the union is taken over all subcollections £ of P. By Lemma 2.14, these two
sets are equal. This completes the proof of Theorem 2.11. a
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3 About the Proof of the Subspace theorem

We give an overview of the proof of Theorem 1.5. For certain details, we refer to [65],
Chaps. V, VI. We remark that it suffices to prove Theorem 1.5 for the case that the
linear forms in the inequality

(3.1) Jh(x)---Lx)} <|x|™ inxeZ"

have real algebraic integer coefficients. Namely, if for instance some of the coeffi-
cients of I, are complex, then write I, = ln; + v/—1l,2, where L1, ;2 are linear forms
with real algebraic coefficients. Choose I, from {ln1,ls2} such that {k,..., 1,4, I } is
linearly independent. Then |I/(x)| < |l.(x)] for x € Z". Hence (3.1) remains valid
if we replace I, by I/. Similarly, we can replace U, ...,1,_; by linear forms with real
algebraic coefficients. Thus, we can reduce (3.1) to a similar inequality with linearly
independent linear forms I,. .., with real algebraic coefficients. Choose a positive
rational integer a such that the linear forms I := alf (i = 1,...,n) have real algebraic
integer coefficients. Then for |x| sufficiently large, we get |I§(x)- - I(x)] < |x|~/2.

3.2 Reduction to a Statement about Parallelepipeds

In what follows, we assume that ly,..., I, are linearly independent linear forms in n
variables with real algebraic integer coefficients. For each tuple A = (Ay,...,A,) of
positive reals, we consider the parallelepiped

NA)={xeR™ |li(x)|< Aifori=1,...,n}.

Put
Q(A) := max(Ay,. .., An, ATY, .. AFY).

Theorem 1.5 follows from the following result about the parallelepipeds II(A):

3.2.1 Theorem. For every ¢ > 0, there are finitely many proper linear subspaces
Ty, ..., Ty of Q" such that for all tuples A = (Ay,..., An) of positive reals with

(3.2.2) A1Ay - Ay < Q(A)TS,

and Q(A) sufficiently large, the set II(A) N Z" is contained in one of the spaces
Ty,....Th

In the sequel, constants implied by the Vinogradov symbols < and > depend only
onli,...,lne. By a <> bwemean a < band a>» b

Proof. (Theorem 3.2.1 implies Theorem 1.5) Let x be a solution of (3.1) with
Li(x)- - la(x)#0. Put

A;=li(x)] fori=1,...,n.

Then
x e lI(A)NZ", Ay A, < X7
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We estimate Q(A) from above. Suppose that the number field X generated by the
coefficients of [;,...,l, has degree D. On the one hand, we have |l;(x)| < [x|. On

the other hand,
INisa(li(x))]|
1 (x)] - [P (x0)]

where {{? (x),---, I,(D) (x) are the conjugates of I;(x) over Q. Hence for |x| sufficiently
large we have Q(A) < |x|?P. Therefore,

> |x|™2,

[li(x)| =

Ar---An < Q(A)~¢/?D,

Moreover,
(3.2.3) x| < max(Jiu(x)],. .., [l(x]) < Q(A),

hence Q(A) is large if |x| is large. Now Theorem 3.2.1 implies that x € II(A)NZ* C
Ty U ---UTy for certain proper linear subspaces T1,...,T; of Q" independent of x.
0

3.2.4 Remark. If (3.2.2) holds and Q(A) is sufficiently large, then rank(II(A) N
Z™) < n — 1, where rank(II(A) N Z") is the maximal number of linearly independent
vectors in II(A) N Z™. Namely, take x;,...,%, in II(A)N Z". Then

{det(li(x;))]
det(xy,... —_——— e I el
l € (xl, 7xn)| Idet(ll,---,ln)l <<m;l.X| 1(x¢7(1)) ﬂ(x"("))l
< Al AR < Q(A)—e,
where the maximum is taken over all permutations o of {1,...,n}. Since Q(A) is
sufficiently large, this implies that | det(x, ..., X,)| < 1. But this number is a rational
integer, hence must be 0. Therefore, {x;,...,X,} is linearly dependent. O

Analogous to Roth’s theorem, we could try to prove Theorem 3.2.1 as follows. For
m sufficiently large, we can construct a polynomial P(Xj,...,X) in m blocks of n
variables, with rational integral coefficients, which is divisible by high powers of 1;(X}),
fori=1,...,nand h =1,...,m. Suppose that Theorem 3.2.1 is not true. Then for
every m we can choose A1, ..., A, such that the sets [I(A;))NZ" (h = 1,...,m) arein
some kind of general position. Prove that |B(xy,...,Xns)| < 1 for all x5 € II(Ax)NZ"
(h = 1,...,m) and all partial derivatives P; of P of small order. Then for these
X1, .., Xy and partial derivatives we have F(x,...,Xn) = 0. Suppose we were able
to prove that on the other hand, Pi(xy,...,Xm) # 0 for some x, € II(Ax) N Z"
(h = 1,...,m) and some small order partial derivative. Thus, we would arrive at a
contradiction.

Unfortunately, as yet such a non-vanishing result has been proved only for the
special case that rank(II(A,)NZ™) =n — 1 for h = 1,...,m. Therefore, we proceed
as follows. In Step 1 of the proof of Theorem 3.2.1 we show that it suffices to prove
Theorem 3.2.1 for parallelepipeds II(A) with rank(II(A)NZ") = n—1, by constructing
from each II(A) with rank(II(A) N Z") < n — 1 a parallelepiped II'(B) in ZV with
rank(II'(B) N Z") = N — 1, where in general N > n. For this, we need geometry
of numbers. Then, in Step 2 we prove Theorem 3.2.1 for parallelepipeds I1(A) with
rank(II(A) N Z™) = n — 1 in the way described above.
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3.3 Step 1 of the Proof of Theorem 3.2.1

If rank(TI(A)NZ") = r < n—1, then II'(B) will be contained in the exterior product

AP F(R™) = R(:), for some k with r < k < n ~ 1. We need to recall some facts about
exterior products.

Put N := (:) Let 01,...,0n denote the subsets of cardinality n — k of {1,...,n},
ordered lexicographically: thus, oy = {1,...,n ~ k},oo={1,....n~k-1,n—k+
1},..oyon = {k,k+2,...,n}, on = {k+1,E+2,...,n}. Let {e; = (1,0,...,0),
€z,...,e,} be the standard basis of R* and {E;,.. .,En} the standard basis of RV,
The multilinear mapping from R"x - - - xR® (n— k times) to R" sending (x,.. ., Xn-k)
to Xy A--- A X, is defined by

o e, N---Aej, ,=0ifiy,...,i,_4 are not all distinct;

o e, A---Ae;,_, = £E; where {iy,...,i,4} = 0, the sign is + if the permutation
needed to rearrange ¢,...,%,_; into increasing order is even, and the sign is —
if this permutation is odd.

It is easy to verify that if {a,...,a,} and {by,... , by} are two bases of R” related
by b; = Y7, &ja; for i = 1,...,n, then {Ai1,...,Ax}, and {B1,...,By} with
Ai=a, A---Aa;,_, and B;=b, A---Ab; _, whereo; = {i1 < -+ <ip-yi}, are two
bases of R¥ related by:

N
B; = EE,']'AJ' fori = 1,..., N, with E,‘j = det(qu)pea.',qea,--
i=1
(We write 0; = {i; < - < in_s} if 0: = {i1,-.,6np} and i) < - -+ < tn-k.) We need
the following fact:

3.3.1 Lemma. Letk € {1,...,n}. If{ay,...,a,} and {b1,...,b,} are two bases of
R™, then {ai,...,a;} and {by,...,b;} generate the same vector space if and only if
{A1,...,An_1} and {B,,...,By_,} generate the same vector space.

Proof. Usethat {a;,...,a;} and {by,...,b;} generate the same space <> E;xy =0
fori=1,...,N—-1<= {Ay,..., Ay} and {B,...,By_1} generate the same
space. 0
Lemma 3.3.1 implies that there is an injective map f; from the collection of k-
dimensional subspaces of R” to the collection of (N — 1)-dimensional subspaces of
R¥ such that if V has basis {ay,.. .,a;} and agyy,...,a, are any vectors such that
{a1,...,a,} is a basis of R”, then {A,,... ,ANn-1} is a basis of fi(V).

Now let l,...,1, be linearly independent linear forms in n variables with real
coefficients (at this point, the coefficients need not be algebraic). Write I;(X) = (¢, X)
(usual scalar product in R"), put C; = ¢;, A--- A ¢, for i = 1,..., N where
i1 <+ <ipy and {iy,...,5,4} = 0y, and define the linear forms on R™:

Li(X) = (C;,X) (i=1,...,N).

Note that L,,...,Ly are linearly independent. For every N = (:)—tuple B =
(B, ..., Bn) of positive reals, define
. (B) {xeR": |Li(x)| < B;fori=1,...,N},
Q(B) max{By,...,By, B[, ..., By'}.
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3.3.2 Proposition. For every ¢ > 0 and for every tuple A = (Ay,..., A,) of positive
reals with Q(A) sufficiently large and

(3.3.3) A Ay < Q(A), 1< rank(II(A)NZ") < n—1

there are k with rank(II(A)NZ") < k < n —1 and a tuple of positive reals B =
(B1,...,Bn) with N := (}) such that
(i) Br--- By < Q(B)~/?";
(i1) rank(Il;(B)NZNy= N - 1;
(iii) II(A) N Z* is contained in a k-dimensional linear subspace V of R™ such that
fx(V) is the R-vector space generated by IT;(B) N ZV.

Now assume that Theorem 3.2.1 has been proved for tuples A with rank(II(A) N
Z™) = n — 1. Apply this to II;(B) where & and B are determined according to
Proposition 3.3.2. It follows that there are finitely many (N —1)-dimensional subspaces
SHM. ..., 5 of RY such that for every B satisfying (i), (ii), the set Ily(B) N ZV is
contained in one of the spaces SJ(-k) (s =1,...,t). From (iii) and the fact that fj is
injective, we infer that for every tuple A with (3.3.3), the set II(A)NZ" is contained
in one of the spaces Tj(k) (k=1,...,n~-1,j=1,...,4), where Tj(k) is the unique
k-dimensional subspace of R with fj (Tj(k) )= SJ(-k). This implies Theorem 3.2.1 in full

generality.
Proposition 3.3.2 can be proved by combining arguments from [65], Chap. IV, §§1,
3, 6,7, Chap. VI, §§14, 15. Our approach is somewhat different. We need two lemmas.

3.3.4 Lemma. (Minkowski’s Second Theorem). Let C be a convex body in R™ which
is symmetric about 0. For A > 0, put A\C := {Ax : x € C}. Define the n successive
minima Ay,..., A, of C by

X = inf{) > 0: rank(AC N Z") =i}.

Then

n

i—'S/\l--u\n-vol(C)sT.

Proof. E.g. {11], Lecture IV. a

The next lemma is to replace Davenport’s lemma and Mahler’s results on com-
pound convex bodies used by Schmidt ([65], Chap. IV, §§3, 7).

3.3.5 Lemma. Let W be an R-vector space with basis {by,...,bn}, and let ly,..., I,
be linearly independent linear functions from W to R . Suppose that

(b)) < 5 fori=1,...,n,j=1,...,n,

where p; < -+ < pin. Then there are a permutation £ of {1,...,n} and vectors
vi = b
vy = by +&ab;
Vi = bn + fnlbl +- 1+ én,n—lbn—l

with &; € Z for 1 < j <1 < n, such that
(3.3.6) |l,¢(,')(Vj)| < 2i+j;£min(,‘,j) fori=1,...,n,5=1,...,n.
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Proof. We proceed by induction on n. For n = 1, Lemma 3.3.5 is trivial. Suppose
that Lemma 3.3.5 holds true for n — 1 instead of n, where n > 2. Let W’ denote the
space generated by by,...,b,_;. There are a1,...,a, € R, not all zero, such that

ai(X) + - tapl(x)=0 forxeW'.

Choose «(n) € {1,...,n} such that |a,m| = max(|a|,...,|as|). Thus, with 8; =
—aj [ Otx(ny, We have

3.3.7) Lyny(x)= Bili(x)  for x € W', where |8;| <1 for j # «(n).
O i ’
J#s(n

By the induction hypothesis, there are a permutation £(1),...,%(n — 1) of the set
{1, ey n}\{n(n)}, and vectors vy = b],. ey Vp1 = bn-——l +§n_1,1b1 +- - '+£n-l,n—2bn—2
with £; € Zfor 1 < j < i £ n—1, such that

eVl € 2% pingiyy  fori=1,...,n—1,j=1,...,n—1

By (3.3.7) we have |l (vi)| € To fle(vi)l < (2 + 220 4. 4 20714y, <
27+iy; for j =1,...,n— 1. Hence

(3.3.8) lle@y(Vi)) € 2 pmingi,yy  fori=1,...,m,j=1,...,n—1

1t suffices to show that there are &;,...,&,—1 € Z such that v, :=b, + {rvi+--- +
£n—1Vn-1 satisfies

(3.3.9) lleiy(va)] € 27 fori=1,...,n.

Define the vectors

(lﬂ(l)(vj) "(")(vj)) (] - 17“"" - l)a
(Ley(br)y - - -5 L(my(bn))-
Since {I1,...,l,} is linearly independent and {vy,...,Vn-1} is a basis of W', and by

(3.3.7), the set {a;,...,a,-1} is a basis of the space z, = 3727 Ba(;)z;- Hence there
are ty,...,tn-1 € R such that

a;

b

b = tlal 4.+ tnlan—l + (03 ey 0,0)1 Wlth a = ln(n)( ) Z]-—l ﬂn(])lﬂ(])( )

Choose &1,...,6n_1 € Z such that [§; +¢;] < 2 for j =1,...,n— 1. Put v, :=
b, + v+ -+ + €1 Va1, Thus,

(Ue@y(Va)s -+ s la(m)(Va)) = 1381 + -+ + bpc1351 + (0, .., 0, 0)

with l5|< forj=1,...,n—1. Puto;=0fori=1,...,n—1and o = . For
i =1,...,n we have, by assumptlon |l,¢(,)( n)| < tin. Further, |8 < 1 for ¢ # k(n).
Hence |a| < np,. Therefore, |o;| < ig; for i = 1,...,n. Together with (3.3.8) this
implies for: = 1,...,n,

@ (va)l = 18ula(va) + -+ Bucalugy(Var) + aul
< ()l -+ e (Va)D/2 + el
S {(21+1 + 2z+2 +--- 4 2z+n—1)/2 + l}[l, S 2z+n‘ui.

Hence (3.3.9) is satisfied. This completes the proof of Lemma 3.3.5. O
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Proof. (of Proposition 3.3.2) Let A = (A,,..., A,) be a tuple satisfying (3.3.3). The
parallelepiped II(A) is convex and symmetric about 0. Let Ay, ..., A, be its successive
minima. The volume of II(A) is |det(ly,...,1,)|"*4;--- A,. Hence by Lemma 3.3.4,

(3.3.10) DYRERD W PRERY. IR0 B
Put r :=rank(II(A) N Z"). Then A; <1 < Ar41. Further, by (3.3.10) and (3.3.3),
An 2 O AP (Ar-- A) 7V > QAY™

The integer k in Proposition 3.3.2 is chosen from {r,r +1,...,n — 1} such that the
quotient Ax/Ai41 is minimal. Thus,

g (Pt An-l)“‘""’ < () Ve

Alc+1 - /\r+] A'r+2 /\n - n
Hence A
(3.3.11) ZE < Q(A) /D),
Y

Let g;,...,8n be linearly independent vectors such that
g; € II(A)NnZ" forj=1,...,n.
For j=1,...,N, put

~

A=Ay Ay N=Xi X, Gi=gyAAgi,,

where o; = {i; < -+ < i,_1}. Let V be the vector space generated by g;,...,g:. We
know that A, <1 < A,4;. Hence the space generated by II(A) N Z" is the same as
that generated by g1,...,8,. Further, r < k. Hence II{(A)NZ" C V. Denote by W
the space generated by G,...,Gn-y. Thus,
(3.3.12) NA)NZ"CV, W = fi(V).
Laplace’s rule states that for any vectors ay,...,an—k, by,...,bp-k € R?,

(A A---ANapg,bi A A b,_t) = det((a;, bj)lgi,jgn—lc)-
In particular,

Ly(Gy) = det(l;(8s))reop,seoq-

Let 0, = {&) < +++ < tnei}, 0g = {f1 < +*+ < Jn-k}. A typical summand of
this determinant is a(r) = £ (&) -  lin-s (B7(in_s)), Where T is 2 permutation of
(71:- - -1 Jn—k). Note that

la()] < Ay Ainidng, Ly = Apdg.
Hence .
|Lp(Gy)l < (n — k)AL A, forp=1,...,N,¢=1,...,N.

We apply Lemma 3.3.5 to the forms AI'ILI, vy fi;,lLN and the vectors Gy,...,Gy.
It follows that there are a permutation « of {1,..., N} and a basis {V1,...,Vy_;}
of the space W generated by {Gy,...,Gn-1}, with Vy,..., Vy_1 € Z", such that

A L) (V)] <22 (n — B inpgy  forp=1,...,N,g=1,...,N-1.
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Choose B = (B,, ..., By) such that

By = 2V(n-k)hA (p=1,...,N-1),
Brc(N) = 22N(n - k)!/\N-—lAn(N)-

Thus, |L,(V,)| < Bpforp=1,...N,¢=1,...,N—1, e,

(3.3.14) Vi,...,Vyo e I(B)NZV.

We show that B satisfies (ii), (iii) and (i).

Proof. (of (ii)) Let the succcessive minima of II;(B) be v1,...,un. The volume of
O (B) is | det(Ly,...,Ln)|"? By - - - Bn. Together with Lemma 3.3.4 this implies that
v - vy > (Br-++ By)~l. Equation (3.3.14) implies that vy_; < 1. Hence
(3.3.15) wn'> (B By)™L
Note that Ar---Ax = (A1 4a)("%), that & --- Ay = (M-~ A)(F), and that
on-1={k,k+2,...,n},on={k+1,k+2,...,n}. Hence
AN-1 _ Akdpgz o Ag - Ak
v Az A e
Together with (3.3.13), (3.3.10) and (3.3.11), this gives
Bi---Bxn <€ A\ o ANAy - AnAnor /A =
= (A Aady An)("?),\k/)‘k+1 < Q(A)-e/nn=1),
Together with (3.3.15) this implies that vy > 1 if Q(A) is sufficiently large. Hence
rank(Ilx(B)NZY) = N — 1. O

Proof. (of (iii)) From (3.3.14), the fact that {Vy,...,Vy_1} is a basis of W and
from rank(II,(B) N ZV) = N — 1, it follows that the space generated by IIx(B) N zN
is equal to W. Together with (3.3.12) this proves (iii). O

Proof. (of (i)) We estimate Q(B) from above in terms of Q(A) and insert this into
(3.3.16). Note that g, € M II(A)NZ™ and g; # 0. Hence

1 < Igi| < max([li(g1)l,-- -, lla(81)]) € MQ(A).

Therefore, A; > Q(A)~!. Since each }; is the product of n — k \;’s, and each ; is
bounded below by };, this implies that

> QA)y®™®  forj=1,...,N.
On the other hand, by (3.3.10),
3 < O A)ATE <€ (Ar- - An)IQA) < Q(A)™E.
By combining this with (3.3.13), and using that each Aj is the product of n — k A,’s
we get
QB) < max(hy,..., AL AR ) max(Ay,. .., An, A7, ARY)
< QA)HIHEH = Q(A)™.
Together with (3.3.16) and Q(A) sufficiently large this implies that
By--- By < Q(B)™/*,

(3.3.13)

(3.3.16)

O

as required.
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3.4 Step 2 of the Proof of Theorem 3.2.1

For this subsection we shall refer to [65], Chapters V, VI for details; I, ..., 1, will be
linearly independent linear forms in n variables with real algebraic integer coefficients,
and 0 <e< 1.

A generalisation of Roth’s lemma.

Let n > 2, m > 2. For h = 1,...,m, denote by X, the block of n variables
(Xk1y-..» Xpn). For a tuple d = (di,...,dn) of positive integers, denote by R(d)
the set of polynomials in mn variables P(X,...,X,) € Z[Xy,...,Xn] such that P
is homogeneous of degree dj, in the block of variables X;. We shall consider polyno-
mials P € R(d) as functions on the m-fold cartesian product Q" x --- x Q". For a
tuple i = (411,. .., tma) € (Z>0)™", put

1 a 1 a imn
H(Xl,-.-,xm)=iu!‘“imn!(aXu) ---(——aXm) b

Note that for P € R(d), the coefficients of B are integers. The factorials have been
included to keep the coefficients of F; small: if H(P) denotes the height (maximum
of absolute values of coefficients) of P, then

H(R) < 2ht+im f(P),

For a tuple i as above, put

. o= th1 o+ pn
d)y=y —————.
2
3.4.1 Definition. Let x = (X;,...,Xn) € Q" x -+ x Q" (m times). The index of
x w.r.t. P, denoted by i(x, P), is the largest number o such that Pi(x) = 0 for all i

with (i/d) < 0. Clearly,oc € Q. O
Every linear subspace V' of Q" of dimension n — 1 can be given by an equation
a1 Xy + -+ a, X, = 0 with ay,...,a, € Z, gcd(ay,...,a,) = 1 which is uniquely
determined up to sign. The height of V is defined by

H(V) := max(Jai],-..,|ax])-

3.4.2 Proposition. (Generalisation of Roth’s lemma). Let0 < 0 < 1,0 < vy < n-1,
m a positive integer, dy, . . ., dy, positive integers, V1, ..., Vi (n—1)-dimensional linear
subspaces of Q, and P a polynomial with

i Cy forh=1,...,m-1;
dria
H(V:)* > HW)H"  forh=2,...,m,
HW,) 2 cr Y forh=1,...,m,
P ¢ R(d),
H(P) < H(®)Pt-ba,

where Cy, C; and Cs are positive numbers depending only on m and o. Then there
isa point x € V} X --- x V,, with i(x, P) < mo.
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Proof. ([65], pp. 191-194.) The idea is as follows. For n = 2, Proposition 3.4.2 is
a homogeneous version of Roth’s lemma, except for the additional parameter 4. But
with this parameter, the proof of Roth’s lemma does not essentially change, cf. [65],
pp- 137-148. The general case is reduced to n = 2 as follows. We may assume by
permuting the variables in each block X if necessary, that V, is given by an equa-
tion amXy + -+ + apaXn = 0 with apy,..., a4, € Z, ged(any,...,an) = 1, ap =
max(|anl,--.,|awl), and g := ged(an, arz) < ag’;—z)/("-l). Put P* = P(X},...,X2),
where X; = (X1, X2,0,...,0) and V¥ = {anXq + ap2X; = 0}. We have H(Vy) =
an/g and therefore H(V;)Y/**~Y) < H(V¥) < H(Vi). Now the conditions of Propo-
sition 3.4.2 are satisfied with » = 2, and P*, Vi*,..., V%, v* := 4/(n — 1) replacing

P, Vi,...,Vm, 7. Hence i(x*, P*) < mo, with x* = (x},...,x%),X}; = (an2, —an)
for h = 1,...,m. This implies that i(x,P) < mo for x = (xi,...,%X) with
xp = (@h2, —an1,0,...,0) € Vi for h=1,...,m. 0

Construction of the auxiliary polynomial.

Introduce new variables
Uhjzlj(Xhla---ath) (h=l,...,m,j=1,..‘,n).

Since the linear forms 4, ..., 1, are linearly independent, we can express every poly-
nomial P € R(d) as o ‘
P =3 dp()URTUE -+ Upnr,
J

where j = (j11,- - - » jmn) rTuns through all tuples of non-negative integers with ju; +
<o+ 4 Jpn =dp for h =1,...,m. Similarly, we can express B; as

B =Y dps(5)USY - - - Uine.
3

We need the following generalisation of Roth’s Index theorem, which states that there
is a P € R(d) of small height such that if (i/d) is small then dp;(j) = 0 unless
Hhifdi+ -+ jmifdn = m/nfori=1,...,n.

3.4.3 Proposition. (Polynomial theorem). Let ¢ > 0 and d = (dy,...,dx) be any
tuple of positive integers with m > Cy(n,ly,...,l,,0). Then there is a polynomial
P € R(d) with the following properties:
(i) H(P) < C&++im and |dps(§)| < CHY "+ for all pairs i, j, where Cs =
Cs(n,ly,..., 1, 0);
(ii) if (i/d) < 2mo, then dp;(j) = 0 unless |, jri/dn — m/n| < 3nmo for
t=1,...,n.

Proof. This is Theorem TA of [65], p. 180. Its complete proof is on pp. 176-184 of
[65]. The idea is as follows. First one shows the existence of a polynomial P € R(d)
such that

H(P) < Ce(nyhy...,l,o)ht +im
(3.4.4)dp(j) = 0 for all tuples j with
Sheidri/dr < (1/n—o)m  for at least one ¢ € {1,...,n}



46 J.H. EVERTSE

(This is the Index Theorem on p. 176 of [65]). The proof is similar to that of
the Index Theorem of Roth: one counts the number of tuples j in (3.4.4) by using a
combinatorial argument (cf. [65], p. 122, Lemma 4C) and then applies Siegel’s Lemma
to the equations dp(j) =

It is straightforward to show that P satisfies (i). Further, from the definition of

index it follows that if (i,d) < 2mo then dp;i(j) = 0 unless Fje; jni/dy = (1/n —
o)m — 2mo =m/n — 3mo for i = 1,...,n. But for such i, j we also have

g:dl z::i::dL_E<EJ;:) <m~(n-1)(m/n—3mo) <m/n + Inmo.

ki \h=1
This implies (ii). O

Proof. (of Theorem 3.2.1) By C7,Cs,..., we denote positive numbers depending
only on n,0,...,l,, e For a given tuple A = (A;,...,A,) with rank(II(A) N Z") =
n — 1, let V5 denote the Q-vector space generated by II(A) N Z". We must compare
Q(A) with H(Vy).

8.4.5 Lemma. Let A = (Ay,...,A,) be a tuple of positive reals with
(3.4.6) Ay--- A, < Q(A)™S, rank(II(A)NZ™) =n —1, H(Vy) 2 Cr,
where Cy is sufficiently large. Then Q(A)°* < H(Va) < Q(A)%.

Proof. This is essentially Lemma 11A of {65], p. 195. Schmidt used reciprocal
parallelepipeds to prove this; we give a more straightforward proof. Suppose that
L(X) = (¢;,X) (z = 1,...,n), and that the coordinates of c;,...,¢c, are contained
in an algebraic number field of degree D. Let gi,...,8n-1 be linearly independent
points in II(A)N 2" For k =1,...,n, put

A = det((ci, 8;))1<i<n, ik, 1<i<n-1-
USing that I(ciagj)l < 4 fori= 1. , 1, we get
(3.4.7) |Ak] € A1+ Apo1Airn - An < QA) AL

We have g; A--+ Agn.-y = Aa, with A € Z and a being a vector with coprime integer
coordinates. Further, Vs has equation (a,X) = 0. Therefore, H(VA) = |a|. Put
€} := 1A - -ACk—1ACk41A- - - Acy. Thus, by Laplace’s rule, Ax = (€, 81A - Agn1)-
Therefore,

(3.4.8) (Al = [Al- [(et @)l = |(c},a)]  fork=1,...,n

Since {c},...,cy} is linearly independent we have by (3.4.8) and (3.4.7)

H(Va) = Ja] € max(|4,],.. ,lAnl)
(3.4.9) < Q(A)“max(A7l,..., A7)
< QA

Let T={i:1<i<n, A > Q(A)"*/?}. First suppose that ¥ # § and Ay # 0 for
some k € L. For this k we have by (3.4.8) that (c},a) # 0. By an argument similar to
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that in the derivation of Theorem 1.5 from Theorem 3.2.1, we have |(c},a)| > [a|™D.
Together with (3.4.8), (3.4.7) this implies that

H(Va) = |a| > Q(A)/?.

This proves Lemma 3.4.5, provided that T # 0, and Ay # 0 for some k € X.

Assume that ¥ = 0 or that Ay, = O for all k € £. If T = 0 then choose ar-
bitrary linearly independent hy,...,h,_; from Z*. If & # 9 and A = 0 for all
k € T, then there are linearly independent integer vectors hy,...,h,_; such that
det((ci; h;))i<icn, i#k, 1<j<n-1 = 0 for each k € X. We can choose hy,...,h,_; from
a finite set independent of A, since there are only finitely many possibilities for .
Now it follows from H(Vj) > Cy, that there is an x € II(A) N Z" outside the space
generated by hy, ..., ha_1, that is, with |det(x,hy, ..., hs—1)| # 0. Since this number
is a rational integer we have | det(x,hy,...,hn_1)| > 1. On the other hand, we have

det(x, h], ey hn—l) = (det(ll, ey ln))_l Z iaklk(X)
k=1

= (det(ll, R, l,,))-l Z iaklk(x),
k¢z
where oy := det((ci, h;))izx- Further, |og| < 1, |lx(x)] < A for k ¢ E. Hence by
(3.4.9),

1< |det(x,hy,...,hay)| € 3 A € QA)™/? < H(VA)™/
k¢T

But this contradicts that H(Va) > C7. Therefore, T # @ and A, # 0 for some k € X.
O

We need another simple non-vanishing result for polynomials.

3.4.10 Lemma. Let f(Xy,...,X,) € C[Xi,...,X;] be a non-zero polynomial of
degree < s, in Xj, for h = 1,...,r and let B,,..., B, be positive reals. Then there
are rational integers z1,...,%;, i1,...,i, with

|eal < Br, 0<in<s/By forh=1,...,r,

(%) (a’??) Fener2,) £0.

Proof. This is a special case of Lemma 8A on p. 184 of [65], which is sufficient
for our purposes. For r = 1, Lemma 3.4.10 follows from the fact that f cannot be
divisible by the polynomial {X(X — 1)}(X + I}(X = 2)(X +2)--- (X —a)(X + a)}t,
where a = [By], b = [s1/Bi] + 1, since the latter polynomial is of degree > s;. It is
straightforward to complete the proof of Lemma 3.4.10 by induction on r. O

We assume that Theorem 3.2.1 is false. Then, by Proposition 3.3.2, there is an n > 2
such that if A runs through the tuples A = (A4;,...,A,) of positive reals with

(3.4.11) rank(I(A)NZ™) =n—1, A;--A,<Q(A)™, H(Va)2Cr,
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then V runs through infinitely many (n — 1)-dimensional linear subspaces of Q”. In
view of Lemma 3.4.5, this implies that the set of numbers Q(A) for which A satisfies
(3.4.11) is unbounded.

Note that A; = Q(A)¥ for ¢ = 1,...,n, where ¢i,...,p, are reals depending
on A with ;] < 1foréi =1,...,n, and o1 +--- + ¢, < —e. The set of real
points (¢1,...,¢y,) satisfying these inequalities can be covered by finitely many cubes
{(p1y-.-y0n) i i—€/2n < p; < cifori=1,...,n}, where

(3.4.12) ] <1 fori=1,....n, e+ - +e,<—€/2

Hence there is a tuple (cy,...,c,) with (3.4.12), such that the set of numbers Q(A)
for tuples A with

rank(II(A)NZ*) = n-1,
A A < QAT
(3.4.13) A < QA fori=1,...,n,
H(Va) 2 C7

is unbounded.

We choose o sufficiently small, depending only on n and ¢, with 0 < ¢ < 1/n. Let
m be the smallest integer exceeding the number Cy(n, 1y, .. .,1,, o) in Proposition 3.4.3.
Choose A,,...,A,, with (3.4.13) such that for sufficiently large Cyo, C11,

(3.4.14) QA= Ci, QA1) 2 QAL forh=2,...,m.

Put @ := Q(An), Vi := Va, for h=1,...,m. Similarly as in the end of the proof
of Roth’s theorem, we choose a tuple d = (dy,...,dn) of positive integers such that

(3.4.15) diolog Q1 2> log Qm,

and
(3.4.16) dilog@Q < dplog@Qr < (1+0o)dilogQ, forh=2,...,m.

The latter is possible since od; log @ > log @ for h =2,...,m. Let P € R{d) be the
polynomial from Proposition 3.4.3. Put v := Cg/Cy, where Cs, Cy are the constants
from Lemma 3.4.5. Let C;, C; and C3 be the constants from Proposition 3.4.2 and
Cs the constant from Proposition 3.4.3. We verify that o,m,v,dy,...,dn,Vi,...,Vn
and P satisfy the conditions of Proposition 3.4.2 for suitable Cjo, Cy1: namely, for
sufficiently large Cyo and Cy; we have by (3.4.16), (3.4.14), H(V4) > C7, Lemma 3.4.5
and the upper bound for H(P) in Proposition 3.4.3 that

dh _ dh log Qh . log Qh+1

dryr drp1log Quyr  log Qn
H(Vh)dh > Qfsdh > Qfsdl —_ Qfsdn > H(V;)d” forh=1,...,m—1,

HV)2QC 2QP 208 27 ™Y forh=1,...,m

>(i+o0)Cu>C  fork=1,....m-1,

and

H(Vl)cw(n—l)'?ch > Qfaca'r(n—-l)'zdx chcc"sca'r(n—l)‘zdz

> Cph > Cfittim > H(P).
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Now Proposition 3.4.2 implies that thereis a point x € Vi x---x V,, with i(x, P) < mo.

What we actually want is a point x = (xy,...,X,,) with x4 € II(A) N Z" for
h =1,...,m and small index w.r.t. P. There is such a point in a slightly larger set.
Namely, choose a tuple i with (i/d) < o such that B, does not vanish everywhere on
W X ++- x V5. Choose linearly independent vectors ga1, ..., grn—1 from I(A,) N Z"
for h =1,...,m and define the polynomial

n—1 n-1
f(Ylh .. -,Ym,n-—l) = Pi (E Yikglk, ey Z Ymkgmk) .
k=1

k=1
Then f is not zero. By Lemma 3.4.10, there are integers g1y, . .. ¥mn-1, and integers
ki, ooy k-1 with

lyil <ne™, 0Lk <odp/n  forh=1,....m,i=1,...,n—1,

8 k11 ) kmn-1
f*(y) = (-a—i;l—l) (a_Y;n—,n——l-) f(ylla"'aym,n—l) 740

Put xp := Y0 ynign (R =1,...,m), X = (X1,...,Xm), M = (Ay,...,AA,) for
A = (A,...,A;). Note that f*(y) is a linear combination of terms P;i;(x), where
3= Uty -y Jmn) With S ju = 25 ki for R =1,...,m. Hence

x; € H(no~1A,) N 2" forh=1,...m
ix,P)<mo+ L0, k'“+";:k" 2=l < 2mo.

Hence there is a tuple i with (i/d) < 2mo, B(x) # 0. Note that A(x) € Z. Below
we shall show that |Pj(x)| < 1. Thus, our initial assumption that Theorem 3.2.1 is
false leads to a contradiction.

Put up; = Li(xp) for h=1,...,m,i=1,...,n. By Proposition 3.4.3 we have

(3.4.17)

(3.4.18) IP,(x | < Z IdPl(J ”u’“ . u]mnl < Cd:+ -+dm mJaquJu . u]mnl,

where the sum, maximum, respectively, are taken over all tuples j = (ji1,...,Jmn)
with |7, jai/dn — m/n| < 3nmo for i = 1,...,n. Fix such a tuple j. By (3.4.17)
and (3.4.13) we have

fups| Sne”1Qy  forh=1,...,m,i=1,...,n
Hence
(3.4.19) log|ufy ---ulm| < ZZc,( )dhloth+(d1+ “+dm )log( )
i=1 h=1
Further, by (3.4.16) and & < 1 we have
S (ni/dn)dnlogQn < dilog @i~ (1+0)- Y (jni/dn)
h=1 h=1
< dilog@Q:i- (1 + o)(m/n + 3nma)
< mn~ldylog Q; - (1 + Tn’o),
S (jnifdn)dnlogQn > dilog QY (Gni/dn)
h=1 h=1
> dylog Qi(m/n — 3nmo) > mn~1d;log Q1 - (1 — Tn?0).
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By inserting this into (3.4.19), and using (3.4.12), we get
J11

log Ju3y - - u{,;",;‘] < (mn'dilog Qi) -6+ (di+ -+ + dp)log(ne™t),

with n n
6= Ec, -+ 7n2aE leil £ —€/2 + e < —¢/3,
=1 =1
if we choose o < €/42n3. Together with (3.4.18) this yields, for sufficiently large Cio,
RG] < ClFHomQEm e < (Cos@i ™ <1,

which is the contradiction we wanted. This completes the proof of Theorem 3.2.1. O



Chapter V

Heights on Abelian Varieties

by Johan Huisman

1 Height on Projective Space

We will follow to a great extent Chapter 6 of [14].
If K is a number field and v a finite place of K, that is, v corresponds to a prime
ideal p of the ring of integers of K, then we define a norm || - ||, on K by

ordp(z)
1
Il = (m) ,

where Np is the absolute norm of p. If v is an infinite place, that is, v corresponds to
an embedding o of K in R or v corresponds to a conjugate pair {o,} of embeddings
of K in C, then we define a norm || - ||, on K by

flzllo = { lo(z)|, if v is real,

lo(z)|?, if v is complex.

Clearly, for any place v of K, the homothety y — zy transforms a Haar measure p
on the completion K, of K at v into ||z}, - 4. Let Mg be the set of places of K, My
the set of infinite places and M, ,f( the set of finite places. Then we have the product

formula
IT Nzl IT Jo@i= II lzllv=1,
vE M}!{ a:K—-C vEM

for every z € K*. This can be easily seen as follows (cf. [87], Ch. IV, §4, Thm. 5).
Let A be the ring of adéles of K. The product formula will follow if we prove that
any Haar measure on A is invariant under the homothety A,:y — zy of A, for any
z € K*. Since A/K is a compact topological group and A, induces an isomorphism
X; of A/K, any Haar measure on A/K is invariant under X,. Moreover, since K is
discrete and the restriction )C of A; to K is an isgr\norphism of K as a topological
group, any Haar measure on K is invariant under A;. Therefore, any Haar measure
on A is invariant under ..

If P = (zo:---:2y)is in P"(K) then we define the height of P relative to K by
Hx(P)= [] max{||zolly,...,llzalls}-

vEMyk

Observe that, by the product formula, this is well defined.
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1.1 Example. If K = Q and P € P"(Q) then we may assume P = (z¢: -+ -: z,,) with
z; € Z and ged(zo, . -.,2Zx) = 1. Then

HQ(P) = ma.x{|:to|, R I.’tn,}.
]

It is clear that Hg(P) > 1, for every P € P*(K). If L is a finite extension of K

and P € P*(K) then
Hy(P) = Hg (P)EH],

Hence, we can define the absolute height H on P*(K) by
H(P) = Hy(P)7q,

where L is some number field containing the coordinates of P. It will be convenient
to define the (logarithmic) height h on P"(K) by

(1.1.1) h(P) = log H(P).

1.2 Theorem (Northcott). Let n, d and C be integers. Then
{PeP"(K)|HP)<C and [K(P):K]<d}
is a finite set.

For a proof the reader is referred to [14], Chapter 6 or [70], §2.4.

2 Heights on Projective Varieties

We will define height functions on a projective algebraic variety V over a number field
K, using morphisms from V into projective space. Suppose

ffvVv—1DPp
is a morphism of algebraic varieties over K. Then one defines the (logarithmic) height
on V relative to f by
hp:V(K) — R
P — A(f(P)).

Let us call real-valued functions h and A’ on the set V(K) equivalent, denoted by
h ~ k', if |h — k| is bounded on V(K). It turns out that the height h; depends only,
up to equivalence, on the invertible sheaf £ = f*Opn(1).

2.1 Theorem. Let V be a projective algebraic variety over K. If f:V — P" and
g:V — P™ are morphisms over K such that

frOm(1) = g"Opm(1)

then hy and h, are equivalent.
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Proof. Recall that a morphism ¢: V — P* is uniquely determined by (the isomor-
phism class of) the invertible sheaf £ = ¢*O(1) and the global sections s; = ¢*z; €
I'(V,L£). Therefore, it suffices to prove the theorem in the case that m > » and
f = 7 o g, where 7 is the rational map

oP™ ... — P"

(zoi:@m) =  (Torr--:Tn).
Clearly, by — hy > 0. To prove that hy, — hy is bounded from above, observe that
gVINY(Xo,...,Xn)

is empty. Since g(V) is closed, let I C K[Xy,...,X] be its defining homogeneous
ideal. Then
I+ (Xo,.‘.,Xn) = (XQ,...,Xm)
in K[Xo,...,Xmn]. Therefore, there exist a positive integer ¢ and Fi; € K[Xo,..., Xm]
such that .
X:+i—ZEij el, 1=0,....m—n.

j=0
We may assume F}; to be homogeneous of degree ¢ — 1. Denote the coefficients of F;;
by a;x. H L C K is a finite extension of K and w is a place of L then we define

1 if w is real,
2 if w is complex

{ 0 if w is finite,
Ew =

and put
g—1+m\™
cw=(n+ 1)""( ) - max ||aijk|»-
m
Choose P € g(V)(L), say P = (z,:+-:&y) with z; € L. It is easy to see that
znsilll < €w- Ij%a;i(”zjlﬁu_l I?Saf lillw,
fori=0,...,m —n. Put ,
¢, = max{l,¢cd},

then
max [lziflw < Cw - m8x ||l u-

In particular,

Hp(zo: o+ :am) H max zillw

weEML —

(H )| II maxuzjnw)
weMy weEML jsn

d
(H cﬁ,) Hi(zo: -1 2n),
veEMyk

IA
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where d = [L: K. Therefore
h(zo:- - :zm) < h(zo:-- :120) + ¢,
where ¢ = o T enr,, ¢, Which neither depends on P nor on L. Hence k, — Ay is

bounded from above. 0

As a consequence, we can define, up to equivalence, a height function k. for every
invertible sheaf £ on V which is basepoint-free (i.e., generated by global sections).
For, choose a morphism f over K from V into P™ such that

L= f*Opn(1).
(Such a morphism exists since £ is basepoint-free.) Then, by Theorem 2.1,
he = h_f

depends only, up to equivalence, on £. More precisely, one defines b as the equiva-
lence class of hy. That is, if H(V(K)) is the group of equivalence classes of real-valued
functions on V(K), we have h; € H(V(K)). However, often we will treat h. as a
real-valued function, keeping in mind that k. is only defined up to equivalence. It is
easy to prove that, for any basepoint-free invertible sheaves £ and M on V,

(2.2) hg@M ~ he+hp

As a consequence, for any invertible sheaf £ on V, we can define, up to equivalence,
a height function A; by
he=he — he,,

where £, and £, are basepoint-free invertible sheaves on V such that

L=L@L;
(Such sheaves always exist; see [27], p. 121.) By (2.2), this does not depend on £;,
L. Hence the following result due to A. Weil.

2.3 Theorem. Let V be a projective algebraic variety over K. There exists a unique
homomorphism

h: PicV — H(V(K))
such that

(i) if V. =P" then hoga(1) is the usual height h on projective space,

(i) if W is a projective algebraic variety over K and f:V — W is a morphism over
K then

hftg = hL o f,
for any L € PicW.
It is then easy to prove, using Theorem 1.2, the following finiteness theorem.

2.4 Theorem. Let V be a projective algebraic variety over K. If L is an ample
invertible sheaf on V then, for all real numbers C and d, the set

{PeV(R)|he(P)<C and [K(P):K]<d}

is a finite set.
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Observe that it makes sense to call an element of H(V') bounded from below (or
above).

2.5 Theorem. Let V be a projective algebraic variety over K. If £ is an invertible
sheaf on V and s is a global section then h. is bounded from below on the set

{P € V(E) | s(P) # 0}.

Proof. Choose basepoint-free invertible sheaves £, and £, on V such that

L=L,0L0
Let sg,...,s, be global sections of £; that generate £;. Choose global sections
Sntly- - -5 Sm Of £y such that
$S®S0y...,8@ 8n,8n41y--+)5m

generate £;. Then, whenever P € V(K) with s(P) # 0,

h(s ® so(P),...,3® sa(P), n41(P),...,5m(P}))
h(s ® so{P),...,5® sa(P))

h(so(P),. .., sn(P))

ke, (P).

he,(P)

v

Therefore, A is bounded from below on the set of P € V(K) such that s(P) #0. O

3 Heights on Abelian Varieties
We will need the Theorem of the Cube.

3.1 Theorem (Theorem of the Cube). Let X;, X;, X5 be complete algebraic va-
rieties over the field K and let P; € X;{(K). Then, an invertible sheaf £ on X1 x X2 x X3
is trivial whenever its restrictions to { P} x X2 x X3, X1 x { P2} x X3 and X; x X3 x { Ps}
are trivial.

Proof. (After [52], Chapter II, §6.) Let us give a proof when char(K) = 0, since
this is the case we are interested in. Then it suffices to prove the theorem for K = C.
(Here one uses that the X;, P; and L are defined over a subfield Ko of L which is
of finite type over Q and that for K — L any field extension, X any quasi-compact
separated K-scheme and £ any invertible sheaf on X, £ is trivial if and only if its
pullback to X, is trivial.)

Before we continue the proof let us recall the following definition. A contravariant
functor F from the category of complete complex algebraic varieties with basepoints
into the category of abelian groups is called of order < n if for all complete complex
algebraic varieties Xy, ..., X with basepoints, the natural mapping

FI1x) — [T FAIX)

=0 =0 i#j
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is injective. As an example, the Theorem of the Cube states that the functor Pic is
of order < 2.

To finish the proof we switch to an analytic point of view. Let Ox , denote the
sheaf of analytic functions on X. According to the GAGA-principle,

PicX = HY(X, 0% ;)
for any complete complex algebraic variety X. The long exact sequence associated to
0—»Z-—+0x,hﬂ(9}‘h—>0
implies the existence of an exact sequence
HY(X,0x4) — HY(X,0%,) — HYX,Z).

Since both H'(-,Ox ) and H?(-,Z) are functors of order < 2, the functor H'(-, 0% )
is of order < 2. This proves the theorem. (]

3.2 Corollary. Let X be an abelian variety over the field K and let p;: X® — X be
the projection on the ith factor. Let p;; = p; + p; and pijr = pi + p; + px. Then, for
any invertible sheaf L on X, the invertible sheaf

Pl @ PiL™ @ plsL T @ ppl ™ @ PIL @ piL ® p3L
on X3 is trivial.

Proof. Taking restrictions of this sheaf to O x X x X, X x O x X and X x X x O
yields a trivial sheaf. The conclusion follows from the Theorem of the Cube. O

Since this corollary expresses a relation between sheaves on X*, we have immedi-
ately, by Theorem 2.3, the following fact about heights on abelian varieties.

3.3 Theorem. If X is an abelian variety over a number field K then, for any invert-
ible sheaf L on X,

he(P+Q+R)—he(P+Q)—he(P+R)—he(Q+ R)+he(P)+he(Q) + he(R) ~0,
as functions on X (7{—)3

Let us denote for an abelian variety X over K the multiplication-by-n mapping
from X into itself by [r], for any integer n. Recall that an invertible sheaf £ is called
symmetric (resp. antisymmetric) whenever [—1]*L = L (resp. [-1]°£ = £L7!). As a
consequence of Corollary 3.2, one can prove the following.

3.4 Corollary. If X is an abelian variety over the field K and L is an invertible sheaf

on X then
[n]qu o L(n2+n)/2 ® [_l]*ﬁ(nz—n)/Z’

for any integer n. In particular,

[n]"L = L™, if £ is symmetric,
1 £, ifL is antisymmetric.
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Again, this translates into properties of heights on abelian varieties.

3.5 Theorem. If X is an abelian variety over the number field K and £ is an in-
vertible sheaf on X then

heoln] ~ B8 by 4+ 2220 o [-1),

for any integer n. In particular,

he o [n] ~ nlhe, if £ is symmetric,
£ nhe, Iif £ is antisymmetric.
The property of ¢ in Theorem 3.3 will imply the existence of a canonical height

function, the Néron-Tate height relative to L,

he: X(K) — R,
as stated in the following theorem.
3.6 Theorem. If X is an abelian variety over the number field K and L is an in-
vertible sheaf on X then there exist a unique symmetric bilinear mapping bc: X (K) x
X(EK) — R and a unique linear mapping lz: X(K) — R, such that

he: X(K) — R,
defined by )

he(P) = 3bc(P, P) + 1c(P),

is equivalent to h;. Moreover, if £ is symmetric then Iz = 0 and if £ is ample then
b is positive definite on X(K) ® R.

Proof. The existence and uniqueness of b; and I follow from the lemma below,
whose proof can be found in [52], Appendix II, §5.
If £ is symmetric then in virtue of Theorem 3.5

1n2b.(P, P) + nlc(P) = he(nP) = n?he(P) = In?b.(P, P) + n2l(P),

for any integer n. Hence Iz = 0.

If £ is ample then [~1]*£ is ample too. Hence, M = LQ[—1}*L is ample. Moreover
by uniqueness

b = %bg + %b[_llq; = %bM.

Therefore it suffices to prove that b is positive definite on X (K )®R for any symmetric
ample invertible sheaf L.

Since then Ay = %bc, it follows from Theorem 2.4 that for any finitely generated
subgroup A of X(XK) and for any C € R the cardinality of the set

{P€A|b(PP)<C}

1s finite. It is not difficult to prove that this implies that b. is positive definite on
X(K)®R. O
3.7 Lemma. Let G be an abelian group and h: G — R a function such that

h(P+Q+ R) — h(P + Q) — h(P + R) — h(Q + R) + h(P) + h(Q) + h(R) ~ 0,
as functions on G®. Then there exists a unique symmetric bilinear mapping b: G xG —
R and a unique homomorphism I: G — R such that h ~ h, where

h(P) = 1b(P, P) + I(P).
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4 Metrized Line Bundles

The main interest of this section is to show that metrized line bundles on projective
R-schemes give, in a natural way, a height function (i.e., not just a class of functions
modulo bounded functions, but a specific element of such a class). For example, the
Néron-Tate height can be obtained really nicely in this way, see for example [50)],
Chapter III

For the moment let X be a complex analytic variety (i.e., a complex analytic space
as in {27], App. B, which is reduced and Hausdorff), £ a coherent Ox-module (e.g.,
a locally free Ox-module of finite rank). We denote by C% the sheaf of continuous
complex valued functions on X. If U C X is an open subset and f € C%(U) then
f denotes the complex conjugate of f (i.e., «of, where :C — C is the complex
conjugation). We define a (continuous) hermitean form on £ to be a morphism of
sheaves (-,-): £ ® € — C%, such that:

(i) (-,-) is bi-additive,

(1) (fs1,82) = f{s1,82) forall U C X, f € Ox(U), 1,52 € E(U),

(iil) (s2,%1) = (s1,82) for all U C X, 81,5, € E(V).
A hermitean form is called a hermitean metric if moreover it is positive definite:
(5,8(z) > 0for all U C X, s € E(U) and = € U such that s(x) # 0. The norm
associated to a hermitean metric on £ is the morphism of sheaves || - ||: £ — CY%,
s +> {s,8)1/2. Of course a hermitean metric is determined by its norm (use some
polarization identity).

If £ is an invertible O x-module then the norms of hermitean metrics on it can be
easily characterized: they are the maps of sheaves || - ||: £ — C% such that || fs|| =
If1lIsll and Jjsij(z) > 0 if s(z) # 0. In this case we will also call the norm associated
to a hermitean metric a hermitean metric.

One can define differentiable, C* or real analytic hermitean forms on £ just by
replacing the sheaf C% by the sheaf of that kind of functions.

Let & 1= C% Qo £; then £ is a coherent C}-module. For any C%-module £ we
define & := C% ®,cq £ and for any open U C X, s € EU)welets:=1Qs € &'(U).
The maps s — 3 give an anti-linear isomorphism £ — & (i.e., one has fs = 1® fs =
F®s = f-3). With these definitions, giving a hermitean form (,-) on a coherent Ox-
module £ is the same as giving a morphism of C%-modules ¢: £’ ®cq, & — C%, such
that é(s; ®3;) = #(s2 ® 31). Using this description it is immediate that for Y — X a
morphism of complex analytic varieties one has the notion of pullback for hermitean
forms. In particular, for all z € X we get a hermitean form (-,-)}{z) on the C-vector
space £(z) (the fibre of £ at z, not the stalk). These (-,-)(z) vary continuously in
the sense that if one expresses everything in coordinates then the coefficients of the
matrix obtained that way are continuous. Of course, to give a continuous (-, -} is the
same as to give a continuous family of (-, )(z)’s.

4.1 Example. The formula (f,g) = fg defines a hermitean metric on Ox. ]

Suppose now that K is a number field and that f: X — Spec(K) is a variety
over K. Then for every 0: K — C we have the variety X, over C obtained from
f: X — Spec(K) by pullback via Spec(a): Spec(C) — Spec(K). Taking C-valued
points then gives for all o a complex analytic variety X,(C) = {P:Spec(C) —
X | foP = Spec(o)}. If we denote & = toc then we have maps P — P := PeSpec(.):
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X;(€) — X5(C); these maps are anti-holomorphic isomorphisms. For £ a coherent
Ox-module let £, denote the coherent Ox,(¢)-module induced on X,(C); for U ¢ X
and s € E(V) let s, € £(U;(C)) denote the section induced by s.

4.2 Definition. A hermitean metric on £ is a set of hermitean metrics (-,-), on the
&, 0: K — C, such that for all open U C X, s,t € £(U), 0: K — C and P € U,(C)
one has

(375 t7)7(P) = (35, t0)o(P)
a

Another way to phrase the last condition is as follows: if we denote by £ the
Cg((c)-module on X(C) := {P:Spec(C) — X} = 1, X,(C) induced by €, and by
Fo: X(C) — X(C) the map P ~ P, then one has F*(s,t) = (s,t) for all U C X,
s,t € E(U). For our purposes we do not need this condition, but we impose it anyway
in order to be compatible with the existing literature (e.g., [76]).

With our conventions concerning hermitean metrics on invertible sheaves we get
the following definition.

4.3 Definition. A hermitean metric on an invertible Ox-module £ is a set of her-
mitean metrics || - ||,: £, — Cgf,(C)’ o: K — C, such that ||s5]|z(P) = ||ss||(P) for all
Uc X,se L({U), o and P e U, (C). O

4.4 Example. Let X :=P%, £ := Ox(m) and denote by zo,24,...,%, the homoge-
neous coordinates on X. By definition, a local section s of £ can be written as F/G,
where F and G in K|[xo, Z1, .. .,Z.] are homogeneous and deg(F') — deg(G) = m. The
following formula defines a hermitean metric on L:

|(0F)(ao,a1,...,an)| 1

L3]S
(G0 o) = ) agrar,. - anm)] (ao -~ + eI

a(G)

g

where o: K — C and (ao, a3, -..,a,) € C**!. This metric will be our standard metric
on Ops(m). It is characterized, up to scalar multiple, by the property that at every
o it is invariant under the natural action of the unitary group U(n+1). a

As before, let R be the ring of integers in K. Let X be an integral projective
R-scheme and let £ be an invertible Ox-module. By a hermitean metric on £ we will
mean a hermitean metric on the pullback Lx of £ via Xx := X Xgpeq(r)Spec(K) — X.
By a metrized line bundle on X we will mean an invertible O x-module £ with a given
hermitean metric || - ||.

In particular, these definitions apply to Spec(R) itself. Let (L, ] - ||) be a metrized
line bundle on Spec(R), let M := I'(Spec(R),L) and let s € M be non-zero. Then
the degree of (£, ]| - ||) is the real number:

(4.4.1) deg(£) = og #(M/Rs) = T gl

(one easily checks that the right hand side is independent of s).
Let us now explain how a metrized line bundle (£_1_|| -D on an integral projective
R-scheme X gives a height function on the set X(K) of K-rational points of the
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variety Xk over K. Let P € X(K). Then there is a finite extension K’ of K such
that P is defined over K’, i.e., P comes from a unique point P € X(K'). Let R’ be
the ring of integers of K’. Then P can be uniquely extended to an R’-valued point
(still denoted P) P:Spec(R’) — X by the valuative criterion of properness (see [27],
Thm. 4.7). By pullback via P we get a hermitean line bundle P*£ on Spec(R’). The
absolute height of P with respect to (£, | - ||) is then:

(44.2) hicp(P) = [K': Q™" deg(P"L)

{one easily verifies that this is independent of K’). The following theorem states that
h(c,j4p is in the class of height functions associated to £ by Thm. 2.3.

4.5 Theorem. If (L,]| - ||) is a metrized line bundle on X then k(. and h. are
equivalent as functions on X(K).

Proof. It suffices to prove the theorem for £ very ample, so we assume that X is
a closed subscheme of P} and that £ is the restriction of O(1) to X. In virtue of
Lemma 4.6 below we may choose a convenient hermitean metric on £. Let us then
choose the metric given by the formula:

otf)
(@),

cay - _ l(@F) (a0, 01, -, ax)| 1
(ao tap : an) - I(G'G)(ao, G1,...,0,)] maxXicn lai|

(compare with Example 4.4). We claim that for this metric A(c,) is just the standard
absolute height on P*(K) of 1.1.1. In order to verify this for P € X(K’), where K’ is
a finite extension of K, we may base change to the ring of integers R’ of K'. Hence
it is sufficient to check our claim for all K and all P € X(K).

We will compute deg P*O(1), where P is an R-rational point of X C Pz. We may
assume that P*z is a nonzero section of I'(Spec R, P*O(1)). Then,

*O(1)/RP*z0 = (Y. Rz;(P))/Rzo(P) "'(}:R—(P

Hence,
#P*O(1)/RP'zy = ][ mgIXII—(P)IIu
vgMP
= (H max [|z; (P)H) IT lze(P)l.-
vgM® i<n vEME?
Therefore,
deg P*O(1) = 3 logmax|izi(P)llo + 3 logllao(P)lls
vgMP = vEME

O 4

ety maXign [Pl

[K:QlAc(Px)
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4.6 Lemma. Let £ be a line bundle on X. If|| - || and || - || are hermitean metrics
on L then there exist real numbers ¢;,c2 > 0 such that

allsli(P) < [sIf (P) < e|ls|l(P)
for any local section s of £ and any P € X(C) where s is defined.

Proof. Since X is a projective R-scheme, X(C) is a compact analytic variety. There-
fore the continuous functions ||« |/|| - || and |} - ||/}] - ||’ on it are bounded. Q



Chapter VI

D. Mumford’s “A Remark on
Mordell’s Conjecture”

by Jaap Top

Throughout this exposition K will denote a number field and C'/K will be an abso-
lutely irreducible (smooth and complete) curve of genus g > 1. In fact more generally
one can take for K any field equipped with a product formula as defined in [70, p. 7].
We make the standing assumption that over K, a divisor class of degree 1 on C ex-
ists (this can always be achieved after replacing K by a finite extension). Our main
reference is the paper [53] referred to in the title above plus the descriptions given in
[70}, [9] of Mumford’s result.

1 Definitions

Fix once and for all a divisor class a on C of degree 1. The jacobian J = J(C) of C
is an abelian variety of dimension g defined over K which represents divisor classes of
degree 0 on C (see [14, p. 168] for a formal definition). In particular, the class a gives
rise to an injective morphism

J=jo: CoJ: P (P)—a

defined over K. A. Weil proved in 1928 (case K a number field) that J(K) is a
finitely generated abelian group. This raises the possibility to study the set C(K) of
K-rational points on C as a subset of J(K). The first successful attempt along this
line seems to be due to Chabauty (1941). He combined the idea of considering C(K)
as a subset of a finitely generated abelian group with Skolem-type p-adic analysis and
proved:

If g = genus(C) > rank (J(K)) then C(K) is finite.

(cf. [70, §5.1} for a sketch of the proof; Coleman’s paper (1985) {13] for effective
bounds on the number of solutions in some cases.)

All other attempts starting from this basic setup seem to involve heights. Depend-
ing on a one defines a divisor

©=j(C)+...+j(C)cCJ

g-1
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with divisor class § € Pic(J). To it one associates a canonical height ks on J(K) and
a bilinear form
(,y) = ho(z +y) — ho(z) — hs(y).

Since # is ample (this follows from the fact that & defines a principal polarization
on J; cf. [14, p. 186, Thm. 6.6 and p. 117, Prop. 9.1]), {-,-) is positive definite on
J(K)/torsion. To verify this, note that (z,z) = }hs4{-1)+¢(z); now 8 is ample, hence
6 + [—1]*0 is ample and symmetric. The rest of the argument is a trivial exercise (see
[70, §3.7]).

The existence of this non-degenerate bilinear form was discovered by Néron and
by Tate (mid-60’s). Combined with Weil’s result it gives J(K) @ R the structure of a
euclidean space E. An easy consequence is

#{z € J(K); ||z|| < T} = (pos. const.)- T™ + o(T"¥).

2 Mumford’s Inequality

The previous section raises the possibility to study rational points on C by means of

the sequence
C(K) — J(K)/torsion C E

in which the first map is finite to one (in fact, by Raynaud’s proof of the Manin-
Mumford conjecture [60] there is a bound on the number of points in the fibres in-
dependent of the field K); and the second map gives J(K)/torsion as a lattice in
euclidean space E. Mumford’s result on this which we want to discuss here can be
seen as a first step towards Vojta’s proof (simplified by Bombieri) of Mordell’s con-
jecture (1989/90) and even to Faltings’s theorem which is the topic of this book. The
result is

2.1 Theorem (Mumford, 1965). With the notations as above, there is a real num-
ber ¢ > 0 such that for all z # y € C(K) the inequality

l=l? + 1lyll* = 29(z, y) 2 —c(1 + {ill + llyl])

holds.

3 Interpretation, Consequences and an Example

Since for g < 2 the left hand side is non-negative, Mumford’s inequality is at most
interesting for g > 2. In that case, for K a number field, if one considers points in
C(K) only then the result is trivially implied by the truth of Mordell’s conjecture.
Needless to say, this will not be used here.

One way to interpret the inequality is as follows. Suppose 0 < r < v/g? — 1. Then
for z € C(K) with ||z|]| >> 0, no y € C(K) is in B(gz,r||z||) := the ball with
center gz and radius r||z||. Indeed, were y € C(K) inside this ball, then of course
llyll < (r + g)llz|| and

0 > |ly—gz||? = rfz||* 2 —c— cllzl| — ellyll + (6" = 1 — r*){|e||®
> —c—c(l+r+g)llzll+ (g~ 1 — )|
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which implies that ||z|| is small.
Mumford’s inequality implies
3.1 Corollary. There is a real number c; such that
#{z € C(K); |lell| T} < 3 logT.

The same result (with of course a different ¢;) is true with || - || replaced by any
h = hs on C; with § a divisor of positive degree. Comparing the above result with the
“density” of rational points in J(K) one says that the set C(K) C J(K) is “widely
spaced” (this notion is formally introduced by Silverman [75}; also Serre uses it [70,
p. 105}, in fact already in the French version from 1980 (p. 2.7: “trés espacés”)).

Proof. (of Cor 3.1). Take c3 = 5¢+ 1/2, then for z,y € C(K) with 2|[z|| > |ly|| =
||zl = c3 one has

Hzl? + [lylf* = csllell + eallyll 2 5e(1 + [le]] + [lyID,

hence

(@,0) Ul + sl + e+ llall + llvl) g(n_zﬂ | uyu) .3

Nzl - Nyl = 2g|zl] - iyl = 59 \[lll " Tl=11) = 2¢°

Now take T' >> 0. The z € C(K) with ||z|| < T can be subdivided in the z’s with
[lz|| < cs and the ones with 32’ < ||z]| < ¢s27*! (for 0 < j < ¢4logT). In one such
“interval” different points satisfy (||| z, |ly||"'y) < 3/(2¢). The maximal number
of unit vectors in E satisfying this angle constraint is easily seen to be bounded in
terms of dim E = rank J(K), say bounded by cs. Then

#{z € C(K); ||z|| £ T} < #torsion in J(K) - (#{llz]] £ e3} + cscalogT) < czlog T.
O

3.2 Example. Take C, D curves defined over F, such that a non-constant morphism
D — C over F, exists. Put K = F,(D). A point z € C(K) corresponds to a
morphism ¢, : D — C defined over F, and for h(z) we can take &(z) = deg(y,). Let
7 denote the Frobenius homomorphism on K. Clearly with z also 7"z € C(K), and
h(n"z) = ¢"h(z). Hence in this example

#{z € C(K); h(z) < T} > (pos. const.)-logT.
a

4 The Proof assuming some Properties of Divisor Classes

Let D be a (smooth, complete, irreducible) curve of genus g over an algebraically
closed field k. Write Jp for its jacobian and use as above a divisor class a of degree 1
to define j and 4. Denote by p; the projection Jp x Jp — Jp onto the ith factor and
let s: Jp x Jp — Jp be summation (s(z,y) = = +y). Furthermore define a’ € Jp by
a’' = (29 — 2)a — Kp in which Kp is the canonical class on D. Lastly, m : Jp — Jp
will denote translation over b € Jp. The following properties of divisor classes are
used in the proof of Mumford’s result:
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0 :=[-1]"6 = 1*,0.
2. j*¢' = ga.
. (Ux)s*6—pi9—ps0y=axD+Dxa—A.

Theorem 2.1 is obtained from this as follows. We return to the situation in §§1-2
and we will use the statements above in this context. Write h¢(z) = I(z,z) + {(z);
here £ is linear. Then }(z,z) — £(z) = he(—2) = hp(z) = hre o(z) = he(z ~ a') =
He,z)—(z,a')+ (¢, a) +{(z~d') = }(z,2) +£(z)— (z,0a’) (here use that 2y(0) = 0).
The conclusion is that

{z) = %(x,a').

Next, using heights on C' x C, identifying = with j(z) (as we already did a couple
of times) and ignoring the (bounded) functions arising from the fact that we choose
actual heights depending on a divisor class:

ha(z,y) = haxc(2,¥) + hoxa(2,y) = h(ixj)se(Z:¥) + hixiypre(z, ¥)
+h(ixsyps0(Z,Y)

= ho(2) + ha(y) — ho(z +y) + ho(2) + ho(y) = };hol(z) + ého'(y) ~ (z,9)
B i{”xllz + Iyl — 20(2,3) - (z,a) = (4,0} } -

Since A is effective, k4 is bounded from below on {z # y}, hence the result follows.

5 Proof of the Divisorial Properties

Proof. (of (1)) The class 8 is by definition represented by the divisor

{[EP g —1aj; P;ED}

=1

hence & by ©’ = {[(g — 1)a — 3_ P,]}. Therefore it suffices to show that for general
971 P; a unique Y{_; Q; exists such that 3 P; + 3 @ is canonical. This follows from
Riemann-Roch: one has £(3" P,) — {(Kp — 3. P;) = 0. Since (3 F;) # 0 (constant
morphisms are in L(any effective divisor)), it follows that also the class of Kp — 3" F;
is represented by an effective divisor. A slightly more geometric argument runs as
follows. In case D is not hyperelliptic one may assume that D is canonically embedded;
then the canonical divisors are precisely the hyperplane sections, and g — 1 points
determine a hyperplane and therefore a canonical divisor. For hyperelliptic D, write
¢ for the hyperelliptic involution. Then 3}~ Q; = ¥ ¢F; is canonical. O

Proof. (of (2)) Take c € Pic®(D) generic and write b = a — ¢. The embedding of
D into Jp using b instead of a will be denoted j,. We will show j;6' = ga — ¢ which
by specialization implies the desired formula.

For z € D to satisfy jy(z) € @ is equivalent to z + ¥I-] P, ~ ga — ¢ (with ~
denoting linear equivalence). Now ga — c is a generic divisor of degree g, hence by
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Riemann-Roch its divisor class can be written as Y°7_, @; in a unique way (in fact, the
gth symmetric power of D is birational to Jp). In other words, the possible choices
for {z, {3 P:}} are just the partitions of {Q;} in two sets with 1 and g — 1 elements,
respectively. Hence the divisor of these z’sis 3. @; ~ ga —c. a

Proof. (of (8)) Recall the seesaw principle [14, §5, p. 109-110} (which we only state
in the special case D x D):

If § € Pic(D x D) is trivial restricted to all vertical and one horizontal
fibre, then 6§ = 0.
Apply this to § = (5 x 7)"(s*0 — p;0 — p30) + A —a x D — D x a. This is a symmetric
divisor class, hence it suffices to show é|,xp is trivial. Consider p = ¢, : D —
DxD : yw (z,y). Clearly p*(A—axD—-Dxa)~ z—0—a= z—a. Furthermore,
pre(j X 7)o@ = j, pae(j X j)op = constant and se(j X j)ew = Ty_o°j. Hence in Pic(D):
p6=3"1,_0—30+z—a.

Now for any b € Pic’(D) one has

kL

J Ty Tar ' (use (1)) = j:b+KD—(2g—1)a0, =

ga— (2g — 2)a — b+ Kp (from the proof of (2)) = Kp —b— (g — 2)a.
It follows that p*6 = (Kp—z+a—(g9—2)a)—(Kp—(9—2)a)+z—a = 0 as required.
(I

j'r0

6 Effectiveness and Generalizations

In what follows, K is a number field. One of Paul Vojta’s ideas was to replace
the quadratic part ||z||% + |ly||*> — 2¢(z,y) in Mumford’s result by more generally
N)z|? + plly| 2 — 2gv{z, v}, with A, u, v suitably chosen, depending on z,y. This leads
to considering an other divisor in C' x C, namely
MaxC)+u(C xa)—v(jxj)(s0—p0—p50) ~ (A=v)ax C+(p—v)C xa+vA.
To obtain a lower bound for this, we need firstly that this divisor class is effective.
Secondly we want that a positive representative of this class does not contain (z,y). In
fact, this second condition can be weakened to “does not contain (z, y) with very high
multiplicity”. Since one wants to choose A, i, v and hence the divisor class depending
n (z,y), this is a problem. Vojta, Faltings and Bombieri each showed us a different
way to cope with this difficulty, and the final result is

6.1 Fact. Thereexists¢’ > 1 such that for z,y € C(K) with |||} > ¢’ and ||y||/||z|| >
¢ one has

(2,9) < 3lell ol

Note that this easily implies Mordell’s conjecture.

It should be remarked that both ¢ and ¢ can be chosen independent of the field
K. They only depend on the curve C, on the divisor a and on chosen embeddings
of C and of C x C into projective space, using fixed very ample divisors Ne and
My(a x C) + M2(C X a), respectively. This information yields a radius p, an angle
a > 0 and a number n, such that for any number field L O K the points in C(L)
can be described as follows: there are the ones within the ball B(0, p), plus each cone
with angle a contains outside this ball at most n other points.



Chapter VII

Ample Line Bundles and
Intersection Theory

by Johan de Jong

1 Introduction

This chapter gives an overview of the results from intersection theory we need for the
proof of Faltings’s theorem. Meanwhile we will try to give a coherent account of (this
part of) intersection theory and we will try to show what a beautiful theory it is.
We would like to stress here, that it should be possible for anyone with some basic
knowledge of (algebraic) geometry to prove all the results mentioned in this chapter
after reading the first 40 pages of Hartshorne’s Lecture Notes [28].

2 Coherent Sheaves, etc.

X will always denote a projective variety over the algebraically closed field k. An
affine open subvariety of X is an open U C X such that U is isomorphic as a variety
to a closed subvariety Z C Al for some N.

2.1 Example. If X is a closed subvariety of some P™ with homogeneous coordinates
To,...,T, then for any non-zero homogeneous polynomial P(Ty,...,T,) the set

{(to:---:ty) € X(K) | P(to,-.-,tn) # 0}
is an affine open subvariety of X. O

The affine open subsets form a basis for the topology on X and hence a sheaf on X
is determined by the sets of sections over the affine open U C X. The structure sheaf
Ox of X is determined by the rule

Ox(U) =T(U,0x) =T(V,0v) = k[Ts,..., In]/I

if U C X is isomorphic to the affine variety determined by the (prime) ideal I C
k[T, ..., TN])-

The other sheaves occurring in this chapter will always be sheaves of Ox-modules,
that is, they will be sheaves of abelian groups F on X endowed with a multiplication
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Ox x F — F such that for each open U C X, F(U) becomes a module over Ox(U).
A sheaf of Ox-modules F is said to be generated by global sections if there exists a
family of sections (8;)ier, s; € T(X, F) such that the map of sheaves

@ictOx — F, Dictfi — D fisi

is surjective (i.e., any local section of F should be locally a finite linear combination
of the s;).
A coherent sheaf of Ox-modules is a sheaf F such that

— for each open affine U C X, F(U) is a finitely generated Ox (U)-module,
—if U C V C X are open affine then F(U) = F(V) ®oyv) Ox(U)

The fundamental theorem on sheaves/coherent sheaves is

2.2 Theorem. For any sheaf F on X, H'(X,F) = 0 for all i > dimX. If F is
coherent, then H*(X,F) is a finite dimensional k-vector space for all 3.

This theorem allows us to define the Euler-Poincaré characteristic of F:

x(F)= Z(—-l)‘ dimy H' (X, F).
=0
Using the long exact cohomology sequence, we see that for an exact sequence of
coherent sheaves 0 — F, — F, — F3 — 0 we have x(F2) = x(F1) + x(F3)-

2.3 Examples.
(a) Ideal sheaves. An ideal sheaf is a subsheaf 7 C O such that for each U C X
open, Z(U) is an ideal of Ox(U). It is coherent, since for each open affine U C X the
ring Ox(U) is a Noetherian ring.

An ideal sheaf 7 determines a closed subset Z of X

Z={zeX|forallz€U C X and f€I(U): f(z)=0}

and it determines a sheaf of rings Oz = Ox/Z. The ,pair (Z,0z) is (what we will
call) a closed subscheme of X. It is usually denoted by Z.
A closed subvariety is a closed subscheme (Z, Oz) such that the sheaf of algebras

Oz is without zero divisors.

Example: X = A}, T'(X,0Ox) = k[t] D I = (t*). In this case we get (Z,,0z,) with
Z, = {0} and I'(X, 0z,) = k[t]/(t*). Hence Z, # Z, unless n = n', and only Z; is a
closed subvariety.

If F is a coherent sheaf on X then we can construct an ideal sheaf T as follows:
I(U) = {f € Ox(U) | multiplication by f: Fly — Flu is the zero map}

The closed subscheme Z associated to this is called the support of F: Z := supp(F).
Example: The support of Oz is (Z, Oz).

(b) Line bundles. A line bundle or invertible sheaf is a coherent sheaf £ on X such
that each point z € X has an affine neighborhood U C X such that L(U) & Ox(U)
as Ox(U)-modules, i.e., Ll = Oxly.
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If we have two line bundles £; and £, then we can form the tensor product
L; ®oy L2. It is again a line bundle. Using the tensor product for multiplication,
the set of line bundles up to isomorphism becomes an abelian group with identity
Ox and inverse L' = Homo, (£, Ox). This group is denoted by Pic(X), it is the
Picard group of X. For morphisms f: X — Y there is a pullback f*: Pic(Y') = Pic(X)
defined as follows: if the line bundle £ on Y is trivial on the open sets U; which
cover Y and if its transition functions are f;; € I'(U; N U;, 0%) then f*L is the line
bundle on X which is trivial on the open sets f~1U; and has transition functions
fizof € D(F~1(U:nU;), O%). The pullback is a homomorphism of abelian groups. [

3 Ample and Very Ample Line Bundles

Recall that a line bundle £ on X is said to be very ample if it is generated by global
sections and for a basis sg,...,s, of ['(X, L) the map @y,..s,: X — Py is a closed
immersion. The line bundle £ is said to be ample if there exist N € N such that
L := L Q- @ L (N factors L) is very ample. A cohomological criterion for being
ample is the following.

3.1 Theorem (Serre-Grothendieck). For a line bundle £ on X the following are
equivalent:

1. £ is ample,

2. for every coherent sheaf F on X we have H'(X,F ® L®) = 0 for all ¢ > 0,
n> 0,

3. for every coherent sheaf F on X, the sheaf ¥ ® L®" is generated by global
sections for n > 0.

3.2 Corollary. Let f: X — Y be a finite morphism of projective varieties and £ a
line bundle on Y. If L is ample then f*L is ample on X. If f is surjective and f*L
is ample then L is ample.

The proof uses the theorem above and comparison of cohomology of sheaves on X
andonY.

3.3 Corollary. For any line bundle £ on X there exist very ample line bundles Ly
and L, such that £ = £, ® £37.

Proof. Suppose M is very ample on X. For some n € N the line bundle £ ® M®"
is generated by global sections. It is easy to see that £; = L ® M® @ M and
Ly = M®+D) are very ample (and £ = £, ® £77). O
4 Intersection Numbers

Let F be a coherent sheaf on X and let £,, ..., L; be line bundles on X.

4.1 Proposition. The function (ny,...,n) — (L™ @-- ‘@LY™®F) is a numerical
polynomial of total degree at most dim(supp(F)).
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Proof. We prove the proposition by induction on dim(suppF). If dim(suppF) = 0
then we have [lie“‘ ®---QLE™ @F = F since each L; is trivial in a neighborhood of the
support of F. Further, H'(X,F) = 0 unless i = 0 since F is supported in dimension
zero. Hence our function is constant and equal to x(F) = dimy H°(X,F). For the
induction step, by Cor. 3.3 above, we may assume that each £; is very ample. Hence
we can choose a section s € I'(X, £;) whose zero set is “transversal” to supp(F), i.e.,
such that dim((s = 0) N supp(F)) < dim(suppF). Thus we see that the kernel and
cokernel of multiplication by s:

0 K->FI3FRL;—-Q—0
are sheaves with lower dimensional support. Hence for all : we have that
X @ @ L2 g @ LI @ F) ~ X(LT @ ® LI @ F)

is a polynomial in ny,...,n; of total degree at most dim(suppF) — 1. From this the
result follows. ()

4.2 Definition. If {(Z,07) is a closed subscheme of dimension d and Ly, ..., £y are
line bundles then we define (£; - --- - L4 - Z), the intersection number of Z with
Ly,...,Lq, tobe the coefficient of ny - - - ng in the polynomial x(£L¥™ ®- - -@LF®0;).
O

4.3 Remarks.

(a) The intersection number is an integer (any numerical polynomial f of degree
< din ny,...,ng can be written uniquely as a Z-linear combination of the functions

(o)-ee (+3) with k; = 0 for all 7 and I, k; < d).

(b) It is additive:
-V Li-Z)=(Ly--- La-Z)+ (L, Ly~ 2)

and symmetric: the intersection number is independent of the order of Ly,..., Lq.

(c) Suppose that the irreducible components Z; of Z with dim Z; = dim Z have generic
points z1,..., 2. Then the rings Oz, (= localisation of Oy at z;) are zero dimensional
and of finite length. The multiplicity of Z; in Z is defined as mz, z = length of Og,.
One can show that

This one proves by showing that Oz has a filtration by coherent sheaves
Oz=FoDFAD--DF

with [ = %, mz, 7, such that for all j with 0 < j < [ there exists 7 in {1,...,k} and

morphisms
FilFipr — G — H; — Oz,

with kernel and cokernel supported in dimension smaller than d.
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(d) The proof of the proposition above also gives a method for computing (£, - --- -
Ly - Z). Suppose the section s € I'(X, £4) is such that

-8:L7'®0z — Oz (*)

is injective. In this case the quotient sheaf Oz/sO7 is the structure sheaf of a closed
subscheme which we will denote by Z N Hy, where Hy = {z € X | s(z) = 0}, and we
get

(Ly---- Li-Z)= (L Lay-(HiN Z))
Remarks. (1) H; is a divisor representing Ly, i.e., such that £4 = O(H,)
(2) ¥ £ is very ample, then (*) is injective for general s.
Repeating this, we get that (Ly----- Ly Z) is equal to the number of points in the
intersection Hy N --- N Hy N Z counted with multiplicities, if the divisors Hy,..., H;
are chosen general enough:

(Ly--- Ly-2) = 3 ep(Hy,...,Hy; Z)

PeH\N--NHNZ
By the proof of the proposition above, the local multiplicity of Hy N---NHyN Z at
P is:
ep(Hi,...,Hy; Z) = dim Ox p/ (Zz,p + 10x,p + - + faOx.pP)
here fi,-- -, fs are local equations defining Hi,..., Hq.
(e) The number (£¢-Z):=(L----- L - Z) (d factors £) can also be computed by the
rule:
x(L%" ® Oz) = (L - Z)(d!)™! - n* + lower order terms
If £ is ample we will call (£%- Z) the degree of Z with respect to £ and write deg. Z
for it.

Suppose now that X = P" and Z C P" is an irreducible subvariety of dimension
d > 0. By remark (d):

degony Z = # ((general n—d-plane) N Z) = deg Z,

the classical definition of the degree of Z. Using the fact that any hyperplane in
P" intersects Z non-trivially and induction on d we see that we always have that
deg Z > 0. This more or less proves one direction of the following theorem.

4.3.1 Theorem (Nakai criterion). A line bundle £ on X is ample if and only if
for every closed subvariety Z C X we have (£¢-Z) > 0.

(f) The behavior of the degree under a finite morphism f: X — Y is the following:
degsop Z = deg(f: Z — f(Z)) - deg. f(Z)

Here Z C X is a closed subvariety and £ is an ample line bundle on Y.

Sketch of proof and explanation of deg(f:Z — f(Z)). The image f(Z) of Z
under f is again a closed subvariety. The map f defines an inclusion f*:k(f(Z)) —
k(Z) of function fields and this is a finite field extension. Put n := deg(f:Z —
f(Z)) == [k(Z) : k(f(Z))]. If this field extension is separable, then generically for p €
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f(Z) we have f—l(p) = {ql, (RN ,Qn} cZ. Hencea if I:Iln : annf(Z) = {pla see 7pm}
then f*HLN---NfF*HyNZ ={qu1,...,qiny---3Gmis-- -, qmn}- The result follows. O
(g) Suppose that k = C and that X is smooth. Then X(C) also has the structure of
a complex manifold, which we will denote by X®. A line bundle £ on X gives rise to
a line bundle £** on X" which is determined by an element of H'(X*® O%,). The

exponential sequence:
0—)27riZ-—)0me—x30:n——)0

gives us the first Chern class ¢;(£) € H%(X*®,Z). On the other hand, an irreducible
subvariety Z C X will give rise to an analytic subvariety Z** C X2*, After trian-
gulizing it, we see that it gives rise to a class [Z] = [Z*"] € H¢(X*®,Z). For a general
closed subscheme Z we put

2] := Y ma.z - 2] € Ha(X™,2)

The connection between intersection numbers and cup product in cohomology is now:
([:1 """ £dZ) = (Cl(l:l)/\"'/\cl(ﬁd),[zb

where { , ): H*¥(X**,Z) x Hpy(X?*,Z) — Z is the canonical pairing. a

5 Numerical Equivalence and Ample Line Bundles

We write Fi(X) = {£n:Ci | C: C X is a closed subvariety of dimension 1} for the
free abelian group generated by the set of all curves in X. By abuse of language we
call an element of F3(X) a curve on X. A curve }_n;C; is effective if n; > 0 for all :.
Our intersection number gives us a bilinear pairing

PIC(X) X Fl(X) —Z ([I,Zn,C.-) — Zn.(ﬁ . C,)

We say that two curves Cy, C; (resp. line bundles £,, £;) are numerically equivalent
i (L£-C1) = (L£-Cy) for all £ € Pic(X) (resp. (£1-C) = (L;-C) for all C € Fi(X)).
Notation: C; = C; (resp. £1 = L,).

5.1 Definition. A1(X) := (Pic(X)/=) ®z R and A;(X) := (A(X)/=) ®zR. (By
definition the intersection number gives a non-degenerate pairing between these two
R-vector spaces.) a

5.2 Remark. If t = C and X is smooth then by Remark 4.3(g) we know that the
intersection products (£ - C) only depend on the first Chern class ¢;(£) € H*3(X*,Z).
Hence we conclude that A!(X) is a subquotient of H2(X®,R) (it is actually a sub-
space!). This proves the following general theorem in this special case. O

5.3 Theorem. A!(X) is finite dimensional.

In general one reduces to the case where X is a smooth surface and then the theorem
is a consequence of the Mordell-Weil theorem for abelian varieties over function fields.
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5.4 Remark. If £, = £ then (£y-Lo---L4-Z) = (L]-Lo-----Lg-Z) always. Hence,
by the Nakai criterion, whether or not £ is ample depends only on the numerical
equivalence class of £; i.e., it depends only on the point in A'(X) determined by £.
0

A subset S of a R-vector space V is called a cone if for all z,y in S and for all
real numbers a > 0 and b > 0, one has az + by € S. Let AT(X) C Ai(X) be the
cone generated by the classes of effective curves. We know that if £ is ample then
(£-C) > 0 for all C € Af(X). Hence the cone P° (the ample cone) spanned by the
classes of ample line bundles is contained in the pseudo-ample cone

P={De AX)|D-C >0 VC € A}(X)}
We will have to use the following basic theorem once:

5.5 Theorem. P° is the interior of P. (The ample cone is the interior of the pseudo-
ample cone.)

6 Lemmas to be used in the Proof of Thm. I of Faltings

Suppose X is an abelian variety over k and £ is an ample line bundle on X. We
denote by [n] the morphism given by multiplication by n on X: [n}: X — X, z — nz.

6.1 Lemma. [n]*L = £®.

Proof. (for k = C) We can write X*® = C?/L and L = Z%. The induced map
[n]*: HY(X*,Z) — H*(X*,Z) is equal to multiplication by n? as is seen from the
identification H3(X*,Z) = A? HY(X=,Z) = N’ L". O

Suppose we have a product situation X = X; x X2. Let us denote by p;: X — X; the
projection onto X;. Further, we assume given line bundles £s,..., Ly on X; and line
bundles Li41,...,Lqs on X. Finally, Z C X is a closed subvariety of dimension d.

6.2 Lemma. If dimp(Z) < k then (pj(L1) - ---- pH(Lk) - Lrgr -+ Li-2)=0.

Proof. By linearity of the intersection product and of p} we may assume L, ..., Lk
are very ample. By our assumption we can find divisors Ha,. .., H (divisors of sec-
tions of L1, ..., L) such that Hy N---N Hy N py(Z) = B (recall that dimpi(Z) < k).
Hence also p{Hy N --- N p{Hy N Z = 0. This implies by Remark 4.3(d) that

(Pi(L1)-+ -+ La-Z) = (Lrr - La- (PIHLN- - OPIHNZ)) = (Liga -+ La-0) = 0
d

Put P :=P™ x --- x P". On it we have the line bundles £; := pr}(Op~(1)).
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6.3 Exercises.

(a) Sections F € T'(P,L¥" ® --- ® L&) correspond with multihomogeneous poly-
nomials of multidegree (dy, ..., dy).

(b) Pic(P) = Z[L)) ® - -+ ® Z[Ly] and A}(P) = R™ (same basis). The pseudo-
ample cone is {(z1,...,%m) € R™ | Vi:z; > 0}, the ample cone is {(z1,...,2n) €
R™ | Vi:z; > 0}. If Z C P is an irreducible subvariety, then we get degrees indexed
by e1,...,em with 3" €; = dim(Z): the numbers (L}*-L3----- Lém-Z). These numbers
are > 0; use induction on dim Z and the fact that one can always find a section in £;
“transversal” to Z. O

6.4 Lemma. (Prop. 2.3 of [22].) Suppose X C P is a closed subscheme which is an
intersection of hypersurfaces of multidegree (d,...,dn). If the X; are irreducible
components of X with multiplicities m;, and of the same codimension t, then

Y mi(Lg e L X;) < ([;;1 ..... Lo (L8 @ - @ L)t p)

Proof. The difficult point in this lemma is the fact that the X do not need to be the
irreducible components of X of the maximal dimension. The proof is by induction on ¢
(t = 0 is trivial). First we choose ¢ polynomials F,..., F; of multidegree (dy, ... ,dm)
in the ideal of X, such that each X; is an irreducible component of their set of common
zeros. (Having chosen Fi,..., Fy one simply chooses for Fi4; a polynomial which is
non-zero on all the components of V(F;) N --- N V(F;) which contain an X;.) Then
we might as well replace X by the closed subscheme defined by Fi,..., F; (this will
only make the m; bigger) and enlarge the set of X; to include all the components of
X of codimension t.

Let us denote by Y the closed subscheme defined by Fi,...,Fi_; and by Y; the
components of Y of codimension t—1 containing some X;. The multiplicity of ¥; in
Y is n;. By our choice of F; we have: the irreducible components of (F; = 0) NY; are
the X; say with multiplicities k;;. The formula m; = ¥, ki;n; is a consequence of the
fact that the sequence Fy,..., F; is a regular sequence in the local ring Op; (z; € X;
a generic point). Hence we get:

omy(Ly - LX) = ;kﬁ"i(ﬁi" """ £ - Xj)

] = in;(ﬁi‘ """ L (Fe=0)nY)
Zni(ﬁ? ..... Lo L-Y))

ceee fim L. L1 P)

N
=
=}
o
=
O
fag)
=]
=]
N
IA
o
=e

here £L=LP" ® --- @ L8%m. a



Chapter VIII

The Product Theorem

by Marius van der Put

1 Differential Operators and Index

In this chapter, k will be a field of characteristic zero.

1.1 Definition. A vector field on a variety X over k is a k-linear derivation D of
the sheaf Oy, i.e., D: Ox — Oy is k-linear and for all open subsets U C X and all
f.g € Ox(U) one has:

D(fg) = D(f)g + fD(g)

In other words, a vector field on X is a global section of the sheaf Homo, (2, Ox)
(see {27], I1.8).

1.2 Definition. Let » > 0. A differential operator on X of degree < r is a k-linear
endomorphism L of the sheaf Oy such that every z € X has an open neighborhood
U on which L can be written as a sum of expressions fD; --- D, (s < r), where each
D; is a vector field on U and f € Ox(U). (The factor f can be omitted for s > 0.)
O

1.3 Remark. This definition is not the same as the one in [25], IV, §16.8, but one
can show that the two definitions are equivalent (note that k has characteristic zero).
O

1.4 Example. Let X = P" with homogeneous coordinates zg,...,z,. Let E be any
k-derivation of k(zq, ..., zy) such that E(z;) is homogeneous linear for all ¢. Then E
induces a vector field D on P™ where D = the restriction of E to k(z1/zg,...,2n/20).
Indeed D(z:/x;) = E(zi/z;) = (z;E(z:) — z:E(x;)) [z} € k[zo/zj,...,zafz;]. A
calculation shows that every vector field on P" is obtained in this way. In affine
coordinates y1 = 1/Zo,...,Yn = Zn/Zo the vector field D has the form:
i(degree < 1)i + (degree < 1) iy—a—
0y - "By

i=1 i=1

a

1.5 Example. Let m > 1. Define P = P™ x --- x P™ and let z (i) denote the
homogeneous coordinates of P™. Let R = k[z,(1),...,2,(m)] be the (multi-)graded
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ring of P. As in the previous example one can show that any vector field D on P is
induced by a k-derivation E of R which respects the multigrading, i.e., E(z.(z)) is a
k-linear combination of the elements z,(¢) and

D (x.(i)> _ 2o()E(2.(2)) — z.()) E(o(s))
afo(i) mo(i)2
A calculation shows that every differential operator L on P can globally be written

as a polynomial in global vector fields; it follows that L acts on R and respects the
multi-grading. 0

Let m > 1, X),...,X,, varieties over k¥ and X := X; X --- X X;. Any vector
field D on X can be written uniquely as D = .7, D;, where D; is a vector field
on X in the direction of the i-th factor, i.e., the image of D; under the projection

Prjzit X — [1; X; is zero (note that O, = @ipriQY, 1)

1.6 Definition. A differential operator L on X is of multi-degree < (rq,...,7y) if,
locally, it can be written as a sum of expressions fD, - .- D;, where the D; are vector
fields in the directions of the factors of X and for all j the number of D; in the jth
direction is at most r;. O

Let di,...,dn, be positive integers and let f # 0 be a section of a line bundle £ on
X. In the following definition these d; will be used to define a kind of weighted total
degree for differential operators on X: the weighted degree of a vector field in the ith
direction will be 1/d;.

1.7 Definition. A differential operator L on X is of weighted degree < r (or < r) if,
locally, it is a sum of differential operators of some multi-degree < (ry,...,7m) with
rifdy+ -+ rm/dyn <1 (resp. <7). O

1.8 Definition. Let x € X and s a generator of the stalk £, of £ at z. Then f = gs
in £, for a unique g € Ox .. We define the index i(z, f) of f at z, with respect to
the weights di,...,dn, to be o € @y with o maximal for the property:

(L(g))(z) = 0 for every differential operator L defined on some neighbor-
hood of z and of weighted degree < .

(This property of o and g is easily seen to be independent of the choice of s.) (]

Note that in this definition # is not necessarily a closed point of X. For = any point of
X and g any element of Ox, we define the value g(z) € k(z) of g at z by g(z) :=1lg,
where i,: Spec(k(x)) — X is the inclusion.

1.9 Example. Let X; = A’ foralli, £ = Ox, z =0 and

_ O
f= E Qiy,ynyim Ty Ty
($1,0eiim)

Then
i(z, f) = min{iy/dy + - -+ + im/dm | 0i;,..im # O}
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1.10 Definition. In the situation of Def. 1.8, let 0 € R. The closed subscheme Z,
of X on which the index of f is at least ¢ is defined by the sheaf of ideals in Ox
generated locally by the L{g), where L is a differential operator of weighted degree
< o and f = ¢gs with s a local generator of L. ]

1.11 Example. Let P be as above, let e,,...,e,, be non-negative integers and let
L be the line bundle Ofe;,...,e,). We have already seen that global differential
operators on P act on I'(P,O(e, ..., en)) and that the sheaf of differential operators
of multi-degree < (j1,...,jm) is generated by its global sections. It follows that Z,
is defined by the homogeneous ideal of R generated by the L(f), where L is of multi-
degree < (f1,-..,4m) With j1/dy + -+ + jm/dm < 0. Note that all L(f) are global
sections of Oey, ..., em). 0

2 The Product Theorem

2.1 Theorem. Suppose that k is algebraically closed. Let m,ny,...,ny, be positive
integers. Let P :=P™ x -.- x P™. For every € > 0 there exists r € R such that if:

1. d,...,dn are positive integers satisfying dy/dy > r,...,dn-1/dm > 1,
2. f e (P,0(d,...,dn)) is non-zero, and

3. for some o, Z is an irreducible component of Z, and of Z,. (here the index of
f is taken with respect to the weights dy,...,dy)

then:
(i) Z is a product of closed subvarieties Z; of P™, i.e., Z = Zy X +++ X Zp,

(ii) the degrees deg(Z;) are bounded in terms of € and ny + - - - + np, only.

Proof. Let pr;: P — P™ be the ith projection. Let Z; := pr;Z and f; := dim Z;.
Then Z; is irreducible and closed in P™ and of course Z is contained in Zy x - - - X Z,,,.
We have Z = Z; x +-- X Z,, if and only if  f; = dim Z. Let L; be the line bundle
prrO(1) on P and consider the intersection numbers £ - ... - L . Z for mtuples
(e15...,em) of non-negative integers with 3_e; = dim Z (see Chapter VII).

We claim that ¥ f; = dimZ if and only if there exists only one such mtuple
(e1,... em) with L . Lim-Z > 0. Namely, if Y f; = dim Z and e; > f; for some
i, then L3* -+ .- Lim . Z = 0 because there exist e; hyperplanes in P™ whose common
intersection with Z; is empty (see Chapter VII, Lemma 6.2). Suppose now that
Y fi > dim Z. There exist f; hyperplanes in P™ such that their common intersection
with Z; is a non-empty set of dimension zero. It follows that there exist ey,... e,
withe; = frand L3 ----- Lem - Z # 0. For some i we must have ¢; < f;. But in the
same way we show the existence of e},..., e}, with e} = f; and E;I‘ ----- Lm - Z#0.

For what follows we need a lower bound for the multiplicity mzz, of Z in Z,.
Recall (Chapter VII, §4) that mz z, is by definition the length of the local ring Oy, ,,,
where 7 is the generic point of Z. The lower bound for mz z, we want is a consequence
of the assumption that Z is an irreducible component of both Z, and Z,4..

First some notation. Let pry;: P — [1;5; P™ and pr,;: P — [];5;P™ denote the
projections. Let &; := dim(pr,;Z) — dim(pr,;Z); hence 6 +- -+ + 6, = dim Z. Let F;
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be the fiber of (pry;Z — pr,;Z) over pr,;7n, let 5; := pry;n be the generic point of F;
and let k; := k(n;). Then F; is a closed subvariety of Z‘ , of dimension &;.

2.2 Lemma. With the notations as above, suppose that dy > --- > d,,, then we
have: ™
mz,z, 2 (¢/codim(Z))=4m® [T -5
i=1

Proof. We want to get t;; (1 <i<mand 1< j<n)in Op,, such that:

(i) the dt;; form a basis of the free Op ,-module Q3 , .,

(ii) the t;; with j > §; form a system of parameters of the regular local ring Op ,

of dimension codim(Z),

(iii) theimagesin 0}, , of the dt; ; with j < §; form a basis of that free Oz,-module,

(iv) each t;; is a pullback via pry;, i.e., ¢;; is constant in the first —1 directions.
Such a system ¢; ; can be gotten in_ductively, starting with ¢ =m. Let 1 <7 <m and
suppose that we have already chosen the t;; with [ > i. Take s; € Og, ., 1 £ 7 < §;,
such that the ds; form a O, ,,-basis of O, /i, .. Let s;, & < j < ny, be a system of
parameters of the regular local ring OP::H - Put = pr;sj.

Let the k-derivations 0; ;: Op,, — Op , be the dual basis of the basis dt; ; of 0}, ..
From the last property of the t;; it follows that each 0;; is a linear combination of
vector fields in the directions of the !th factors, with | < ¢ {the “<” is explained by
the passage to the dual basis). It follows that J; ; is of weighted degree < 1/d;, since
we suppose that dy > --- > d,,. From now on we only consider §;; with j > §;. The
number of those is codim(Z).

Let I, C Op and I,+. C Op be the ideal sheaves of Z, and Z,,, respectively.
By construction, we have LI, C I,4. C Iz for all differential operators L of weighted
degree < €. In particular, this holds for all L = [T, ;8" with a;; < edi/codim(Z).
Let a; be the largest integer, less than or equal to ed; /codlm(Z ). It follows that the
ideal Iz, , of Op, is contained in the ideal generated by the t{3t' (1 <i < m, j > &).
Hence:

length(Oz, ) > H i 4+ 1)% > (e/codim(Z))=e%m(@) [T dp+—*
=1 i=1

a

Let (ei,...,en) be an mtuple of non-negative integers with 3} ;e; = dimZ = 4.
According to Prop. 2.3 of [22] (see Lemma 6.4 of Chapter VII) and the lemma above,
one has

s [ 7) < 1 L e Lo (diLy+---+ dml:m)Codim(Z)
mzz,
) dim(Z
< feod codim(2) T géi-mi SOUMNL)"
< (codim(Z)/e> [T df ™ o el)' e
< ele,codim(Z)) ][ 4"

i=1

with ¢(e,t) = (t/e)'t!. For 1 <i < mlet n; := 7.;(6; — ¢;). Then m = 0 and
Ry di T = Ty (dif dia ).
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Suppose now that L' - .- - Lém - Z # 0. Then for 1 < ¢ < m one has:
e+ tem Sdim(pry,Z) =6+ - + 6
It follows that %; > 0 for all 7. Finally suppose that
difdiy1 > r > max(c(e, codim(Z)), 1)
Let 7 :=n2+ -+ 4 7m. Then we have:
1L Lim . Z < efe,codim(Z))r™

So we find that n = 0. It follows that e; = §; for all ¢, so by the argument at the
beginning of the proof one has Z = Z; x -+« x Z,,, and dim(Z;) = §; for all 4.
To prove the second part of the theorem, note that

deg(Zy)----- deg(Zn) =L+ ---- Lim . Z < e(e, codim(Z))
1t follows that deg(Z;) < (e, codim(Z)) for all 1. a

2.3 Remark. The Product theorem will be used in the following way. Let N be an
integer greater than dim(P). Suppose that f has index at least o at a point z. Then
there exists a chain P # Z; D Z; O --- D Zy 3 z, with Z; an irreducible component
of Z;,/n. It follows that for some ¢ one has Z; = Z;,,. Then one applies the Product
theorem with ¢ = o/N. 0

2.4 Remark. Suppose that (with the termirology of the Product theorem) f is de-
fined over some subfield ky of k. Then Z, and Z,,. are also defined over ky. Let
d be the number of conjugates of Z under the Galois group of k over k5. Apply-
ing Prop. 2.3 of [22] (see Lemma 6.4 of Chapter VII) to these conjugates of Z one
finds d < ¢(€, codim(Z)). It follows that Z is defined over an extension k; of ko with
(k1 : ko) < (e, codim(Z)). O

3 From the Product Theorem to Roth’s Lemma

This section will not be used in the rest of the book, but is included to show, following
Vojta in [81], §18, how one derives Roth’s lemma from the following arithmetic version
of the Product theorem (Thm. 3.3 of [22]).

Let f, ¢, r, di,...,d, and Z be as in the Product Theorem. Suppose that f
and Z are defined over Q and choose an affine product A™ x --- x A» C P such
that ZNA™ x --. x A" # . On A™ x .- X A™ we represent f by a non-
zero F € Zly.(1),...,y.(m)]. Let log|F| := log(max |coefficients of F|) denote the
logarithmic height of F. Then one has:

1)Z=Z1X"'sz
2) deg(Z;) < c(e, codim(Z))

3) ﬁ d:h(Z;) < ci(€)log |F| + co(€)(dy + - -+ + dm)

t=1
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In this statement A(T) denotes the logarithmic height of a subscheme T of PY. We
will give neither definitions nor proofs. We note that for p,q € Z with ged(p,q) =1
the subscheme “pzo + gz = 0" of P has logarithmic height log(max |p|, |g])-

3.1 Lemma (Roth). Let m > 1 and € > 0. There exist positive numbers r, C; and
Ci such that if:

(i) di,...,dn satisfy d;/diyy > r for all i,

(ii) ¢,..-,qm are positive integers such that Vi: ¢ > ¢, log ¢; > Cy,

(iii) p1,...,Pm are integers with ged(pi, i) = 1,

(iv) F € Z[y,...,yml, F # 0, satisfies |F[© < ¢§* and has, for all i, degree at most

di in Yi,

then indexd,,...d.) (F, (5}1, N f:—‘)) < (m+1e.

The statement above is, except for minor notational changes, the statement used in

Chapter I1I.

Proof. We apply the arithmetic version with ny = - -+ = n,, = 1. Suppose that the
index is > (m+41)e. Then there exists a decreasing set of irreducible components Z(a)
of Z,e (a=1,...,m+1) with

PD>Z(1)D>Z(2)D>---2Z(m+1)> (L;l,_._,z_m.)
1 m

Since dim(P) = m one has Z = Z(a) = Z(a + 1) for some a. The arithmetic version

applied to Z yields
Z=ZyX...X70n

For some ¢ we must have Z; = {;L:} and so
dilog . < (€)Iog |F| + ea(e)(dy + -+ dm)

hence
di(log g1 — mea(€)) < e1(e) log | F|

since d; + - + d < md; and dylog g < d;loggi. Choose Co(€) = 2me,(€). Since
log ¢, > C> one has

1
d 5108 ¢ < ci(e) log | F

Choose Ci{€) = 3c,(¢) and we find a contradiction. a



Chapter IX

Geometric Part of Faltings’s Proof

by Carel Faber

We follow Faltings’s [22], §4.

Let k be an algebraically closed field of characteristic zero, A an abelian variety
over k, and X C A an irreducible subvariety which does not contain any translate of
an abelian subvariety B C A of positive dimension.

1 Lemma. For m big enough the map aw: X™ — A™"! defined by am(z1,...,Zm) =
(2zy — 72,223 — 3. .., 2T -1 — Zm) is finite.

Proof. We use the following facts:

1. A projective morphism that is quasi-finite (i.e., whose fibres are set-theoretically
finite) is finite. ([27], Ch. III, Exc. 11.2.)

2. Let f: X; — X, be a morphism of projective varieties. Let £ be a line bundle
on X; that is ample on the fibres of f. Then the set of degrees of fibres of f, measured
with respect to £ (see Chapter VII, §4), is finite. Sketch of proof: We may assume
that f is surjective. So f is flat on an open subset U of X; containing the generic
fibre. The image in X; of the complement of U is a finite union of irreducible closed
subsets of lower dimension, etc. ([27], Ch. IIL, Exc. 9.4 and Cor. 9.10).

The essential points of the proof are:
1. The equations for the fibre over Gm—1 := (a1,...,8m-1) :

T = 2331 —a;
T3 = 2x9—ag
Tm = 2Zm_1 — Qm—1
(to be solved with z1,22,...,2n in X ) show that for m > n the projection onto the

first n factors pna: X™ — X" induces a closed immersion on fibres o @ni) &
;Y (@y-1). In particular, via pm1: X™ — X, we get closed immersions of fibres of an
into X.

9. So the maximum of dimensions of fibres of a,, exists, and decreases with m,
thus is constant, say equal to d, for m > mo.

3. We want to show that d = 0: then the morphism o, has finite fibres, and we
are done by Fact 1 above.
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4. So suppose that d > 0. Fix an ample line bundle £ on A. By the degree
of a subvariety Z of a fibre of a,, we will mean the degree of p,1Z in A, with
respect to £. (Note that this is the degree of Z with respect to p},,L.) For all
m > mg we look at the d-dimensional irreducible components of fibres of a,,. Any
such component is also a component of a fibre of am, (by 1. above). Apply Fact 2
above with am,: X™ — A™~1 and line bundle p}, ,£. We conclude that for any
m > mo the maximum of degrees of d-dimensional irreducible components of fibres of
oy, exists, and that it decreases with m. Le., such degrees are bounded.

5. For m > myg define Y;, to be the subset of A™~! above which the fibres of an
have dimension d. Since for such m the maximum dimension of a fibre is d, the subsets
Y;. are non-empty and closed ([27], Ch. II, Exc. 3.22d). For m > n > my, denote by
Gmn: A™1 — A" the projection onto the first n — 1 factors. Then gma(Ynm) C Ya.
The subsets ¢mmg(Ym) of Yim, are non-empty and closed, and any finite intersection
of them is non-empty. Thus the intersection of all these subsets is non-empty.

6. Pick a point y in this intersection. Among the finitely many d-dimensional
components in the fibre above y, there is at least one that occurs in fibres of ay, for
infinitely many m; thus (by 1. above) it occurs in fibres of oy, for all m. Let Z be
such a d-dimensional component, and consider Z as a subset of A. Note that for any
irreducible closed S C A we have the following equivalence:

S contained in a fibre of ay,
R
S C X and for all 0 < r < m there exists 2 b, € A with 2°S + b, C X.

So for all 7 > 0 there exists a b, € A with 2"Z + b, C X, and this again implies that
977 4 b, is contained in a fibre of Ay, for all positive r. We conclude (by 4. above)
that the degree of 2"Z (which equals the degree of 2"Z + b;) is bounded uniformly in
r.

7. Let G C A be the algebraic subgroup such that g € G if and only if g+ 2 = Z.
Note that G is closed in A, so the connected component G° of the identity is an
abelian subvariety of A. The product of the £-degree of 2"Z and the degree of the
map 2": Z — 2" Z equals the (27)*L-degree of Z (see Chapter VII, §4). Since (27)"L
is numerically equivalent to £®¥ (Chapter VII, §6.1), the (27)*£L-degree of Z equals
(47)¢ times the L£-degree of Z. It follows that the degree of the map 2":2 — 27Z,
which equals the number of 2-torsion points in G, grows like 4. We conclude that
the dimension of G equals d. By the definition of G we have for any z € Z that
24+ G C Z. So Z contains a translate of a d-dimensional abelian variety (in fact
equality holds, and G is an abelian variety).

8. We have shown that a,, is finite for all m > mq. It is easy to show that if
X is a curve, then one can take mg = 2. Finally we remark that the assumption is
necessary: if z + B C X where B C A is an abelian subvariety of positive dimension,
then for all b € B and for all m the point (b+ z,2b+ z,4b+z,...,2" b+ ) is in
the fibre over (z,z,...,2) € A™"!, 50 ay, has infinite fibres. O

We continue with [22], §4. Choose a big enough integer m such that the map
@m: X™ — A™! is finite, and choose a very ample and symmetric line bundle £
on A, embedding A C P". In the sequel we will mainly use additive notation for the
tensor product in the Picard group. E.g., on A x A we have the Poincaré bundle
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P = add*L — pr}L — pryL where add: A x A — A denotes the addition. We will also
consider linear combinations of line bundles with rational coeflicients, i.e., we identify
a line bundle £ with its image in Pic(-) ® Q; we can do this since we are interested
only in ampleness (see Chapter VII, Remark 5.4).

For ¢,51,-..,8, positive rational numbers we define on A™ the (rational) line

bundle £(—¢, 31,...,8n) as the rational linear combination
m’ m-—1

(1.1) L(—€81,-..;5m) = —€- Zs? -pri(£) + Z(s;z; — sin1Ti41) (L)
=1 =1

Here (s;z; — $i1Zi41)"(£) means

% - (ns,-:c; - ns,—+1x,-+1)'([,)
for any non-zero integer n such that ns; and ns,; are integers, so that sending
(Z1,---,Zm) in A™ to n8;T; — N8;41Ti11 is & morphism. (It follows from Cor. 3.4 that
this is well-defined.)

This line bundle £(—¢, s1,...,$n) is a rational linear combination of £; = pr(£)
and P;; = pr};(P) (use the Theorem of the Cube, Chapter V, Cor. 3.2):

m-1

(1.2) L(=€81,..,8m) = (L—€)sili+ Y (2—¢€)siLli +
=2
m-1
+(1 =€)t Lm — Y sisipPiip1s
i=1

so for fixed € the coefficients of £; are proportional to s?, and those of P;; to s;s;.

2 Lemma. Suppose Y = Y] x --- x Y, is a product subvariety of A™. Then as a

function of the s; the intersection product L{—¢,3y,...,5m)5¥) .Y is proportional
m 2-dim(Y,-)

to [Ti~, s; .

Proof. The intersection number is a linear combination of terms [T; £ [Tz, Py Y,

with coefficients proportional to IT; s{*- [T:z;(sis;)% (see 1.2), and 3, &; + Ly € =

dim(Y). We claim that such a term is zero unless for each i one has 2¢; + ¥4, €;; <

2dim(Y;). To see this, we use the cohomological interpretation of intersection numbers

(Chapter VII, §4, Remark g):

IIcs 1;[ PEY = (Aer (£ A\ Aigier(Pis)™, [Y])

{note that the order in the wedge product doesn’t matter since the factors are of even
degree). In terms of de Rham cohomology this means:

H L H PiyY = _/Ym Aier (L)% A Aigjea(Pig)*
i i#]

where ¢; now denotes the first Chern class in H3g((A™)*") (to integrate a volume
form on a possibly singular variety like Y2, choose a finite projection Y — pimY
as in Lemma 5 below and perform the integration on (P*™¥)a"). Note that for each
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i, a(£:)% = pi(cr(£)*) is a pullback of a differential form of degree 2¢; on Y;. Now
think of A*® as C¥™4 modulo a lattice. Then add: A** x A® — A*" is induced by
+: ClimA x CdimA _, Cdim4 a5d ¢;(L) is represented by a linear combination of terms
dz A dy with z,y in Homg(C¥=4 R). The calculation:

add*(dz A dy) — pi(dz A dy) — p;(dz A dy) =
= d(z1+z2) ANd(y1 + y2) — dza Adyy — dzz Ady,
= dz1 Ady, +dza Ady,

where z; = piz and y; = p}y, shows that ¢;(P;;) is a linear combination of terms
piwi A piw; with w;,w; in Hpg(A™). The claim follows.

As 3;(2e + Ty €:5) = X, 2dim(Y;), the intersection number is zero unless 2e; +
Lii €ij = 2dim(Y;) for all 4. 0

3 Corollary. There exists a positive ¢y such that for any € < ¢y and for any product
variety Y C X™ the intersection number L(—¢, s1,. .., 5, )¥™¥) . Y is positive.

Proof. Indeed, for s; = 2™~* we have that £(0,s,...,5,) is the pull-back by the
finite morphism «;, of the ample line bundle 4™~%L; + 4™ 3L, + .- + L., hence
it is ample on X™ (see Chapter VII, Cor. 3.2). Hence for these s; and for small €
the bundle £(—¢, s1,...,5m) is ample, since the ample cone is open {see Chapter VII,
Thm. 4.3.1). It follows that the implied constant in Lemma 2 (depending on ¢ and
Y) is positive for small € and arbitrary Y, showing that the intersection number
L(—¢€,81,- .. ,87)3™Y) .Y is positive for small ¢, arbitrary Y and arbitrary (positive)
0

81y.4.98m.
The main result of this section can now be formulated.

4 Theorem. Let A be an abelian variety over an algebraically closed field k of char-
acteristic zero. Let X C A be an irreducible subvariety which does not contain any
translate of a positive dimensional abelian subvariety of A. Take m big enough as
in Lemma 1 and let £ be a symmetric ample line bundle on A. For ¢, sy,...,5n
positive rational numbers let L{—e¢,s1,...,8n) be the element of Pic(A™) ® Q given
by 1.1. Take ¢ as in Cor. 3. For any € < ¢y there exists an integer s, such that
L(—¢€,81,...,8m) is ample on X™ if $1/32 > 8, 52/$3 2 S, ..., Sm-1/5m > s.

Before proving this result, we need some information concerning projections. Let
L C P™ be a linear subvariety of dimension m. After a suitable choice of homogeneous

coordinates zo, ..., Zs, one can assume that L = V(zpm41,...,2,). Then L gives rise
to a projection morphism 7: P* — L — P ™!, sending (ao: - - - :a,) t0 (@m41: - :an).
Let (ams1:---:an) € P*™™ 1, then the map A™*! — P" sending (ag,...,an) to
(@o: -+ :a,) is an isomorphism between A™*! and 7~'(am41:- - -:a,); hence the fibres

of 7 are affine. Suppose now that X C P" is an irreducible subvariety of dimension
d, such that XN L = 0. Then x: X — =X is finite (since it is projective and its fibres
are affine), and deg(X) = deg(w: X — nX)- deg(rX) (see Chapter VII, §4).

5 Lemma. Let X C P" be an irreducible subvariety of dimension d. There exists a fi-
nite projection 7: X — P? of degree deg(X) and a global section s # 0 in T(P", O(N))
for some N < (n—d)deg(X), such that the ideal sheaf of V(s) annihilates /pe- Es-

pecially, « is étale on X — (X NV (s)). Moreover, Norm,(s|x) in [(P?, O(N deg(X)))

defines a hypersurface whose ideal sheaf annihilates Q} /B
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Proof. Let Ly C P" be alinear subvariety of codimension d+2, such that LyNnX = §.
This gives a projection my: P" — Lo — P! and 7o X C P! is a hypersurface of degree
< deg(X). It follows that X C 75 'mpX = V(F) with F an irreducible homogeneous
polynomial of degree < deg(X). Let zo,...,z, be homogeneous coordinates on P*
such that F/0z, # 0 and P := (0:---:0:1) & V(F). Let 7y:P" — {P} — P*"? be
the projection given by P. A computation shows that the ideal sheaf of V(9F/0z,)
is the annihilator of Q{,(F) /pne1e By induction we can assume that the lemma has
been proved for mX C P*!; let 7p:m X — P? and s, € T(P™1,0(V)) be as
required. Then = := mem; and s := (0F/0z,)n}s; satisfy our requirements. For the
construction, definition and properties of Norm,(s|x) see [25], II, §6.5. Note that in
our case 7 is not necessarily finite locally free. ]

We will also need the following lemma, the proof of which was communicated to me
by Edixhoven.

6 Lemma. Let X be a projective variety, let D be an ample effective Cartier divisor
on X and let M be an invertible sheaf on X such that the restriction of M to D is
ample. Then for d large enough we have h'(X, M®%) =0 for all i > 2.

Proof. We claim that for d big enough we have that for all ¢ > 1 and all n > 0 the
cohomology groups H'(D, M®!(nD)|p) vanish. Assume this for a moment, and take
d as in the claim. Also, take n big enough such that h{(X, M®¥(nD)) =0 forallz > 1
(note D is ample, cf. [27], Ch. III, Prop. 5.3).

We consider thickenings of D: let D, be the n-th infinitesimal neighbourhood of
D in X, i.e., the closed subscheme with ideal sheaf T}, where Ip is the ideal sheaf
of D in X. Then the long exact cohomology sequence belonging to the standard short
exact sequence

0 — M® - M®(nD) - M®(nD)|p,_, =0
gives isomorphisms
H(Dp_y, M®(nD)|p,_,) ~ H*' (X, M®)

for all s > 1. So we want to show that for i > 1 we have H}(Dy,-y, M®¥(nD)|p,_,) = 0.
For this we use the filtration of coherent sheaves on D,,.;:

M®(nD)|p,, > M®*(nD)Iplp,, D+ > M®*(nD)I3 |p,, D0
whose successive quotients are
M®(nD)|p, M®((n ~1)D)|p, ..., M®D)|p .
From the short exact sequences associated to the filtration we see that indeed
H'(Dy1, M®(nD)Ip,._,) = 0

forallz > 1.
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" It remains to prove the claim. We prove a more general statement. Let X be a
projective variety, M and A ample line bundles on X and F a coherent sheaf on X.
Let F(a,b): = F @ M®* @ N'®. Then the set

Sri={(a,b) | @ >0, b>0, h'(X, F(a,b) # 0 for some i > 0}

is finite.

We may suppose that M and A are very ample (replace M by M™, N by N, F
by the direct sum ©F(a,b) with 0 < a < m, 0 < b < n). Then we have an embedding
of X in a product of two projective spaces. Now we mimick the argument for one
projective space in [27], Ch. III, proof of Thm. 5.2: we may replace X by the product
of the two projective spaces, and F by any coherent sheaf on that product. There is

a short exact sequence
0-R—=E-F -0

with £ a finite direct sum of sheaves O(a;, b;), and R coherent. All we need now is
that £(4, k) has no higher cohomology for j and k big enough. This follows from the
corresponding statement for O; for this, use a Kiinneth formula as in [71], Ch. VII,
Prop. 12 and Remarque, pp. 185-186 or in [25], Ch. III, Thm. 6.7.8, or, alternatively,
use the Kodaira vanishing theorem. This finishes the proof of the claim and the
lemma. O

We can now begin the proof of Thm. 4.

Proof. Let € < ¢g. By induction on r we will show:

For any integers N and r there exists an integer sq, such that for any
product subvariety Y = Y¥; x -+ x Yp, of X™ with dim(Y) = r and
deg(Y:) < N for all i, £(—¢€,51,...,3m) is ample on Y if s,/s5 > 3o,
vevs8m—1/Sm 2 So.

For r = 0 this is trivially true, and for r = m-dim(X) and N = deg(X) we get the
statement of the theorem. So assume the statement is proven for all r < ro, and let’s
try to prove it for 7 = ro. Let N be given.

First of all, if we take the ratios s1/s,..., Sm-1/8m big enough, then for all Y =
Y; X -+ x ¥ C X™ with dim(Y) = ro and deg(Yi) < N, there exists an effective
ample divisor of Y such that the restriction of £(—e, $1,---35m) to that divisor is
ample. Namely, take D; + -+« + D, with D; = H; x [];4 Y;, H; CY; a hyperplane
section; apply the induction hypothesis with r = ro—1, same N. This will be used
later on.

We will show that, if s1/s2,...,S8m—1/Sm are sufficiently big, and Y is as in the
statement, £(—¢, 51, .., $m) has non-negative degree on all irreducible curves C' C Y.
By Kleiman’s theorem (cf. Chapter VII, Thm. 5.5) it follows that £(—e¢,sa,... ,Sm)
is in the closure of the ample cone. Decreasing ¢ a little bit then gives an ample line
bundle (note that we could have started with (¢ + €)/2 instead of €).

So let Y be as in the statement, and C C Y an irreducible curve. The idea of
the proof is now as follows. One shows that if s1/s2,...,5m-1 /sm are sufficiently
big, for d sufficiently big and divisible there exists a non-trivial global section fof
L(—€51,-..,5m)% on Y. If the restriction of f to C is non-zero, then of course
L{—¢€,51,...,5n) has non-negative degree on C. If the restriction of f to C is zero,
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one distinguishes two cases: f has small or large index along C. If f has large index
along C, one uses the Product Theorem to show that C is contained in a product
variety of dimension less than 7o (and of bounded degree), and one uses induction. If
f has small index along C, then one constructs a derivative of f that does not vanish
on C and has suitably bounded poles. How to define these two cases and how big
81/82y- -+ 3 8m—1/8m should be will follow from the computations below. Of course all
estimates concerning the s,/s;41 will have to be done uniformly in ¥ and in C.

As Faltings puts it, “set up the geometry”: Choose projections 7;:Y; — P™ = P,
(with deg(x;) = deg(Y;)) and (not necessarily reduced) hypersurfaces Z; C P; of degree
deg(Z:) < nN?, such that the ideal sheaf of Z; annihilates Q}; p, (cf. Lemma 5; the
n comes from the P" in which A is embedded). Let mY — P = Py x --- x Py,
be the product of the m;; then deg(r) is the product of the deg(Y;). We claim that
any derivation 8 on P, (there are many because P; is a homogeneous space under
GL(n;+1)) extends to a derivation on Y; with at most a simple pole along x}Z;. To
see this, consider the exact sequence

0— WZQ}:’,-/I: _)Q;,/k — Q%’,‘/P,‘ -0

of {27], Ch. II, Prop. 8.11. Applying Homo,. (-, 7O(deg(Z;))) to it gives the exact
sequence

0 — Dery(Oy;, 77 O(deg(Z;))) — Homo,, (w}‘Qli/k,wf(Q(deg(Z;))) -
— Extp, (O, /p, 770(deg(Z:)))

Let G; in T'(P;, O(deg(Z;))) be an equation for Z;. Saying that the ideal sheaf of Z;
annihilates Oy, p, means that the map

G O, 5, — 17O(deg(Z:)) ®oy, B/,

is zero. One checks that 77(G;0) maps to zero in the Ext!.
If C is contained in the preimage of some Z;, i.e.,

CCerz,' XHY]
J#i

then we are done by induction: note that m;: 7 1Z; — Z;isfinite of degree deg(Y;) < N
(since 7;: ¥; — P; is flat in codimension one), hence deg(n7'Z;) < N deg(Z;) < nN?®
by Chapter VII, §4, Remark (f). So suppose that C' is not contained in the inverse
image of any of the Z;. Then m:C — D = #C is generically étale.
For $y/82,- - ,Sm-1/$m big enough, and d big enough and sufficiently divisible, we
have that T'(Y, £(—¢, 81, . ., 5m)®¢) is non-trivial. This follows from:
1. For such d the Euler characteristic x(Y, £(—¢, s1,. .-, 5m)®%) is positive.
2. For such d and i > 2 the cohomology groups H(Y, L(—¢, 51, . ,$m)®?) vanish.
The second statement is a direct consequence of Lemma 6. To get the first state-
ment, recall (Chapter VII, §4) that, as a function of d, x(Y,£(—¢€,s1,--.,8m)%%)
is a polynomial of degree < dim(Y’), and that almost by definition the coefficient of
d¥m(Y) is 1/ dim(Y’)! times the intersection number (L(—¢€, s1,. . . , $m)E™¥).Y), which
is positive by Cor. 3 and the choice of €. So, if 53/3,...,8m_1/5m are big enough
(uniformly in Y and C), then for d sufficiently big and divisible, L(—¢, s1,...,57)®
has a non-trivial global section f on Y.
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Next we consider line bundles on A™. We have the identity in Pic(A™) ® Q (use
the Theorem of the Cube and that £ is symmetric):

(sii — six1Zign) (L) + (8i%i + sip1Tig1) (L) = 28L; + 252, Ligq

Suitable multiples of the two terms on the left are generated by their global sections
(because £ is). Hence we can find sections without common zeroes. Multiplying by
these, we first find “injections without common zeroes” on A™:

m—1
d- Y (sizi — siq1Zig1)" (L) o d- (282L1 +483Lo + -+ + 482 _ Loy + 255, L0m)
=1
then, using that the £; are also generated by global sections, we find injections without
cominon zeroes

d-L(—€51,...,5m) (2—€)sili+(4—€)s2Ly+ -+ (2 €)sZ L)

— d-
— d-(483L1+ -+ 455 L)

Define d; = 4ds?, and choose an injection p: L(—¢,51,-..,5n)% — ®F L which
does not vanish identically on C (i.e., p is an isomorphism at the generic point of C).

We come to the final part of the proof. Define the index (C, f) of f along C
to be the index i(z, f) of f at the generic point of C, with respect to the weights
d; (cf. Chapter VIII, Def. 1.8). Since p is an isomorphism at z, we have i(z, f) =
i(z, p(f)). Now note that £; = 77O(1) since =; is a projection from P" minus a linear
subvariety to P, and A was embedded in P" via global sections of £. So p(f) can
be viewed as a section on Y of #*O(dy,...,d,). Because m:Y — P is finite and
surjective, and Y is integral and P is integral and normal, we can take the norm of f
with respect to = (cf. [25], II, §6.5):

g = Norm,(p(f)) € T'(P,O(d1,... ,di )8 %8 = T(P, O(deg(n)dy, . . ., deg(n)dm)

Let i(D, g) := i(7(z), g) be the index of g at #(z) (i.e., along D = 7C) with respect to
the weights deg(r)d;. We claim that i(D,g) > 4(C, f)/ deg(r). To see this, note that
7 is étale above 7(z), so that over some étale neighbourhood U of #(z), m:Y — Pisa
disjoint union of deg(r) copies of U; then use the formulai(z, f1f2) = i(z, fi)+i(z, f2).

Now we choose a sufficiently small positive number o (the precise choice of o will
be explained later), and we distinguish two cases.

Case 1: i(D,g) > o. Then apply the Product Theorem (Chapter VIII, Thm. 2.1)
as in Chapter VIII, Remark 2.3. To be precise: there exists a chain

P#£2,52Z;5 D ZagmPp)4157T

with Z; an irreducible component of the closed subscheme of P where g has index
> lo/(dim(P)+1). Because of dimensions, there exists an [ with 1 < I < dim(P), such
that Z; = Z;;;. The Product Theorem then shows that if the s;/s:+1 are sufficiently
big (in terms of o, m, and ny,...,ny), then Z; = V| X --- x V, is a product variety
of dimension < dim(P) (since f # 0) and the deg(V;) are bounded in terms of o,
m, and n;,...,7,. Let Y’ be an irreducible component of 7712; with C C Y.
Then dim(Y’) < dim(Y), Y’ = Y/ x --- x Y is a product variety and deg(Y]) <
deg(x;) deg(V;) < N deg(V;) (note that Y is an irreducible component of 7] 1V: and
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use Chapter VII, Remark 4.3.f). By induction, if the s;/s;y1 are sufficiently big in
terms of o, m, n1,...,n, and N, then £(—¢,s;,...,55) is ample on Y”, hence has
positive degree on C.

Case 2: i(D,g) < 0. Theni(C, f) < odeg(n). For1<i<mlet J;;,1 <j < n,
be global vector fields on F; which give a basis of the stalk of Homo,, (2, /i, Op,) at
mi(z). As m:Y — P is étale at z, we may view the 0;; as derivations of Oy,,. Let f}
be a generator of the stalk £(~¢, s1,...,5,)8%; then f = Af; for a unique b € Oy,.
By the definition of index (Chapter VIII, Def. 1.8, also recall what we mean by the
value at = of some f € Oy,), there exist integers ei; 2 0 with ;e = i(z, f),
such that (H(h))(z) # 0, where H = [];; 87 (in some order). We want to define
(H(f)(z) s

(H(R)(@)-fi(2) € £(=¢,51,- -, 3n)P4(x) = L(=€, 51, ., 5)®* oy, (z)

so let us check that this is well-defined. Let u € O, and f] := u™ f;. Then »’ = uh
and H(k') = H(uh) = uH(h)+ terms like Hy(u)Hz(h) with H; of lower differential
degree than H, hence (Hz(h))(z) = O by the definition of i(x, f). It follows that
(H(f))(z) is well-defined. :

Since k(z) is the function field of C, (H(f))(z) is a rational section on C of the line
bundle £(—¢, s1,-..,5m)®%; we want to bound its poles. We have already remarked
that each 8;; extends to a derivation on Y; with at most a simple pole along =} Z;.
Working on an affine open on which £(—¢,sy,...,5,)8 has a generator f, we can
write f = hfy and 8;; = ¢7'0;; where the 3,J are regular derivations and g; is an
equation for 7} Z;. Then

b =103y = [0 = (Lo I1)+
i.j i

where the dots stand for terms of lower differential degree. It follows that
(H(R))(=z) = ((H yf"’)(H 35")(’0)

hence its poles are no worse than those of [I; ; g; ™’ =L, g;®', with &; = 7, €; ;. Since
Y can be covered by affine opens on which £(—¢,s1,...,8,)®¢ is trivial, we get a
non-zero global section [1; ; Gi* (H(f))(z) on C of

m m—1
®L?ei deg(G:) ®L(—¢, 51, ..., Sm)®d — ® c?(e:.' deg(Gi)~eds?) ® ® (sizi — 3i+1$i+1)*£®d
i=1 =1 =1
where, as before, G; is an equation for Z; in T'(P;,O(deg(Z;))). Using e;/ds? =
4e;/d; < i(C, f) < odeg(r) and deg(G;) < nN? one gets a non-zero global section on
C of L(4nN?deg(n)o — €, 51, .-,5x)%% so this line bundle has non-negative degree
on C.
We still have to choose the right o: we take o > 0 such that

¢ :=4nN?deg(m)o +e< €

The argument above, with € replaced by ¢, then shows that £(—¢,s1,...,8m) has
non-negative degree on C. O

Acknowledgement. I would like to thank Bas Edixhoven for his help in preparing
these notes.



Chapter X

Faltings’s Version of Siegel’s
Lemma

by Robert-Jan Kooman

Siegel’s Lemma in its original form guarantees the existence of a small non-trivial
integral solution of a system of linear equations with rational integer coefficients and
with more variables than equations. It reads as follows:

1 Lemma. (C.L. Siegel) Let A = (a;;) be an N x M matrix with rational integer
coefficients. Put a = max;; |ai;|. Then, if N < M, the equation Az = 0 has a solution
z € ZM,z # 0, with

llzll < (Ma)M/M=R)

where || || denotes the max-norm: ||z|| = ||(z1,. .., zm)|| = maxicicnm |2l in RM.

Stated in an alternative form, the lemma finds a non-trivial lattice element of small
norm which lies in the kernel of a linear map o from RM to RY with the Z-lattices ZM
and Z~ where M > N and o(ZM) C ZV. Faltings [22] uses a more general variant
of the lemma, firstly by taking a general Z-lattice in a normed R-vector space, and
secondly, by looking not for one, but for an arbitrary number of linearly independent
lattice elements that lie in the kernel of o and are not zero. The lemma is a corollary
of Minkowski’s Theorem, which we state after the following definitions:

2 Definitions. For V a finite dimensional normed real vector space with Z-lattice
M (i.e., M is a discrete subgroup of V' that spans V) we define X;(V, M) as the
smallest number A such that in M there exist ¢ linearly independent vectors of norm
not exceeding A. Further, by V/M we denote a set

weViv= on+...+ e, 0< A <lfori=1,...,b=dim(V)}

where vq,. .., v is a basis of M. Finally, if V, W are normed vector spaces with norms
Illvs lI-lw, then B(V) denotes the unit ball {z € V : [lzlv < 1} in V and if o is
a linear map from V to W, the norm ||a|| of « is defined as the supremum of the
la(@)|lw/lz]lv withz € V, = # 0. a

We can endow V with a Lebesgue measure uy as follows. Take any isomorphism of
R-vector spaces ¥ : V — R? and let A denote the Lebesgue measure on R®. Then, for
Lebesgue measurable A C R®, put

pv (¥ (4)) = M4A).
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Up to a constant, there is only one Lebesgue measure on V. Hence the quantity

B
Vol(V) = Vol(V, ||||, M) : wv (VM)

does not depend on the choice of py. Clearly, it is also independent of the choice of
the basis of M in the definition of V/M.

8 Theorem. (H. Minkowski) Let V be a normed real vector space of finite dimen-
sion b and with Z-lattice M.Then

/8 < M(V, M) MV, M) - Vol(V) < 2.

Proof. See [48]. Note that B(V) is a convex closed body in V, symmetric with
respect to the origin, and that A (V,M),..., \(V, M) are precisely the successive
minima of B(V') with respect to M. O

We now state Faltings’s version of Siegel's Lemma.

4 Lemma. (Lemma 1 of [22]) Assume that we have two normed real vector spaces
V and W with Z-lattices M and N, respectively, and a linear map a : V — W such
that (M) C N. Let C > 2 be a real number such that the map o has norm at
most C, that M is generated by elements of norm at most C and that every non-zero
element of M and N has norm at least C™*. Then, for a = dim(ker(a)), b = dim(V),
and U = ker{a) with the induced norm on ker(a),

A1 (U, U N M) < (C®- o))/

for0<i<a-1.

Thus, for any subset Y of ker(e) of dimension not exceeding ¢ we can find an element
in ker{a) which is not in Y and whose norm is bounded by the right-hand side of the
above equation. The lemma will be applied in situations where the dimensions a and
b tend to infinity and such that b/{a — i) remains bounded. Then the right-hand side
of the equation grows like a fixed power of C times a power of b.

For the proof of the lemma we let |[-]| be the norm on V, and ||||u its restriction
to U. We endow V') with the quotient norm: for v* € a(V) we put

llo"ll* = inf{|lvlf : a(v) = v"}.

The unit balls B(U) and B(a(V')) are now defined in a similar way as B(V) and
Vol(U) = Vol(U, ||-lu, U n M), Vol(a(V)) = Vol(a(V), |I-}}*, a(M)). We first prove
the following lemma.

5 Lemma. Vol(V) < 2% - Vol(U) - Vol{a(V)).

Proof. Let uy, py be Lebesgue measures on V and U, respectively. On a(V) we
have a unique Lebesgue measure p(v), defined by

pv(E) = ) fB(v") dpaqv)(v)



X. FALTINGS’s VERSION OF SIEGEL’S LEMMA 95

for pv-measurable sets E C V where for v* = a(v) € (V) we have

fe(@) =py({veU:ut+veE})

which is independent of v since py is translation invariant. We compute fp(v)(v*)
for v* € a(V). H v* & B(a(V)), then |jv|| > 1 so v ¢ B(V) for all v € ¢7*(v") and
fawy(v*) = 0. If v~ € B(a(V)), then v € B(V) for some v € a~1(v*). For u € U with
w4 v € B(V) we have Jluly < lu + ol + ol < 2, hence fan(v) < pu(2B(D)) =
2% . uy(B(V)) and

(6) pv(B(V)) £2° - pu(B(U)) - pavy(B((V))-

Furthermore, if u1,...,%, is a basis of U N M and uy,...,u; is a basis of M, then
&(Uas1), - - - (up) is a basis of (M) and

Ffoma(v*) = po({u € U :u+v € VIM}) = pu(U/U nM)
for v* € a(V)/a(M) and fy;am(v*) = 0 otherwise. Hence

(1) wv(VIM) = /O.(V) Fom(v*) dpa(v?) = pu(U/U O M) - poy(e(V)/a(M)).

Finally, by the definition of Vol(V'), we have that uy(B(V))/uv(V/M) = Vol(V)
and similarly for Vol(U) and Vol(a(V)). Combination of (6) and (7) now yields the
statement of the lemma. O

Proof. (of Lemma 4) We have \(a(V),M*) > C~?, since for 0 # v* € o(M) C
a(V) we have v* = a(m) with m € M and

* s ua(“l)"” -2
* e m + >L . 7> ('
where || |lw denotes the norm on W. By Minkowski's Theorem we obtain

A(a(V), M*)t=2-Vol(a(V)) < 2872, so that Vol((V)) < (2C?)*2. Further, A\y(V, M)
< C, and applying Minkowski’s Theorem once more, we find that X(V, M)b-Vol(V) >
2/b!, whence Vol(V) > 2° -C~*/8\. Finally we have A\(U,U N M)) > C* and, by
Lemma 5, Vol(V) < 2¢- Vol(U)- Vol(a(V')), so that (U, UN MY A (U, UOM)>-
Vol(U) < 2°. Hence

. 1 i\Ma) L Vol{a(V)) . iy1/(e-d)
An(UUNM) < (28 Vol() -CY) < (2 Vol(V) ")
< (241 . (2043 b!)ll(“"i) < (Csb . b!)ll(a_i)
for0<i<a-—1. a

We give an example of how one obtains, in a general manner, a normed R-vector space
with a Z-lattice.

8 Construction. Let K be a number field, O its ring of integers. Let X be a proper
Ox-scheme and let £ be a metrized line bundle on X (i.e., £ is an invertible Ox-
module equipped with a hermitean metric ||-||. on £, for every embedding 5: K — C,
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see Chapter V, §4 for details). Then H°(X, £) is a finitely generated Ox-module by
[27], Ch. III, Thm. 8.8 and Rem. 8.8.1; it is torsion free if X is flat over Ok. We let
V = H°(X,L) @z R. Then V is a R-vector space and the image of the (canonical)
map HO(X, £) — H°(X, £) ®z R is by construction a Z-lattice in it. A normon V can
be obtained as follows. Since K ®¢ R = @,K, (the sum being taken over all infinite
places). For v an infinite place of K let V, := H*(Xk,, Lk, ), where Xk, denotes the
pullback of X to Spec(K,) and Lk, denotes the line bundle on Xk, induced by £.
We have

V = H(X, £) ®o, Ok ®z R = @,HYX, L) ®0, K. = &V,

(for the last equality, use [27), Ch. III, Prop. 9.3). If o: K — Cis a complex embedding
giving the infinite place v, then on V, we have the sup-norm over X (K,) = X,(C).
Note that by Chapter V, Def. 4.3, & gives the same norm on V,. OnV = @,V, we
take the max-norm associated to the norms on the V,. In other words, this norm on
V is just the sup-norm over X(C) = 1, X,(C). 0



Chapter XI

Arithmetic Part of Faltings’s
Proof

by Bas Edixhoven

1 Introduction

In this chapter we will follow §5 of [22] quite closely. We start in the following
situation:

k is a number field, Ay is an abelian variety over k, X C Ay is a subvariety
such that X; does not contain any translate of a positive dimensional
abelian subvariety of Az, m is a sufficiently large integer as in Chapter IX,
Lemma 1

Let R be the ring of integers in k. Since we want to apply Faltings’s version of Siegel’s
Lemma (see Ch. X, Lemma 4} we need lattices in things like I'(X{*, line bundle). We
obtain such lattices as:

I'(proper model of X* over R, extension of line bundle).

2 Construction of Proper Models

First we extend Ax to a group scheme over Spec(R). Among all such extensions
there is a canonical “best” one, the so-called Néron model A — Spec(R) of Ai. It
is characterized by the property that A — Spec(R) is smooth and that for every
smooth morphism of schemes T' — Spec(R) the induced map A(T) — Ax(T) is
bijective. For more information and a proof of existence we refer to [11]; there is an
“explicit” construction of A/R when A is a product of elliptic curves. We will use
the following properties of A — Spec(R):

(i) it is a group scheme,

(ii) every z € Ax(k) extends uniquely to an = € A(Spec(R)),

(iii) A — Spec({R) is quasi-projective ([11] §6.4, Thm. 1) and smooth.
We choose an embedding i: A < P¥. Let A be the closure of A < P¥ xp P¥
by P+ (iP,i(—P)), and let A — A be its normalization. Since A — Spec(R) is
projectiveand A — A is finite (by Nagata’s theorem [47], Thm. 31.H), A — Spec(R) is
projective. By construction A contains A as an open subset, A Xspeqr) Spec(k) = Ay,
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and the automorphism [—1] of Ai extends to A. Let £y be a very ample line bundle
on A. Then £, := L, ® [-1]"Ly is a very ample line bundle on A whose restriction
to Ay is symmetric. Finally let £ = £; ® p*0*Ly?, where p: A — Spec(R). Then £ is
very ample on A and we have given isomorphisms £ = [~1]*£ and Ospeqr) = 0" L.

For 1 < ¢,j < m we have the line bundles £; := pr{C and P;; := (pr; +
pr;)*L ® priL™! @ prjL™" on AP. We choose positive rational numbers ¢ < 1
and s as in Chapter IX, Thm. 4: if s,..., s, are positive rational numbers with
s1/82 2 8,...,5m-1/Sm > & and &’ < ¢ then the restriction to X of the Q-line
bundle

m—1 m—1
£(~€;, S1yeee)Sm) = L:?—E')s} ® ® £§2—¢')s,? ®£$—s')s?n ® ® pi;':i;i-ﬂ
i=2 i=1
on A7 is ample.

Let A™ denote the m-fold fibred product of A — Spec(R) and let £; := priL on
A™. We extend the P;; to the open subset A™ of A™ by the same formula as above:
Pij:=(pr; +pr;)* L @ priL™' @ prjL~!. Using the construction described below it is
easy to find a proper modification B — A™ such that 1) B is normal, 2) B — A™ is
an isomorphism over A™ and 3) the P;; on A™ can be extended to line bundles on
B.

2.1 Construction. Let X be an integral scheme, of finite type over Z, U C X open
and normal, D C U a closed subscheme whose sheaf of ideals Ip is an invertible
Oy-module. Let D be the scheme theoretic closure of D in X, let : X — X be the
blow up in Ip, let X’ be the normalization of the closure of 77U in X and let D’
be the closure of D' := #~'D in X’. Then X' is normal, X’ — X is proper and an
isomorphism over U, and Ip, is an invertible Ox:,-module. ]

We fix a choice of B and extensions of the P;; from A™ to B. The pullback of the
L; to B are still denoted £;. We let Y be the closure of X[* in B and we define
Y° := Y N A™. Note that every 2 € XJ*(k) extends uniquely to an z € Y°(R). We
extend all line bundles £(—¢',s1,...,5n)? to B by their defining formula.

3 Applying Faltings’s version of Siegel’s Lemma

We fix norms on £ at the infinite places. This gives norms on the £;, the P;; and
the £(—€',81,...,5m)% In order to get some control over (Y, L(—¢’, 51,...,5m)%),
using Faltings’s version of Siegel's Lemma, we will embed £(—¢’,3y,...,5n)? into
@2 @2, LY (a independent of the s;, &’ and d) just as in the proof of Chapter IX,
Thm. 4. However, this time we have to keep track of norms and denominators.

We fix a finite set of generators f,, o € I, of the R-module I'(4, £). We choose
an isomorphism ¢ on A}:

(pry + pry + pry)* L — ® (pr; +pr;)"'L® Q pri™?
1<i<;<3 1<i<3

whose existence is guaranteed by the Theorem of the cube. Note that if ¢’ is another
such isomorphism then ¢’ = u¢ for a unique v € k*. From ¢ we can construct
isomorphisms ¢, ; on Ay fora,b€ Zand 1 <¢,7 <m:

$ap,ii: (apr; + bpr;) L — £’ ® 522 ® P
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as follows. Let P := (pr; + pry)*L @ priL~' ® pr3L~" on A}. We have (on A7 and
on Ai):
¢: (pr; + pr;, pry)"P — (pr;, p1;)"P @ (PI;, P1,)"P

and
¢ a4+ 1I"L = [a]'LP®[a— 1L @ L2

And by definition: (apr; + bpr;)*L = apri£ ® bpriL ® (apr;, bpr;)*P on AR

3.1 Lemma. {Lemma 5.1 of [22]) For any a, b, 1, j let F,;;; be the subsheaf of
Op-modules of the O 4r-module (5?2 ® E']’-z ® P,“f) ® k generated by the ¢, ;(apr; +
bpr;)* fa, « € I. There exists ¢; € R such that for all ¢, b, 4, j there exists r € Z,
0 < r < exp{ci{l + a® + b?)) with:

L7 Fapij C LY LY @ P2 (on B)

2 on A™: LERLY @PH Crt - Fupij

Proof. Let us first check that the lemma holds for our choice of data if and only if
it holds for any choice. If ¢’ = u~¢ with u € k™ then

iad

¢:;,b,i,j — ua(a—l)/2+b(b—1)/2—u-b+2¢a,b
Iful; C £ Cu™'L; and uP;; C Pl; Cu™'P;; for all ¢, j then
e L @ [ @ PR C LI @ LF @ Pl c ut L @ LY g P

If 7: B' — B is another model satisfying the same conditions as B, then for any line
bundle M on B we have: I'(B',7*M) = I'( B, n.n*M) = I'(B, M); this shows that
¢, works for B’ if and only if ¢; works for B (if we take P} ; = 7*P;;).

Let us now prove statements (1) and (2) on A™. By [50] Lemme II, 1.2.1, there
exists dy > 0 such that £%| 4, can be extended to a £’ on A for which some isomor-
phism ¢’ on A} extends to an isomorphism over 4% This means that the lemma is
true for £’ on A™, hence for £L% and hence for £ itself (on A™).

To finish the proof we have to consider pole orders of the @z ;(apr; + bpr;)* fo
along the (finitely many) divisors of B contained in B — A™; these divisors are irre-
ducible components of closed fibres of B — Spec(R). Let V be the local ring on B at
the generic point of such a divisor. Then V is a discrete valuation ring and pr; and pr;
define V-valued points of A. The lemma is then proved by base changing from R to
V., replacing Ay by the Néron model of A over V, and applying the arguments above.
Note that those arguments give upper bounds on pole and zero orders on the whole
model; that upper bounds on the pole orders on the whole model give upper bounds
on the pole orders on V-valued points but that the same is not true for the order
of zeros since the divisors of zeros of the ¢, ;(apr; + bpr;)* fo are not necessarily
supported on closed fibres. O

Let $1,...,5, be positive rational numbers, let 0 < &’ < e and let d € Z, d > 0,
be a sufficiently divisible square. Let d; := 4ds?. Let o; (1 £ ¢ £ m—1) and §;
(1 €t < m) be arbitrary elements of the set I of labels of the f,. Multiplication by
the product of the r;- ¢55\/Z,s;+,\/3,i,i+1(5i\/apri + 841 \/c_lpri_,_l)*fm (with the r; as given

2
2ds? 2ds2,

! g2
by Lemma 3.1}, the pr:-‘f;_ds‘ , prifg, * and pr), fg °™ is a map from L(—¢/, 5y, .. ., 5m)?
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to @, L%, Since the f, (a € I) are generators of T'(4, L), all such maps together
give an embedding on B:

p:L(—€181,...,8m)% — @éﬁf‘

=1 i=1

where a = #I*™~1. By construction, this embedding remains an embedding after
restriction to Y'; however, only on By = A} we know that it is an embedding without
zeros (that is, locally split).

3.2 Constructions. 1. Let A be a commutative ring, ay,...,a,, 7 € A such that
r € 3; Aa;. Then the homology of the (start of the Koszul) complex:

02 A A" > A"z, z — (a;z);, (2:)i = (a2 — @;25)i5

is annihilated by 7. Proof: choose b; such that 3~ a;b; = r. Then use the “homotopy”:
(@i = L bz, ()i = (55 i)
2. Let X be a scheme, £ and M invertible Ox-modules, r € Ox(X), p;: £L = M
(1 £ j < a) a finite set of morphisms such that rM C ¥; p;(L). Twisting by £}
gives p;:Ox — M ®L™'. Asin (1) we get a complex 0 = Ox — ®?_,(M L) -
2 (M ® L71)2. Twisting by £ gives:

0—L— o M-—v@" _MI L
The homology of this complex is annihilated by r. a

We apply these constructions to the embeddings p, L(=€y81,. 00, 8m)¢ —= QL LY. Tn
this case we can even embed £(—¢’,s1,...,5,)"% into @2, ®:’11 Ld' by multiplication

- ds?
by the ri - ¢, /7 _ sm\/;nﬂ(s,\/_pr —-s,+1\/-pr,+1) fo; and by the pr; (4 <M Al
together we get a complex:

0— L(—€,81,.-,8m)¢ = EB@L" — EB®£3"‘

j=11=1 j=1i=1

of sheaves on Y whose homology on Y* is annihilated by some r € Z with 0 < r <
exp(e1 L2, di).

3.3 Proposition. (Proposition 5.2 of [22]) There exists ¢c; € R such that for all
S1y.-+45m, € positive rational numbers with 0 < &’ < ¢, d € Z square and sufficiently
divisible there exists an exact sequence:

ad m

0 = D(XP, L(=¢€, 51, - -, 8m)?) = (XD ,@@zd )= X, PR L)

j=11i=1 i=11i=1

such that:

1. the norms of the maps in the exact sequence and the difference between the norm
on (X[, L(~€,51,--.,5m)?) and that induced on it from T'(X]", ®%., @, L¥) are
bounded by exp(c; E.’ d,-),

2. if a section f of L(—¢',51,...,5m)® over XJ* maps to I'(Y°, P, ™, L5 then
there exists r € Z with 0<r< exp(cz . di) such that rf € I'(Y°, L(—¢/, sl, oy 8m)%).
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Proof. The exact sequence is obtained by applying I'(X, —) to the complex above.
It remains to prove the statements concerning norms. To make sense of these state-
ments we must say which norms we are talking about. The norms on the line bundles
are obtained from those on £. On k,-vector spaces such as

(X}, metrized vector bundle) ®y k,

we take the supremum norm over the complex valued points. On finite direct sums
of normed k,-vector spaces we take the maximum norm. Finally, if V is a k-vector
space with given norms on the V ®; k, then we take the maximum norm on

V®QR = V®kk®QR = V®k(@uku) = @v(v®kkv)

Note that the norm we have put on (&,;T(XJ, F;)) ®q R can be viewed as the supre-
mum norm on ['(X] Xspeq@) Spec(R), ®;F;), the supremum being taken over the
P ¢ X*(C). The proof concerning the statements about norms is analogous to the
arguments to bound poles and zeros at the finite places. The analog of Lemma 3.1 is
independent of the choice of metrics on £, and for a particular choice (metrics with
translation invariant curvature forms) ¢ is an isometry. O

We want to apply the following lemma (for a proof see Ch. X, Lemma 4).

3.4 Lemma. (Prop. 2.18 of {22]) Let p:V — W be a linear map between normed
finite dimensional R-vector spaces with lattices M and N such that p(M) C N. Let
U :=ker(p) and L := M NU; then L C U is a lattice. Assume that for some C > 2
we have: 1. p has norm < C, 2. M is generated by elements of norm < C, 3. any non-
trivial element of M or of N has norm > C~!. Then for any proper subspace Uy C U
there exists an element f € L, f & Up such that || f|| < (C3 dim V)3m(V)/eodimTo)

Now let U := (X", L(~¢/,51,...,5m)*) ®aR, V := T(X]", @j=1 ®F1 L") ®oR and
W= T(XP, @2, £3d')®QR The lattices M and N are I'(Y, @2, ®7; £F) and
I'(Yy, @?3:1 @, L3%). Condition 1 is satisfied with C = exp(c; s d;). Condition 2 is

satisfied with C of the form exp(cs Y id;) (with ¢; independent of the s; ) because S :=

The morphlsm f Y — X™ is proper and each £; is of the form f*L!, hence § =
Dd,,...dm>0l(X™ ()‘*(9y)®®:’_’_1 L/%) by the pro;ectxon formula ([27], Ch. 2, Exc. 5.1).
Let ©: X™ < P := (PM)™ denote a closed immersion induced by £ on each factor.
Then S = q,,....dm>ol (P, F(dy,...,dn)), with F the coherent Op-module ¢, f.Oy.
One then shows that S is a ﬁnitely generated module over the multi-homogeneous

coordinate ring of P.
The proof of condition 3 that we give is copied from [81], Lemma 13.9.

3.5 Lemma. There exists ¢4 € R such that for all d; > 0 and for all non-zero
f e T(Y,®%, LE) we have ||f]| > exp(—ca 5; di).

Proof. Let [k’ : k] < oo, let R’ be the ring of integers in k', P = (Py,...,Pn) €
X (k') = Y(R') such that P*(f) # 0. Then:

hocs (P) = [K : Q)" degp (P 8 £}') = Zd he(P,
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On the other hand:

v'joo

hoot(P) = [K : Q™ (log# ((Pr&iLf) /B - Pr(f)) = 3 e(v))log IIf(P)Ilvf)
where e(v’) = 1 if v’ is real and ¢(v') = 2 if v’ is complex. Hence:

QI Y (o) log | F(P)lw > — 3 d:he(P)

v'joo i=1

Let m;: X — PU™ X« be associated to £: 77O(1) & £, and let k be the naive height
function on P#™Xx(k). Then there exists ¢4 such that |hc(P;) — h(mi(B;))| < c4 for
all ¥ and all P;. Now we take the P, such that all coordinates of the n;(P;) are roots
of unity; then h(#;P;) = 0. Note that these points are Zariski dense. So we have:

[ : Q7" 3 e(v)) log (Pl 2 -042‘1

v joo i=1
It follows that there exists an infinite place v of k with ||f||ysup = €xp(—cs Y;di). O

To get a suitable subspace U of U weput ¢/ = ¢ —~o with 0 < o0 < ¢, let z =
(z1,...,2m) € XP(k) be a smooth point and let

Up:={f e (XP,L(0c —¢&,51,...,8n)%) | index(z, f) > 0}

For this to be useful we need a lower bound for codim(Us). Note that:

m
L0 =€ 81, y8m) = L(=€,81,...,8m) ® ®Lfm'z

i=1
Because £(—¢,$,,.-.,5m) is ample on X[, £(—¢,$1,-..,5n»)% has a global section
that does not vanish at z. Because £ is very ample on X there are global sections
of £%% on X, with prescribed Taylor expansion at z; up to order dos? = d;o/4.
Namely: “L very ample on X" is equivalent to “I'(X}, L) separates points and tan-
gent vectors” which implies “I'(Xx, L) — Ox, ,/m2, is surjective for all ©” which
implies “T'( X, L7%/%) — Ox, ,/mLte4/4 is surjective”. It follows that codimUp >
es(o™ IT; d:)3™ X with ¢s > 0 depending only on m and dim X;. In Chapter VII it
was proved that dimV < cg(J]; di)4™X* with cs independent of the d; (and of o of
course). It follows that (dim V))/(codim Up) < ¢;o~™ 4™ Xk with ¢; independent of the
d; and of o. Prop. 3.3 and Lemma 3.4 give us f # 0 in (Y, L(0 — ¢,51,-..,5m)%)
with index < o at z and log||f|| < cgo~™4™Xx 5" d; (where cs is independent of
the d; and of o). We have proved:

3.6 Theorem. (Theorem 5.3 of [22]) Let o be a rational number with 0 < o <
€. There exists a real number ¢(c), depending only on o (recall that ¢ is fixed),
with the following property. For any smooth k-rational point z in X[*, any se-
quence Sy, ...,Sm Of positive rational numbers with s1/s; 2> 3,...,8m-1/Sm = s,
and any square integer d which is big enough and sufficiently divisible there exists
felr (Y, L(oc—e,s,... ,sm)d) with index less than o at = and norm at the infinite

places bounded by exp(c(c) ", di), where d; = 4ds?. 0



XI. ARITHMETIC PART OF FALTINGS’S PROOF 103

4 Leading Terms and Differential Operators

This section more or less follows part of a manuscript [33] on [22] written by L. Laf-
forgue in 1991 (not published), see also [34] and [35]. We will need some properties
of leading terms in Taylor expansions in the following situation. Let X be an integral
separated R-scheme and z: Spec(R) — X an R-valued point of X. Let 0s,...,0, be
R-derivations of Qx, let £ be an invertible Ox-module and f a section of £ vanishing
up to order e along z, that is, f € I'(X,I°L), where I C Ox is the ideal sheaf of
z. Then for integers ey, ...,en > 0 with 3; &; = e we can define (37 --- 9,7 f)(z) in
I'(Spec(R),z*L) as follows: locally on X write f = gf; with f; a generator of £ and

put:
(0 -0 f)(@) := (97 -+~ O g) () u(2)

(one easily checks that the right hand side does not depend on the choice of f, so
the local construction “glues”). Also, it is important to note that (9y* --- 95 f)(z)
does not depend on the order in which the derivations are applied, so that we can
write ([]; 8% f)(z) for it, and that for derivations &,...,0,, locally of the form §; =
9+ terms like ¢-0 with ¢ € T(X,I) and 8:Ox — Ox an R-derivation, one has
(IL: &7 f)(=) = (IL: 8- F)(=)-

4.1 Lemma. In this situation, (I[;(8{*/e:!)-f)(z), which is a priori only a section of
z* L over Spec(k), is actually a section of z*£ over Spec(R).

Proof. It suffices to verify this locally, so we may assume that X is affine, that £
is trivialised by f; and that f = gfi. Since f vanishes up to order e at z, g can be
written as a sum of products gi - - - g with the g; in I'(X, I). It suffices to verify the
claim for each term, so we may assume that g is one such term, say g = ¢1 -+ g.. Now
consider ([T, 8%)¢g1 -~ g.)(z). This expression can be expanded by applying the
product rule (8(fg) = fO(g) + gd(f)) as many times as possible. Since we evaluate
at z, and the g;(z) are zero, only terms in which all g; have been derived can give
a non-zero contribution. As ¥;e; = e, we see that (([T%; 87 )g1 - - - ge)(z) equals the
sum over all partitions of {1,2,...,e} into sets 5i,...,Sn of cardinalities ey, ..., em,

of the expresion

1 (85‘(1'[ .m) (@) =11 (- i (a,.g,-)(x)>

i=1 JES; i=1 3€S;
so the claim that (IT;(8{/e:!)- f)(z) is integral has now been proved. a

However, in §5 we cannot apply this result directly, because we will only know that
f vanishes at z up to order e on the generic fibre X of X. The problem is then that
in general the scheme theoretic closure in X of the closed subscheme of X, defined
by (I-Ox,)* is strictly contained in the closed subscheme of X defined by I® (in other
words: I¢ # Ox N (1-Ox,)*). Yet another complication will be that we will work in a
product situation with weighted degrees for differential operators. The result we need
is the following.

Let m > 1. For 1 < ¢ < m let pi: X; — P; be a morphism of integral separated
R-schemes of finite type, M; an invertible Ox,-module, G; € I'(X;, M;) a global
section annihilating Q}“ /P and 8;;, 1 £ j < n;, some set of R-derivations on P,. Let
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X=Xy X -xXp, P:= Py x---x Py, (fibred products over Spec(R)), and p: X — P
the product of the p;. Let Y be a separated R-scheme with a R-morphism ¢:Y — X
that is an isomorphism on the generic fibres: gi:Yi-=Xx. Let A be an invertible
Oy-module and N € T'(Y,N) a global section annihilating O}, x. Let z € Y(R) and
write ¢(z) = (21,...,2Zm) With z; € X;(R). Suppose that for all : the morphism of
k-schemes pi: X;x — Pix is etale at z;, and that P, — Spec(R) is smooth along
pi(z;). Let £ be an invertible Oy-module, f € I'(Y, £) and let o be the index of fly,
at z with respect to some weights dy,...,dn, > 0. Finally let e;; > 0 be given with
¥ ¢ij/di = o. Since the pir: Xip — P « are etale at z;4, the 8;; can be uniquely
lifted to derivations &;; on a neighborhood of z;% in X;x. Since Yi = Xx = [I; Xix
we can view the 9, ; as derivations in the ith direction on a neighborhood of zy in Yi.
As usual, one can define ([T;; 87 f)(zx) in 3L to be (I1;; 957 g)(zx)- fu(zs), where
f1 is a generator of £,, and f = gfi.

4.2 Lemma. In this situation,

e (1)) o

iJ

extends to a global section over Spec(R) of z°£ @ *N°® ® @, i M;*, where ¢; =
Y;e;ande=3 ;€.

Proof. It suffices to check the statement locally, so after localizing R we may assume
that £ has generator fy, that f = gf; and that the M, and N are trivial. Let J; C Op,
be the ideal sheaf of p;(z;) and let J C Op be the ideal sheaf of p(¢(z)). Let M; C Ox;
be the ideal of z; and M C Oy the ideal of g(z). Let I C Oy be the ideal of = and
I, := Oy-g*M;. The closed subscheme of Y defined by the ideal I el L ym It

is finite over Spec(R), hence affine, so isomorphic to Spec(A) for some R-algebra
A. The ideals of A induced by I and the I; will be denoted by the same symbols.
For each i, let Spec(B;) denote the closed subscheme of X; defined by M; g+l Let
B := @, B; (tensor product over R); then Spec(B) is the closed subscheme of X
defined by $°; M%*!. Finally, let Spec(C;) be the closed subscheme of P; defined by
JE+! and let C := @, C; (tensor product over R). Then we have a commutative
diagram

Y — X — P

T T

Spec(A) — Spec(B) — Spec(C)

The rings A, B and C are R-modules of finite type, the morphisms C — B — A
induce isomorphisms C ®g k=B ®p kA ®r k. Because of the smoothness of the
P; — Spec(R) at the p(z;), the rings C; and C are torsion free R-modules.

4.3 Lemma. Let B be the image of B in A, then A/B is annihilated by N°.

Proof. We know that N annihilates Q},x, hence also "0y, x = I [(I? + AM),
where M is the image of M in A; note that M C I. Since A = R+ I, we have
R+ AM=I*+M+IM =1+ M. It follows that NI C I? + M. Induction shows
Nel c I*** + M = M, hence N°A= N¢(R+I)CR+M=B. O
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4.4 Lemma. For all i, the morphism C; — B; is injective, and B;/C; is annihilated
by G}'.

Proof. The morphism C; — B; is injective since C; is torsion free and C; ;= B; .
The proof that Gi* annihilates B;/C; is the same as the proof of the previous lemma.
a

4.5 Lemma. The morphism C — B is injective, and B/C is annihilated by [T, Gf'.

Proof. The morphism C — B is injective since C is torsion free and Cy=B;. Let
us consider the filtration

B=B'>B?>.-->B™"=C

where B is the image in B = B, ® - -+ ® Bn of ®;; Ci ® ®;5; Bi. The successive
quotient B’ / B! of this filtration is a quotlent of ®;; C:®(B;/C;) ®®;5; Bj, hence
by the previous lemma it is annihilated by G . The lemma follows. a

We have now proved that A := (N[ =1 G%)g, modulo It + Y™ It is in C.

Note that ([]; ; 85 ¢')(z) is zero for all ¢’ € I**' + T IF*?. Let us con51der h as an
element of C. Smce the index at zy, of f|y, is 0, it follows that the image of hin Cj is in
the ideal Cg-Jy*-- - Jm. Since the ring C/(C-Ji* - -+- Jem) is torsion free (this follows
again from the smoothness of P — Spec(R) at p(q(z))), h is actually an element of

C-Jit - --- - Jer. The method of the proof of Lemma 4.1, plus the fact that the J;;
are derlvatlons on P in the direction of P;, show that (([T;; 9/ /e:;)R)(p(g(2))) is
integral. a

5 Proof of the Main Theorem

5.1 Theorem. (Theorem I of [22]) Let k be a number field, Ar an abelian variety
over k and X; C A; a closed subvariety such that X; does not contain any translate
of a positive dimensional abelian subvariety of A;. Then X;(k) is finite.

Proof. The proof is by contradiction: we suppose that Xi(k) is not finite. We
may also suppose that Xi(k) is Zariski-dense in X}, because we can replace X by a
positive dimensional irreducible component of the Zariski-closure of X (k).

The situation is now as in §§1-3: A, £, m, B, Y, the P;;, € and s are fixed.
We embed X}, into some projective space over k by choosing a basis of I'(Xy, L|x,).
Composing this embedding with a suitable projection as in Chapter IX, Lemma 5 we
get a finite morphism pr: X; — P}, where n = dim X;. Note that £ = pr*O(1). Let
X denote the closure of Xy in A and let X — X be a proper modification such that
X) = X and that pr: X, — P} extends to pr: X P% (e.g., one can take X to be
the closure in X Xgy.qr) PR of the graph of pr: X; — Py). We choose an integer g and

a non-zero G in I'(P%, O(g)) which annihilates 1 %/pn (Lemma 5 of Chapter IX shows

the existence of such a G annihilating Q%, /pp; multiplying such a G by a suitable
integer gives the G we want). Let ¥ — Y be a proper modification such that Yk =Y
and that the projections pr;: Yi = X* — X; on the ith factor extend to pr;: V- X.
In particular, ¥ is a model of X dominating both Y and X™ (mfold fibred product
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over Spec(R)). Since ¥ — X™ is an isomorphism on the generic fibres, we can choose
an integer N > 0 such that N annihilates Q%; [Fm For 1 <i < mlet P; := P} and
P,p :=P}. Let pi: Y — P, g be the composition of pr;: ¥ — X and pr: X — P} Let
P =TI, P; and Pg := [IZ, P;r (fibred products over k and R) and let p: Y - Pg
be (p1,-.-,Pm). For 1 £i<mand 1 <j<nletd;; be the derivation z;,;0/8z;; on
Pg, where the z;;, 1 < j < n, are the coordinates of the standard affine open A} in
P; r. Let G; be the pullback of G to X™ via the projection on the ith factor. Finally,
we choose a non-empty open subset U C Xj such that G is invertible on U and the
d;,; generate the tangent space at every point of U (this last condition just means that
U is disjoint from the n+1 coordinate hyperplanes). In particular, this implies that
pr: X — P% is etale on U. Everything up to here will be fixed during the rest of the

proof.

The following two variables ¢ and b will be crucial; o is a rational number with
0 < ¢ < ¢, and b is any rational number. In the end we will first have to take o small
enough, then b large enough. For any o and b we can find a point z = (215---,2m) in

X7*(k) such that:

1. h(z1) > b (here h denotes the height function on X, (k) associated to L; in
particular we have h(zq) = [k : Q] deg(zi L))

2. h(za)/h(z1) > 282, .., B(Zm)/h(Tm-1) 2 26

3. (zi, zig1) 2 (L—e/4)llzill-flziall (here (z,y) denotes the Néron-Tate pairing in
Ai(k) and ||z||* = (z,2))

4. z; € U(k)

(here one uses that, by the theorem of Mordell-Weil, the unit ball in A(k) @ R is
compact). Let h; := h(z;). We choose s; € Q close to hflﬂ: [s?h; — 1| < b1 will
do. Let d be a square integer which is big enough and sufficiently divisible, and put
d; := 4ds?. Suppose that b > 3. Then $i/siy1 2 s for 1 <1 < m, so we can choose
a section fin T’ (Y°,£(o - e,sl,...,sm)d) as in Thm. 3.6: the index of f at z is
less than o and the norm of f at the infinite places is bounded by exp(c(o) Z; di).
Since the index of f at z is less than o there exist non-negative integers e ; such that
((]'L-'j 8:1’) f) (z) # 0 and, if we write e; = 3; €;,j, L; ei/d; = (index of fatz)<o.
By Lemma 4.2 we have a non-zero integral section

-8 (gl

of the metrized line bundle

M =7 (E(a - e,sl,...,sm)‘i®®£§ag>

i=1

on Spec(R). We will compute an upper bound on the degree of M using the properties
of z and of £(0 — €, $1,- - -,5m), and a lower bound using f!. These bounds then give

a contradiction.
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5.2 Lemma. There exists c; € R, not depending on b, & and the z;, such that

[k: Q] degz"L(c —€,51,...,5m)° < md(c —&/2) + cadb™?

Proof. Let h denote the Néron-Tate height on Ay (k) associated to £. Then there
exists ¢; € R such that |k(y) — k(y)| < a1 and [{y, 2) — [k : Q]! deg(y, 2)*P| < ¢ for
all y, z in Ag(k). Then we compute:

[k : Q]_l deg :l'*ﬁ(d' TR FRRRE sm)d =

m-1
(140 —¢e)dsihi+ Y (2+0— €)dsth; + (1 4+ 0 — €)ds2 hm

=2
m-—1
- Y dsisipa[k : Q)77 deg(zi, 2i41)"P
i=1
m~—1
< (Q+o-e)dl+b )+ L @+o—e)dl+b)+(1+0—e)d1+57)
=2
m~1
- Z dsisipi({zi, ziy1) — 1)
=1
m~-1
< (m(o—e)d +2(m—=1)d) (1+b7") = Y dsisixa(1—e/)l|zill-[zisall + 2¢;dmb~?
i=1
m-1
< (m(o—e)d+2(m —1)d) (1 +b7) — d(1-¢/4) Y sisinn V2R V2R
i=1
+2¢1dmb?
< (m(o—g)d+2(m—1)d)(1+b7")
m-1
—d(1 —e/4)2 ¥ sisiva(hi — c1)*(hiza — 1) + 261dmb™
=1
m-1
< (m(o—e)d+2m —1)d) (1 +b7) = 2d(1 —e/4) 3 sihi sisahifi(1 — ™)
i=1
+2¢;dmb™!
< (m(o—e)d +2(m—1)d) (14+b7") - 2d(1—&/4)(1—c;b71)(m~1)(1-b71)?
+2c1dmb“1
< (m(o—€)d +2(m—1)d) (1+b7") — 2d(1—e/4)(m—1)(1 - (2+¢1)b7Y) + 2c,dmb™?
< md(o —¢/2) + b7 (2md + 2dm(2 + ¢1) + 2¢1dm)
= md(c —€/2) + (6 + 4c1)mdb™!
This means that the lemma holds with ¢, = (6 + 4¢;)m. (W

5.3 Lemma. There exists c3 € R, not depending on b, o and the z;, such that

[k:Q] 'deg M < md(cso —¢/2) + codb™?

Proof. We have:

[k : Q]—l degM < md(cr — 6/2) + ngb_l + i(e,’/d,')gdih,'

=1
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md(o — €/2) + c2db™ +Y_(ei/d;)g4ds? h;

=1

md(o —€/2) + cdb™! + i(ei/d;)géld(l +b6)

< md((1+8g/m)o —g/2) + codb™?

IA

This means that the lemma holds with ¢z = 1+ 8g/m. O

5.4 Lemma. There exists c4(c), not depending on b and the z;, such that for each
infinite place v of k we have log ||f'||, < cs(c)db™?.

Proof. Let v be an infinite place of k. To simplify notation, we denote by ||-||
norm at v. We have:

i1 = (s ll ((H ‘9,) f) ®

Note that e; < od; < d; as ¥_;e;/d; < o, and that }>;d; < 8mdb~1. The first factor
of the right hand side of the formula above is easy to bound, but when it is small
we will need that to bound the whole right hand side. There exists a j such that
piL(o — €,51, 1 8m)t = ®,~E?‘ has norm > exp(—cs ¥;di) at = (this cs is the ¢;
from Prop. 3.3). Let & := p;(f); then h € T(X{*,p"O(dy,...,dn)). The metric on
®:L% we fixed a long time ago and the pullback of the product of the standard metrics

on the O(d;) differ by a factor bounded by c;‘:‘ % Hence it suffices to show that there

exists (o), such that we have:
. 9y
TLivG@Ie ) - | (T1 225 ) ) )
i i Chit
where the metrics are now the standard metrics. Recall that the standard metric on

O(n) on P™(C) is given by:
IFI(Po: -+t Pn) = |F(Poy.., Pu)l/(C B

< exp(cy()db™)

Let y; = pr;(z:); then y; € P*(C). Let Zo,. .., Zs in I'(Py, O(1)) be the homogeneous
coordinates of P?, and for 1 < j < n let Dy(Z;) C P}, be the affine open subscheme
given by Z; # 0; then D,(Z;) = A} and the Z)/Z; (I # j) are coordinates on D (Z;).
For r in R let D,(Z;), denote the standard polydisc of radius r in D, (Z;)(C) given
by |Z1/2;| < (I # j). For each i in {1,...,m} we choose j; in {0,...,n} such that
yi € Do(Zih, i-e., the coordinates y;; of y; in D4(Z;;) satisfy lgijl < 1. We can
bound the derivative, on all standard polydiscs D4 (Z;)2 of radius 2, of G in some
trivialization of O(g). The conclusion is that there exists c7 > 0, ¢z < 1 TG lsup2(©) 5
such that G has no zeros in the polydiscs A; C D4(Z;), of radius r; := ¢7||Gl|(%:)
and center y;. It follows that pr: X — P is etale over A;. Let A = [I%, Ai. Then
A is simply connected, hence p~*A C X7*(C) is a finite disjoint union of copies of A;
let A’ denote the copy that contains z.
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We trivialize O(d;) on A; using its section Zf‘.". In other words, on A’ we write
h = ki I1; Z&. The standard norm of Zi on A; satisfies: (n+1)"%/2 < || Z%]| <1 on

A;. By definition we have:
oz
((H e.»J.') hl) (:l))
i Gig

((155)+)

so it remains to estimate the first factor of the right hand side.
On A’ we write by = 3 a(n)z™, with (n) = (n;;) (here the 2 ; are the standard
coordinates on A’ z;; = pr{(Z;/Z;; — yi;)). Then we have:

( / ZIJ)n _ _ 1 —nij-1 L
(H i ) (a)e) = Howa) = (27"\/——_1)"‘"/ /I’Z-',,'I—r. & H lj‘[dzw

7 [

(IINZ3E0 ) (=)
(Imizi)

Hence for (n) with 3°;n;; = e; for all ¢ we have |a(n, ;)| < [|h1llsup,a’ [Ti 7 ®. Now note
that ||A||sup,a’ is bounded above by some exp(cj(c)db™!) by the arguments above plus
the fact that the norm of f is bounded by exp(c(e) ¥; d;), hence we have:

(H (015, ) (@)

n,,

< exp(cy(o)db ) [ ri™

A standard computation shows that on A; one can write 8;; = 3, 4;;,(8/0;,,) with
18 50(y:)] <1 (in fact, bijp(y:) € {0,£yi}). Using this, we can write:

% Gl (@) (H (—5@%—) (he)(2)

(ni;} +a°

Y. Cini )(2)0(ns,)

(nij)

where the Cy, ;) are certain polynomials in the b; ;1. Note that Cn,,)(z) = 0 unless
for all i one has 3_; n;; = e;. From [b;;(z)| < 1, and some combinatorics, it follows
that:

lC("-J)(m | < H

 €in!
Note that the right hand side does not depend on (n, ;). Using this one gets:

'i! ei+n ei+n— m{n— 4
3 1C i m)|<1‘[e B '((n—l)'e‘ _H(z- 1ns) < gmin=1)(9p) 2, od
(ni,5)

This means that finally we have:

(%))

which finishes the proof. O

< explel(o)ab ) (TIre* ) 2o ey
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5.6 Lemma. There exists cs(c), not depending on b and the z;, such that
[k:Q) 'deg M > —cg(a)db™!

Proof. By definition we have:

deg M = log#t () = Selw)loglIfhe 2 ~[k: Qles(o)as™
R f vjeo

a

We can now finish the proof of Thm. 5.1. Take o < ¢/(2¢3) (¢ as in Lemma 5.3).
Then for b big enough, Lemma 5.3 and Lemma 5.5 give contradicting estimates for

[k: Q] ! deg M. 0O



Chapter XII

Points of Degree d on Curves over
Number Fields

by Gerard van der Geer

Arithmetic questions on the number of points of degree d on a smooth (irreducible)
algebraic curve over a number field lead to geometric questions about the curve by
using Faltings’s big theorem. We discuss here some questions and conjectures initiated
by Abramovich and Harris in [4]. We refer to the end of this paper for a discussion
of the recent literature.

Faltings’s theorem (previously Mordell’s conjecture) says that an irreducible curve
C of geometric genus g > 2 defined over a number field K possesses only finitely many
K-rational points. But since over an algebraic closure K of K the number of points
has the same cardinality as K itself one is led to the question how the number of
points grows with the degree of the extension L/K over which we consider our curve.
More precisely, what can we say about

T4(C,K) = {p € C(K) : [K(p) : K] < d},

the set of points of degree < d 7

A first question is: is it finite 7 The answer is: no, not always. For if we take a
curve C which admits a non-constant morphism C — P' defined over K of degree
< d then we have #I'4(C, K) = oo in a trivial way: over every rational point on P*
there lies a point of degree < d. Similarly, if C admits a non-constant K-morphism
C — E, where E is an elliptic curve with #E(K) = oo (or equivalently, with K-rank
> 1) we find infinitely many points of degree < d.

This raises a multitude of questions. To begin with, the question arises whether
#T4(C, K) is finite when C does not admit a dominant K-morphism C — P! or
C — E of degree < d; or phrased differently, if #I'y(C,L) = oo for some finite
extension L/ K, does this imply that C' admits a dominant morphism of degree < d
to P? or to an elliptic curve ?

As we shall see, the answer is : no! There are curves with infinitely many “inter-
esting” points of degree d (i.e., not obtained from a morphism of degree d to P* or to

an elliptic curve).

To put the questions in the framework of this volume we introduce the algebraic
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variety (for d € Zy,)
C®W = Sym¥(C) = C?/S4,

the d-fold symmetric product of our curve. We have morphisms

d
$a: C9 — Pic@®(C) given on geometric points by {p1,...,pa} — Ep,-.

i=1

Here Pic!®}(C) is the variety of divisor classes of degree d. The (geometric) fibres of
this morphism are the linear systems:

{D'={(p1"‘-apd):2pi~D}7

where ~ denotes linear equivalence.
Some remarks are in order here.
(i) By Riemann-Roch we have k°(D) > 1 for d > g, hence ¢; is surjective.
(ii) If C does not admit a dominant morphism C' — P! of degree < d then ¢ is
injective.
(iii) Any curve of genus g admits a morphism of degree < [(g + 3)/2] onto P.
We need more notation. Define

W} = {D € Pid9(C) : k(D) > r +1}

and set
Wi = WP = ¢4(C).
These (functors) are (represented by) algebraic varieties defined over K. Examples of
these are:
WP, = C Pic*™1(0),

the famous theta divisor of effective divisor classes of degree g ~ 1 on C and
W,_, = Sing(©),
the singular locus of the theta divisor. We know that dim Sing(©) > g — 4.

Let us now assume that C does not admit a dominant morphism to P* of degree
< d. Then ¢, is injective. A point of C of degree d (over K) determines a K-rational
point of C@ (note that the natural local coordinates near {p,...,p4} are the elemen-
tary symmetric functions in local parameters ¢; near pi) and in turn this determines a
K -rational point of Wy. So if we know that Wy contains only finitely many K -rational
points then necessarily T'4(C, K) is finite. But here Faltings’s Theorem on rational
points on subvarieties of abelian varieties comes in and weaves the present theme into
the texture of this volume:

if W, does not contain the translate of a positive dimensional abelian
variety then Wy(K) is finite, and then I'4(C, K) is finite too.

All this leads us to the question: when does a jacobian variety contain an abelian
subvariety (always assumed to be of positive dimension) in its Wy 7 One way for this



XII. PoiNTs OF DEGREE 4 ON CURVES OVER NUMBER FIELDS 113

to happen is when C is a covering of a (complete irreducible smooth) curve D. I
7:C — D is a morphism of degree n with g(D) = h we have an induced morphism

7*: Pic®(D) — Pic™(C)

whose image lands in Wy (since ¢o(D™) = Pic®(D)) and thus we see that for
nh < d we find a translate of an abelian variety in W(C). This could also happen if
our C is the image of a curve C’ which is a d-fold covering of a curve D. Again we
are led to speculate about the converse:

1 Question. H C is a curve of genus g and Wy(C') for some d < g contains a maximal
abelian subvariety of dimension h then does it follow that C is the image of a curve
C' which admits a dominant morphism ¢’ — C" of degree < d/h with g(C") = h ?
O

Let us call this question A(d, k; g), i.e., does it hold for all C' when d, h,g are fixed.
A related question is:

2 Question. If C' admits a dominant morphism ¢’ — C and ¢’ admits a dominant
morphism C’' — C" of degree < d/h and g{C") = h, then does C itself admit a
dominant morphism C — C" of degree < d/h with g(C") < h ? O

Call this question S(d, k; g), i.e., does it hold for all C of genus g and the given values
of dand 2 ?
For points of degree d we have the relevant question:

3 Question. Is it true for all irreducible smooth curves of genus ¢ over a number
field K that #T'4(C, L) = oo for some finite extension L/ K if and only if C admits a
map of degree < d to P! or to an elliptic curve ? O

Call this question F(d, g). Note that positive answers to A(d, k;¢) and S(d, h; g) for
all h with 1 < h < d imply F(d, g) using Faltings’s theorem. Indeed, we may deduce
from it that C admits a morphism of degree < d/k to a curve C’ of genus < h. Either
C' is of genus < 1 or > 2. In the latter case the curve C' admits a morphism of degree
< h to P! since k > [(k + 3)/2]. In any case we find a morphism of degree < d to P!
or to an elliptic curve. We do not need consider all A in the range 1,...,¢ in view of
the following remark.

4 Remark. An affirmative answer to A(d, &; ¢) implies the following statement:

for d < g the variety Wy cannot contain an abelian variety of dimension
> df2.

This last statement was proved to be true by Debarre and Fahlaoui [16]. a

There are some scattered results concerning question F(d,g). Abramovich and
Harris proved it in [4] for d = 2 and 3 (all g) and for d = 4 provided that in the latter
case g # 7. Using the same arguments one can also show it for other d provided ¢
does not lie in a certain interval, e.g. d = 6 and g < 10 or ¢ > 17. One could also
consider a sharpened version of the question : suppose that #I'4(C, L) = oo for some
finite extension L, but #I'¢(C, M) < oo for all e < d and all finite extensions M/K,
then does it follow that C' admits a non-constant morphism of degree d to P! or to



114 G. VAN DER GEER

an elliptic curve 7 It seems that this sharpened question admits a positive answer
for d = p, a primeand ¢ < 2p—2o0r g > (’2’) + 2. None of the questions A(d, k; g)
and S(d, k; g) has a positive answer for all triples for which the question makes sense.
Abramovich and Harris conjectured in {4] that F(d, g) is true for all tuples (d, g) with
d > 1 and g > 0. However, this was disproved shortly afterwards by Debarre and
Fahlaoui [16].

The questions A(d, k; g) and S(d, h; g) do not admit a positive answer for many triples
(d,h,g)- To point out some positive statements, one can see that A(d, k;g) has an
affirmative answer for b = 1. Similarly, the question S(d, h;g) has an affirmative
answer for ¢ = 0. Coppens [15] proved that S(d, k, ¢) holds for d a prime and g large
using Castelnuovo theory. He also shows that counterexamples to S(d, k,g) produce
counterexamples to S(md, k, g) for large enough g.

In the following we give a few principles from [16] which give rise to some affir-
mative answers to the questions A and S and we give an easy counterexample to
A(2h,k,2h + 1). For more results we refer to the literature, although the terrain is
largely unexplored and the interested reader might find rewarding challenges there.

5 Lemma. Assume that © C Pic""1)(C) contains a subvariety Z stable under trans-
lation by an abelian subvariety A C Jac(C). Then

dim(Z) + dim(A) < g - 1.

Proof. We may assume that Z is irreducible and meets O,z {otherwise, replace Z
by Z + W4(C) — Wy4(C), where d + 1 = multiplicity of O in the generic point of Z).
Consider the Gauss map

G: Oreg = P(To(Jac(C))*), 2+ Topz.
If 2 € Z N O, then To, contains the fixed space x + T4, hence we find a map
9:Z () Oreg — P((Traco/Tap0)*)-
But for a Jacobian the Gauss map has finite fibres (see e.g. [5]), hence

dim(Z) < g — dim(A4) — 1.

Similarly, if W] contains Z which is stable by 4 andif d < g —1 + r then
dim(Z) + dim(A) < d —2r.

(Apply the Lemma to Z + Wy_1_g4, — W, C W, = 0.)
When do we have equality ?

6 Lemma. Suppose that C is such that Wy(C) contains Z stable under translation
by an abelian variety A # (0) in Jac(C). Assume that dim(Z) + dim(A) = d and
dim(Z)+d < g—1. Then there exists a curve B of genus h = dim(A) and a morphism
m:C — B of degree 2 such that A = Jac(B) and Z = n*(Pic/®(B)) + Wy_z4(C).
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There is a variation of this Lemma in which one reads W instead of W; and assumes
dim(Z) + dim(A) = d ~ 2r and in which one then finds that Z = =*Pic*+")(B) +
Wi—2,-2,(C). Taking Z = A one obtains the corollary:

7 Corollary. Let C be such that W3(C) contains a translate of an abelian variety
A of dimension h > 0. Assume that d < g — 1+ r. Then dim(A) < d/2 —r. If
d < 2(g— 14 r) we have equality if and only if d is even and if there exists a curve B
of genus d/2 — r and a morphism 7: C — B of degree 2 such that A = n*(Pic*/*(B)).

Note that this implies the validity of A(2h,h;g) for h < g/3.

It is not difficult to construct counterexamples to A(2h, h,2h+1) for b > 4. One uses
Prym varieties of double covers as follows.

Let C — D be a double etale cover of a smooth irreducible curve of genus g(D) =
k + 1. Then the genus g(C) equals 2k + 1 and we can consider the Prym variety

P = Prym(C — D) = ker{Nm : Jac(C) — Jac(D)}°.

Here Nm is the norm map. This connected component of this kernel has dimension k&
and can (up to translation) be identified with

{d € W,_1204(C) : 7u(d) = Kp, h%(d) = 0(mod2)},

where Kp is the canonical divisor class of D. The claim is then that for general D
and h > 4 there does not exist a double covering p: ¢’ — B with g(B) = h and a
non-constant morphism g: C’ — C. Indeed, suppose that it does exist. Then we find
g.(p"(Jac(B))) inside Jac(C). For D general it is known that the jacobian Jac(D) is
simple and that the Prym P is not isogenous to a jacobian for A > 4. We see that
Jac(C) is isogenous to a product P x Jac(D), both factors of which are simple and
not isogenous to each other. It follows that ¢.(p*(Jac(B))) is a point. But this is
impossible because then for all D € Jac(B) we have deg(¢)p*(D) = ¢*¢.p"(D) = 0
which contradicts the fact that the kernel of p* is finite.

8 Additional Remarks

If we change the point of view somewhat (from the jacobian to the abelian variety
in its Wy(C)) we might pose the question differently: which curves do lie on a given
abelian variety ? Answers to this type of questions (very interesting in their own right)
can also be helpful in that they put restrictions on the possible abelian varieties.
Instead of curves over a number field one might consider curves over function fields
and ask these questions there. Questions A and S make sense for curves over any field.

9 Discussion of the Literature

Many of the questions treated here were first stated explicitly in a paper of Abramovich
and Harris [4] (the title of which is not what you would think). The merits of this
interesting paper lie more in the questions it poses than in the answers it provides.
The questions “A”, “S” and “F” were raised there (though in a slightly different form
and question “F” was stated as a conjecture there). The thesis of Abramovich [1]
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contains additional material. The first author wrote a corrigendum (3] to [4] (the title
of which is not what he thinks) pointing out a number of gaps and misprints in [4],
e.g., the proof of Lemma 6. In Lemma 7 one should read : ryyy — 7% > 7 — rpy.
Besides that there are more lapses. In particular, Lemma 8 (p. 223-224) of [4] is false.
Abramovich tells me that he manages to salvage Theorem 2 with a lot of effort, but
so far he did not publish how he did that.

The main conjecture of [4] was disproved by Debarre and Fahlaoui {16]. They give
partial answers to the questions A(d, ; ¢) and S(d, h; g).

Debarre and Klassen [17] classify all points of degree d on a smooth plane curve
of degree d.

In the paper [6] of Alzati and Pirola the reader will find some related results.
Finally, in the paper by Vojta [84] the reader will find a different approach to points
of given degree over a number field using arithmetic surfaces.



Chapter XIII

“The” General Case of S. Lang’s
Conjecture (after Faltings)

by Frans Oort

In this talk we discuss (see Thm. 3.2 below) the main result of [23]. It proves the
conjecture stated in [37], page 321, lines 12-15, and it generalizes the main result of
[22], which is the theme of this conference. Also see [81], Theorem 0.3, and §10.

We assume (for simplicity) that Q C K C k =k, i.e., K is a field of characteristic
zero contained in an algebraically closed field k.

1 The Special Subset of a Variety

1.1 Construction. Let X be a variety over an algebraically closed field k. Consider
all abelian varieties C, and all non-constant rational maps

f:C--—=X

Let Sp(X) C X be the Zariski closure of all the images of these maps. This is called
the special subset of X. (Note that a rational map does not have an “image” in
general, but f is defined on a non-empty open set, and the closure of that image
is well-defined, etc.) If Y is a (reducible) algebraic set, Y = {J; X;, then we write
Sp(Y) := U; Sp(X). O

1.2 Question. Do we really need to take the Zariski closure, or is just the union of
all images already closed? O

This seems to be unknown in general, but in the case considered in the next section
this is true.

1.8 Example. In the situation of {22] we have Sp(X) = @, and Thm. 3.1 and Thm. 3.2
below generalize the main result of [22]. O

Note that an elliptic curve can be mapped onto P!, hence we see that Sp(X) contains
all rational curves contained in X. In fact, for every group variety G and for every
non-constant rational map f from G into X the image of f is contained in Sp(X),
and Sp{X) could be defined using all such maps.
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1.4 The Kodaira Dimension

For a variety X over k one can define the Kodaira dimension, denoted by x(X) (see
[79], §6). We briefly indicate the idea: take a complete normal model of X, let Kx be
its canonical divisor, let n be a rational integer. If every section in the sheaf L(nKx)
is zero (for every positive rational integer n) we write £(X) = —oc. In all other cases
we write x(X) for the maximum (for all n) of the dimensions of the image of the
(multicanonical) rational map defined by nKx. One can show that this is a birational
invariant.
We say that X is of general type (or: of hyperbolic type) if

dim(X) = &(X).

Some examples:
(d=1) For complete algebraic curves we have:

9(C)=0 <= «(C)=—-o0
g(E)=1 & £k(E)=0
g(C) 22 < «(C)=1<= C is of general type
We have: £(P%) = —co for d > 0, £(P°) = 0 and «(abelian variety) = 0.
1.5 Conjecture. (S. Lang, cf. [38], page 17, 3.5) (GT):
Sp(X) # X < X is of general type.

1.6 Remarks. If X is defined over K, then Sp(Xy) is also defined over K, i.e., there
exists a K-closed subset Sp(X) C X so that Sp(X); = Sp(X:) (but note that the
abelian varieties C and rational maps f: C --- — X need not be defined over K).
For algebraic surfaces not of general type one sees that indeed Sp(X) = X; for
K3-surfaces, see [51], page 351. It seems that Conjecture 1.5 for surfaces of general
type is still open. |

1.7 Conjecture (Lang’s conjecture). (LC): Let X be defined over K, suppose
that K is of finite type over Q, then

#{z |z € X(K) and z & Sp(Xi)} < o0

(cf. [38], page 17, 3.6). For (GT) and (LC) also see [39], page 191.

Note that for a curve X the special subset is empty iff the genus g(X) > 2. Hence
(GT) is easily proved for curves, and (LC) is “Mordell’s conjecture”, proved by
Faltings (first for number fields, later for fields of finite type over Q, cf. [24], page 205,

Theorem 3).
If the conjectures (GT) and (LC) are true we could conclude that the following

conjecture holds:

1.8 Conjecture. (cf. [80], page 46) If X is a variety defined over K, a field of finite
type over Q, and X is of general type, then the Zariski closure in X of X(K) is a
proper subset of X.

(This conjecture was mentioned by Bombieri in 1980, cf. [55], page 208).

1.9 Remark. Note that the definition of Sp(X) is purely “geometric”, but we shall
see the importance of this notion for arithmetic questions. ]
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2 The Special Subset of a Subvariety of an Abelian Variety
We denote by A an abelian variety over k, and by X C A a closed subvariety. Notation:
Z(X) = {z € X | 3B C A, an abelian variety, dim B > 0, and 2 + B C X}.

Note that Z(X) C Sp(X). From the fact that any rational map between abelian
varieties extends to a morphism of varieties (see [14], Chapter V, Thm. 3.1), and
moreover that any morphism of varieties between abelian varieties is, up to translation,
a homomorphism of abelian varieties (see [14], Chapter V, Cor. 3.6), it follows that
Sp(X) is the Zariski closure of Z(X).

2.1 Theorem. (Ueno; Kawamata [32]; Abramovich [1], Thms. 1,2) Z(X) = Sp(X),
in particular Z(X) is closed in X. For every component Z; of Z(X) we write B; :=
Stab(Z;)°; then we have dim(B;) > 0.

2.2 Lemma. (cf. [54], Lemma 1.5; [22], proof of Lemma 4.1; {1], 1.2.2, Lemma 3)
Let A be an abelian variety over k, let W C A be a closed subvariety (in particular
W is irreducible and reduced), and let t € Z,. Suppose that tW = W. Then W is a
translate of an abelian subvariety of A.

(Comment: by tW = W we mean that the map [t]: A — A maps the subvariety W
onto itself; note that this map is finite, and hence it suffices to require that for all w in
W we have t-w € W; in that case tW C W, and we conclude tW = W by remarking
dim(tW) = dimW.)

2.3 Sketch of a Proof of Theorem 2.1

Using Lemma 2.2 we sketch a proof of that theorem. We choose an integer ¢ € Z>:.
Following Faltings we define for every m > 1 the map

Fp: X™ — A™1

by:

Fu(a1,...,am) = (g1 — az,qaz — a3, .. ., qm—1 — ).
Define Y/ by the cartesian square (i.e., pull-back diagram):
Xxm Am—l
T T o=(s-1)-2
v A X
where g(z) := ((¢ — )z, ...,(g— 1)z). Let ¥;; C A x X be the image of
(proj;, h): Y, — Ax X.

Note:
(a,2) €Y, anday=z+¥ <> ai=z+¢ Wforl<i<m.
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Note that

(z+¥,2)eYn & (z+¥,z44¥,...,2+¢™ W)Y,
< z+bVeX,...,c+q"WeX.

Suppose B’ C X is closed, £ € X, and ¥ € B with = + ¥ € X; then
gB'=B = (z+¥V,z) € Yp;

we are going to try to prove the “opposite implication”. We observe:

a) the maps (proj;, 2): Yy, — Yo C AXX make Ypy1 C Yno C Ax X into a descending
chain (2 < m) of closed subschemes; clearly this is stationary, let n be chosen such
that Y, = Y, =: Y for all m > n;

b) for z € X consider the fiber

Y():=hYz)CAx{z} A

(as a closed set of A); note that ((z,...,z),z) € Y, hence z € Y(z); note that
Y =Y, =Y, (for m > n) implies

(z+bz)eY, <= (z+bz) €Y1 = (z+gb,z) € Yy

we write B” := —z + Y(z), and we see that multiplication by ¢ maps B” into itself,
hence a power t = ¢’ > | of it maps some highest dimensional irreducible component
B’ of B” onto itself; now we apply Lemma 2.2 with W = B’; we see that B’ is a
translate of an abelian subvariety B of A;

c) hence Z(X) = {z € X | dim(Y(z)) > 0}; the projection map ¥ — X is proper,
so by general theory we conclude that Z(X) is a closed subset of X; the equality
Z(X) = Sp(X) has now been proved;

d) let Z; be an irreducible component of Z(X) and let z; be its generic point; the
method of step (b) (with some minor changes due to the fact that k; := k(z;) # k)
applied to z; gives a non-zero abelian subvariety B! of A @ k;; by rigidity of abelian
subvarieties (cf. [40], page 26, Thm. 5) B! is defined over #, i.e., we have B; C A with
B! = B; ® ki; by construction, B; stabilizes Z;.

2.4 The Ueno Fibration

Let X C A over an algebraically closed field k, and let B be the connected component

of the stabilizer of X:
B:={a€ Ala+X C X},

This is an abelian subvariety of A. One can consider the quotient X/B, i.e., the
image of X under the mapping A — A/B. The mapping X — X/B is called the
Ueno-fibration of X (e.g. cf. [79], pp. 126/121). The Kodaira dimension of X equals
dim(X/B) (cf. [79], Thm. 10.9), hence conjecture (GT) (see §1) holds for subvarieties
of abelian varieties, also cf. [32], Thm 4. For connections with a conjecture made by
A. Bloch in 1926, cf. [57] and [32]. For Z(X), when X is contained in a semi-abelian
variety, cf. [56], Lemma 4.1. Also see {2], Thm. 1.
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3 The Arithmetic Case
In this section we suppose that k is an algebraic closure of K. The crucial result is:

3.1 Theorem. (cf. {23], Thm. 4.1, and §5) Suppose K is of finite type over Q, and
A is an abelian variety over K, and X C A is a K-closed subset; then

#{z |z € X(K) and = € Sp(Xi)} < oo.

(If z € X then z ® k € X, but this point we still denote by z. This theorem and its
proof are generalizations of results and methods from [22].)

3.2 Theorem. (cf. [23], Thm. 4.2, notations and assumptions as in the previous
theorem) (Either X(K) is empty, or) there exist ¢; € X(K) and abelian subvarieties
C; C A (defined over K ) such that

X(K) = Q(a:— +Ci(K)).

In other words, the irreducible components of the Zariski closure X(K) of X(K) in
X are translates of abelian subvarieties of A.

Proof. Induction on dim(X). For dim(X) = 0 it is trivial. If X(K) is finite we are
done. Let T be a positive dimensional irreducible component of X(K). Note that
T is geometrically irreducible since T(K) is Zariski dense in T. From Thm. 3.1 it
follows that Ty = Sp(T}). Let B := Stab(T)%,; note that (Stab(Z%))° = ((Stab(T)°);
hence B; is a non-zero abelian subvariety of Ax by Thm. 2.1, and we see that B is
an abelian subvariety of A. By induction, T'/B is a translate of an abelian subvariety
C/B of A/B, where C is an abelian subvariety of A containing B. It follows that T
is a translate of C. ]

3.3 Remarks. This theorem proves the conjecture by Lang from 1960, cf. [37],
page 29, which is a special case of (LC).

It does happen that the dimension of the Zariski closure of X(K') depends on the
choice of K (and hence I do not agree with “..that the higher dimensional part of
the closure of X (number field) should be geometric; i.e., independent of that number
field”, cf. [81], page 22, lines 11-12). As an easy example one can take X = A = E,
an elliptic curve which has only finitely many points rational over K. One can remark
that the top dimensional part is not geometric, but its dimension eventually is.

Note that Thm. 3.2 does not generalize directly to semi-abelian varieties (e.g.,
take an elliptic curve E C P? over a number field K such that E(K) is not finite, and
remove the 3 coordinate axes, obtaining U C Gy, X Gnj one can also take a singular
rational curve or a conic instead of E). O

4 Related Conjectures and Results

4.1 Integral Points

Suppose S is a finite set of discrete valuations on a number field K, and let R := Og be
the integers outside 5. One can consider points “over R”. For curves it turns out to be
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essential that the curve has only finitely many automorphisms (this condition became
natural in the Kodaira-Parshin construction), and now we have a better understanding
of theorems of Siegel and Mahler: if C is either Py ~ {0,1,00}, or E — {0} (where E
is an elliptic curve over R), or C is a curve over K of genus at least two, then C(R)
is finite (cf. Siegel [74], Mahler [44], Faltings [22]; see the discussion on page 319 of
[37]; for the first case see [12]). For a generalization, see [19].

In (23] Faltings gives an example that one cannot hope for finiteness of integral
points on an open set in an abelian varieties (in case the open set is not affine).

See [36], page 219 for a conjecture concerning finiteness of number of integral
points on an affine open set in an abelian variety.

See [83], Thm. 0.2 for the statement of a result which generalizes this conjecture:
take R as above, take a closed subscheme X of a model A over R of a semi-abelian
variety A over K; the set of integral points on X’ is contained in a finite number
of translates of semi-abelian subvarieties (Definition: A group variety A is called a
semi-abelian variety if it contains a linear group L C A such that L is an algebraic
torus (i.e., product of copies of Gn, over the algebraic closure of the field of definition),
such that A/L is an abelian variety, i.e., if A is the extension over an abelian variety
by an algebraic torus). We see, cf. [83], Coroll. 0.5, that on a semi-abelian variety, in
the complement of an ample divisor we have only finitely many integral points.

4.2 Torsion Points on Subvarieties

Manin and Mumford studied a question which was settled by Raynaud:

4.3 Theorem. (Manin-Mumford conjecture, proved by Raynaud, cf. [60], Thm. 1)
Let A be a complex torus (i.e., €¢ modulo a lattice), and let S C A be the image of
a Riemann surface into A. Suppose that S is not the Riemann surface of an elliptic
curve (i.e., not the translate of a subtorus). Then the set of torsion points of A

contained in S is finite.

More generally one can consider a subgroup of finite type (i.e., finitely generated as
Z-module, or take it of “finite rank”, see below) inside an abelian variety and intersect
with a subvariety (cf. [45], translation page 189, see [36], page 221).

We see that [38], page 37, Conjecture 6.3 can now be derived from the existing
literature (Liardet, Laurent [41], Hindry [29]: see the discussion on pp. 37-39 of [38],
use Faltings [23]):

Consider a semi-abelian variety A over C, a finitely generated subgroup
Ty C A(C), and a subvariety X C A. Let

I:={a€ A(C) | In € Z5o withn-a € To}.

Then X contains a finite number b; + B; of translates of semi-abelian
subvarieties of A such that

XO)nrI C U(b,'-}-B,‘((C)) c X.
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