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From S C SUT and T' C SUT we find L(S) C L(SUT) and L(T) C L(SUT)
(part (1) of Proposition 3.33), so L(S)UL(T) C L(SUT). Since L(SUT) is
a linear subspace, we then find from Lemma 3.29, applied to L(S) U L(T),
that

L(S)+ L(T) = L(L(S) UL(T)) C L(SUT).
For the converse we use that S C L(S) and T C L(T), so
(SUT) C (L(S)UL(T)) C L(L(S)U L(T)) = L(S) + L(T).

Since L(S)+L(T) is a linear subspace, we then obtain L(SUT) C L(S)+L(T)
from Lemma 3.29. Together these inclusions prove L(SUT) = L(S)+L(T).
If U; and U are contained in U, then so is the union U; U Us and by
Lemma 3.29, so is L(U; UUs) = Uy + Us.

No, because the intersection is not equal to {0}, because, for example, the
function f given by f(x) = 22 — z is contained in U; N Us.

The first is not linear because 0 (that is, (0,0,0)) does not map to 0 (that
is, (0,0)). The second is not linear, because if we call the map f, then we
have f(2el) = (47070) and f(el) = (17070)a S0 f(261) 7é 2f(61)7 S0 f does
not respect scalar multiplication. The others, so (3), (4), (5), and (6), are
linear.

(1) Let z,y € R? be two points. Then the points 0, x, z + y, y are the ver-
tices of a parallelogram, with the points lying in that order around the
perimeter. Since the rotation p preserves angles, the images p(0) = 0
and p(z), p(y), p(x+y) also form a parallelogram, in that order around
the perimeter. This means that we have p(z + y) = p(x) + p(y). Be-
cause p also preserves distances, we also have p(Ax) = A\p(z), so p is a
linear map.

(2) Theimage of (1,0) is (cos 8, sin §) and the image of (0, 1) is (—sin 6§, cos 9).

(3) Since p is linear, it sends (z,y) = 2(1,0) 4+ y(0, 1) to (use part (2))
zp((1,0)) + yp((0,1)) = z(cos b, sin 0) + y(— sin b, cos §)

= (zcos@ — ysinb, xsin f + y cosh).
(1) By Example 4.21 we have p? + p = —id. Therefore, Proposition 4.26
yields
fog=(p—id)o(p+2id)
=pop—idop+po(2id) —ido(2id)
=p? —p+2p—2id
= (p* +p) — 2id = —id —2id = —3id.
We similarly obtain go f = —3id.

(2) From part (1) we obtain fo (—3g) = (—3g) o f =id, so (—3g) is the
inverse of f, so f is an isomorphism. Similarly, (—% f) is an inverse of
g, so g is an isomorphism as well.

(0) We moeten bewijzen dat 7y lineair is. Laat vy en vg in V' zijn, en A

in F. Dan zijn er unieke uy € U en v € U’ zodat v1 = u; + uj. Ook
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zijn er unieke uy € U en uhy € U’ zodat va = ug + uh. Per definitie
gelden 7y (v1) = uy en my(ve) = uz. We hebben:

v +ve = (ug +u)) + (uz +ubh) = (ug +ug) + (uf +ub),

en omdat U en U’ deelruimten zijn hebben we u;+us € U en uj+uf € U’
dus dit zijn de unieke elementen van U en U’ waarvan de som vy + v
is. Er geldt dus my(v1 + v2) = u1 + ug = my(v1) + 7o (vz2).

(1) De definitie van 7y geeft im(my) € U. We gaan de andere inclusie
bewijzen. Laat v € U. Dan my(u) = u, want u = v +0en v € U
en 0 € U'. Nu bewijzen we ker(my) = U’ door de twee inclusies te
bewijzen. Laat v € U'. Dan v = 0+ v met 0 € U en v € U’ dus
7y (v) =0 en v € ker(my). Stel nu v € ker(ny). Er unieke u € U en
v elU metv=u+u". Dan 0 =ny(v) =u,dusv=0+u € U".

(2) Laatv € V,enu € U en v’ € U’ de unieke elementen zodat v = u+u'.
Dan 7y (v) = u, en omdat u =u+0met u € U en 0 € U', my(u) = u.
Dus voor alle v in V hebben we 7y (7 (v)) = 7y (u) = u, dus myory = 7.

(3) Laat v € V. Laat u € U en v/ € U’ de unieke elementen zijn met
v=u+u". Dan (idy —7y)(v) = idy(v) —my(v) =v —u =u'. Aan
de andere kant geldt my/(v) = w'. Dus voor alle v € V geldt dat
(idv —ﬂ'U)(U) = WU/(U), dus idv —Ty = Ty:.

4.2.6 (1) Laat v € V. We berekenen:
m(v —7(v)) = w(v) = w(7(v)) = 7(v) = (7o 7)(v)
=m(v) —m(v) =0.
Dus v — 7(v) is in ker(7) = U’.

(2) We laten zien dat U N U’ = {0}. Laat v € UNU’. Dan v € U’, dus
m(v) =0 Ook: v € U, dus er is een w € V met v = w(w). Dan geldt
0 =m(v) = 7(n(w)) = m(w) = v. Nu laten we zien dat U + U’ = V.
Laat v € V, dan v = w(v) + (v —7(v)), met w(v) € U en v —m(v) € U’
vanwege (1).

(3) Voor elke v in V hebben we v = 7(v) + (v — 7(v)), met w(v) € U en
v —m(v) € U’, en deze ontbinding is uniek omdat U en U’ comple-
mentair zijn in V, dus geldt w(v) = 7y (v). Dit geldt voor alle v, dus
m™=Ty.
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417 n= 2, W =R?, C = ((cosf,sinb), (—sin b, cos ).
418 n=2, W =R2 C=((0,-1),(-1,0)).
4110 n=2, W =R?, C=((2,% ,(g -2)).
4111 n=2, W =R? C=((-3.2),(%,2)).
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432 (1) Wetakem—n W =F,and C =
the 1 on the j-th position.
(2) The same: a = (0,0,...,0,1,0,...,0) € F™, with the 1 on the j-th
position!

,0,...,0,1,0,...,0) € F", with



