Uitwerkingen werkcollege 7.

3.4.10 In all three cases it is clear that v} € L(vy,va,...,v,) for all i € {1,...,n}.
For each of the three cases we now show that we also have v; € L(v{,v5, ..., v,
for all ¢ € {1,...,n}. Indeed, in case (1), this follows from the fact that
we have v; = A7), In case (2), we have v = v}, — Avj. In case (3), we
have v; = v} and vy = vj. Hence, it follows from Lemma 3.32, applied to

S =A{v1,...,v,} and T = {0}, ..., v}, that we have

L(vi,vh,...,v) = L(vi,va,...,v,) = W.
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5.6.2 Identify x with an n x Imatrix and y with an m x 1 matrix. Then as in
Remark 5.33 we have

(Mz,y) = (Mz)" -y=(z"M")-y=a’ - (MTy) = (z,My).

5.6.3
-2 1 4 3
_— (-4 2 8 6
a -b=(24), a-(b')= 6 3 12 9
-8 4 16 12
6.1.3
01 00 1 0 0 0
1 0 0 0 -2 1 0 0
Bi=NMz2=1g 9 1 ¢ Be = Mza(=2)- Maa() = | " g ¢
0 0 0 1 1 0 0 1
1 0 0 0 1 0 0 O
01 0 0 01 0 O
B3—M32(4) M42(5)— 0 4 1 0 B4—M4,3(*1)_ 0 0 1 0
0 5 0 1 00 -1 1
1 0 0 O 1 0 0 O
01 0 O 01 0 0
B5 = M3,4(—3) = 00 1 -3 B6 - M4,3(_2) - 0 0 1 0
00 0 1 00 -2 1
1 000 10 0 0
01 00 01 0 O
Br=Nsa=1|g o 0 1 Bs=Mis(=4) =1, o 1 o
00 10 00 —4 1
1 0 0 O
0 -1 0 O
Bo=Li=D=1¢g o 1 o0
0O 0 0 -1

B=DBy-Bs -B;-Bg-Bs-By-Bs- By By.
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These answers are not unique (though it should be relatively easy to check
any other answer: they should be in row echelon form as well, and they
should have the same row space).

, (111 , (1 01 8
A1_<010>’ A2_(01120>
1 0 -2 1 3
A= 0 1 1 A= 0 1 A’—(l _2>
3 ) 4 — 9 5 — 0 1 .
00 1 0 0

We gebruiken dat ker(A) = ker(A’), met A’ de gereduceerde rijtrapvorm
van A. Deze is zelfs in gereduceerde rijtrapvorm. We noemen de variabelen
T1,...,Tg. De kolommen met spillen zijn kolommen 2, 3 en 5. Dus de
kolommen zonder spil zijn kolommen 1, 4 en 6, dus de vrije variabelen zijn
Z1, x4 en xg. De eerste rij van A’ geeft: 19 = —2x4 + bxg. De 2e rij geeft
x3 = 2x4 — 3x¢, en de 3e rij geeft x5 = —xg. Voor de eerste voortbrenger
nemen we (1,24, 2¢) = (1,0,0), en dat geeft w; = (1,0,0,0,0,0). Vervol-
gens nemen we (r1,24,2) = (0,1,0), en dat geeft wy = (0,—2,2,1,0,0).
We nemen (z1,24,26) = (0,0,1) en dat geeft wg = (0,5,—3,0,—1,1). In-
vullen geeft dat de wy, inderdaad in ker(A’) zitten. We merken op dat we
inmiddels (Hoofdstuk 7) weten dat deze voortbrengers onathankelijk zijn
(zie hun le, 4e en 6e coordinaten), en dat dus (w,wy,ws) een basis van
ker(A) is.

1
1 3 6+2 . 176 = 70)
01 2(d+i) ) with kernel generated by w = —1—7(;1 +1)
1 -3 3 -1
0 1 —% with kernel generated by w = %
0 0 1
0 2
0 0 -1 -2 1 -6
1 -1 2 6 with kernel generated by w3 =|1| enws =1 0
0 0 1 0 0 0
0 1
1 0 -1 0 1
0 1 1 . -1
0 0 0 1 with kernel generated by ws = 1
00 0 O 0

6.3.5 (1) If fa is injective, then the kernel of A is trivial, that is, ker A = {0}.

Therefore, every column in a row echelon form A’ for A contains a
pivot. This means there are n pivots, and as each of the m rows
contains at most one pivot, there are at least n rows, so m > n.

(2) If Ais invertible, then f4 is an isomorphism, so both f4 and its inverse
fa-1 are injective. Applying part (1) to both A and A~! we find both
m>nand n > m, som =n.
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6.3.6 Note that since f4 is linear, the hyperplane H contains 0. We answer this
question in two different ways.
(1) The projection 7z : R* — R* and the reflection sy = fa: R* — R*

are related by sy = 2wy — id by Example 4.22, or, equivalently,
2ng = sy +id = fa +id = fa + fr = fatr. The image of 7y (and
therefore of of 27y) is therefore equal to the image of fa.r, which is
the column space of

12 —4 -2 2
1 —4 6 -4 4
A+I=z1_9 4 12 2
2 4 2 12
This is one way to answer the question, as it does not ask for a spe-

cific way to represent it. We could now also find a normal of H by
computing the kernel of A+ I. A row echelon form for 7(A + I) is

1 216
01 0 2
0 0 1 1
0 0 0O
so the kernel is generated by
-1
-2
a=_11:
1

which means that we have H = a=+.

Set L = H*, which is a line through 0 The projection 77 : R* — R*
and the reflection sy = fa: R* — R?* are related by sy = id =271, by
Example 4.22, or, equivalently, 27y, = id —syg =id—fa4 = fr_4. The
image of 7z, (and therefore of 27y) is therefore equal to the image of
fr—a, which is the column space of

2 4 2 =2

1 4 8 4 -4

I=A=z-19 4 2 _o

-2 -4 -2 2
The columns of I — A are all multiples of the vector
1
2
b= N

-1

so L is generated by b and we have H = b*.



