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1 Wednesday, 7 April 2004

Theo discussed some abstract things, he described:

lim
→ K

H1(ShK(GL2(Q), H±)Q,Fk,l) =
⊕

f newform of weight k

πf ⊗ ρ∨f,l,

which has an action byGL2(f ) × GQ with Fk,l = Symk−2(R1π∗Ql). Theo proved that this

exists. Hereπf is an irreducible smooth representation ofGL2(Af ) andρf,l is an irreducibleGQ

representation of dimension2. (This is also a way to state multiplicity one.)

For all primesp one hasρf,l restricted toGQp , calledρl
f,p, andπf,p, the latter being a repre-

sentation ofGL2(Qp).

Local Langlands says howπf,p andρl
f,p are related.

You want to know the theorem???? Here it is.

Theorem 1 (Langlands, Eichler-Shimura, Deligne, Carayol)The representationsπf,p and

ρl
f,p, up toF -semisimplification, determine each other, under the assumptionl 6= p.

This is much stronger than multiplicity one. It is in particular an explicit rule. One usually

wants to understand the Galois representations, so one can translate them to the automorphic

side. In the unramified case, one asks what the eigenvalues of Frobenius are (can be read off

from eigenvalues of Hecke operators). In the ramified places it is not so easy. That’s where the

theorem is useful. It is not true that the theorem only says that the L-functions are the same.

∗Notes typed by Gabor Wiese.
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At the interesting places in fact thep-factor of the L-function is just1. So the statement about

L-functions is valid all places, but gives little information at the bad places.

The proof uses a characterisation ofπf,p andρf,p by ε-factors of a lot of twists. Theseε-factors

come from the constant in the functional equation. They come mostly from the ramification.

Why do we want to talk about Weil-Deligne represenations? Above we had to chose a prime

l and work overQl; this can be avoided.

The right way to formulate local Langlands is to use Weil-Deligne representations and NOT

Galois representations!!!

Situation:p prime as before,Qp, Zp integers inQp, GQp → GFp

∼= Ẑ (via sending arith-

metic Frobenius to1). Take inverse image ofZ and call itWp, theWeil group. Take the map

d : Wp → Z, which we calldegree.

Look at the abelian case (class field theory):

Gab
Qp

= Q̂∗p

We have the exact sequence

Z∗p ↪→ Q∗p � Z,

where the last arrow is the valuationv.

The Weil groupWp has a topology as follows: The kernel ofGQp → GFp is the inertia

groupI. Put the old topology onI and the discrete topology onZ (I is open).

One usually does not define a Weil-Deligne group, but only its representations. As a reference

one can consult Tate’s article in the Corvallis proceedings.

A representation of the Weil-Deligne groupis

• a continuous representationWp → GL(V ) for V a vector space with the discrete topology,

typically overQ, and

• a nilpotent endomorphismN of V such thatwNw−1 = pd(w)N for all w in Wp.

Last time we had a statement that under certain conditions there is a bijection of continuous

l-adic representations and Weil-Deligne representations.

Now turn to the Bourbaki text from 2000, appendix B. One should look at some examples of

Weil-Deligne representations..

Recall the exact sequence defining the inertia group. The wild inertia group is normal inside

the inertia group and the quotient is called the tame inertia, which is the product ofZl(1) with

l-running through all primes not equalp. The tame group is also the projective limit ofF∗pn

running over alln.
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(“N =logarithm of monodromy”) If you takeN : V → V (1), thenN is independent of

choices.

Now finally the example I wanted to give. What is nice? There are a few things that are nice.

If you work with modular forms, you automatically get representations toQ-vector spaces. On

the Galois side, we always have to choose anl and the representation really depends on it. But if

we work with the local Galois group we don’t need thatl, and that is good! But it is a non-trivial

statement (if we don’t believe local Langlands).

Question from audience: Is there an easier proof for this than local Langlands for modular

forms? Answer: Yes, definitely. But in general not so easy.

The case off (an eigenform) in weight2 (then we have more geometry, we can work with

abelian varieties). So letf be an eigenform forΓ1(N), characterε and weight2. I try to describe

the Weil-Deligne representation associated at the primep by geometry. That has nothingl-adic

in it!

We work withJ1(N)Q = Pic0
X1(N)Q/Q. Let T be the subring ofEnd(J1(N)Q) generated by

the Hecke operatorsTn and the diamond operators. It is easier to stay at a finite level, but we

could also do it in the direct limit.

Let K beQ(an(f)), the coefficient field. Thenf gives a morphismT → OK sendingt to

(t∗f)/f .

Let AQ := OK ⊗T J1(N)Q. If OK = T/I, thenAQ = J1(N)Q/IJ1(N)Q and AQ has

multiplications byOK (because we made it like that). Moreover,dim AQ = dimQ(K).

Let Qp → F ⊂ Qp be a finite Galois extension such thatAF has a semi-stable modelA over

OF . A semi-stable model is a model of which the fibre atp is an extension of an abelian variety

by a torus. Such a semi-stable model is unique.

The uniqueness ofA implies that for allσ ∈ G(F |Qp) we have the cartesian diagrams

A
[σ] //

��
�

A

��
Spec(OF )

Spec(σ)// Spec(OF )

and withOF � kF (residue field)

AkF

[σ] //

��
�

AkF

��
Spec(kF )

Spec(σ)// Spec(kF ).

Idea: Used : Wp → Z to undo the action onkF .
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We get:Wp →
(
Q ⊗ EndOK

(AkF /kF
)
)∗

. We send aσ ∈ Wp to [σ]−1 Frob
d(σ)
abs . (Frobenius

commutes with everybody... It’s an endomorphism of the identity functor.) You can do better by

replacingQ by Z[1/p]. This already is a piece of the Weil-Deligne representation.

Let us now describe the Weil-Deligne representation: We want the action on some vector

space. Let’s distinguish two cases. First that of good reduction. ThenAkF
is an abelian variety

overkF with the given multiplications byOK .

The ringQ⊗ EndOK
(AkF /kF

) is a semi-simpleK-algebra of dimension less or equal4, so a

quaternion algebra or a quadratic extension ofK (it cannot beK). Let’s remark that Frobenius

commutes withOK .

Put

Wp → Q⊗OK
EndOK

(AkF /kF
) ⊂ GL2(Q)

This is our Weil-Deligne representation if we embed it reasonably, that is to say that the embed-

ding intoGL2(Q) comes from embeddings ofQ-algebras. Because of good reduction,N is zero,

i.e. the monodromy is trivial. Thel-adic representation becomes unramified overF (Serre-Tate).

We now do the case of bad reduction. ThenAkF
is a torus andQ ⊗ Hom(Gm,Fp

, AFp
) is a

1-dimensionalK-vector space. So we have a characterχ : Wp → K∗.

This determines a unique2-dimensional Weil-Deligne representation overK with N 6= 0

and the given character on the kernel ofN .

(The character determines the action on a line. How to make theN? TakeK ⊕ K,

N =

(
0 1

0 0

)
. On the firstK take above characterχ, on the other another characterχ′.

Thenχ′ is determined by the commutativity relation.)

Next time I’ll give a kind of classification of2-dimensional Weil-Deligne representations at

primesp > 2. (Forp = 2, the difficult case is whenN = 0. There are cases when wild inertia

does not act through characters, which can only happen ifp = 2.)

2 Wednesday, 16 June 2004

Theo described earlier:

lim
→ K

H1(ShK(GL2(Q), H±)Q,etFk,l),

which has aGL2(Af )×GQ-action and is equal to⊕
f newform of weight k

πf ⊗ (ρl
f )
∨

with πf a smooth irreducible representation ofGL2(Af ) on aQl-vector space. But it has a natural

Q-structure.
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We haveπf =
⊗′

p πf,p, whereπf,p is an irreducible representation ofGL2(Qp) on a Q-

vector space. For allp we haveρl
f,p := ρl

f |GQp
a continuous representation on aQl-vector space

of dimension2. Of course,ρl
f has noQ-model. However, locally it has one in terms of Weil-

Deligne representations (cf. Gabor’s talk in this seminar).

Recall the exact sequence

Ip ↪→ GQp � GFp
= Ẑ.

TheWeil groupis defined as the preimage inGQp of Z ⊂ Ẑ. The resulting mapd : Wp → Z is

called thedegree map. The statement now is the following:

For all p and alll there exists a2-dimensionalQ-vector spaceV with a continuous

action byWp (we considerV with the discrete topology) and a nilpotent

N : V → V

such that

wNw−1 = pd(w)N

and:

If l 6= p, then(V, N) gives us theρl
f,p as follows (depending on two choices: that of

a Frobenius elementΦ in Wp and that of a topological generator oflim
←

µln(Qp)):

ρl
f,p(Φ

nσ) = ρf,p(Φ
nσ) exp(tl(σ)N)

for all n ∈ Z and allσ ∈ Ip.

As a reference one can consult Tate’s Corvallis paper. Ifl = p, then we also have such a

concept, using Fontaine functors.

Theorem 2 (Eichler-Shimura-Langlands, Deligne, Carayol)For all p we have thatρF -s.s.
f,p cor-

responds toπf,p via a suitably normalised local Langlands correspondence.

F -semi-simplification means the semi-simplification as aWp-representation (N acts auto-

matically on it).

Today:I try to describe a little theρf,p enπf,p.

One has the following“Classification” of the 2-dimensionalF -s.s. WD-representations of

Qp overQ.

Let p be a prime number and(V, N) a 2-dimensional WD representation withV a Q-vector

space. SupposeV is semi-simple as aWp representation. Then(V, N) is in exactly one of the

following:
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(i) Decomposable:N = 0,

(
α 0

0 β

)
.

(ii) Indecomposable, but reducible asWp-representation: N =

(
0 1

0 0

)
(choose basis so

that this holds) andw 7→

(
α(w)pd(w) 0

0 α(w)

)

(iii) Irreducible, but inertia acts reducibly: N = 0, Ind
WQp

WK
α with Qp ↪→ K a quadratic exten-

sion andα 6= ασ a characterα : WK → Q×.

(iv) Ip acts irreducibly: N = 0, p = 2. This is calledextra-ordinary, and up to twist there exists

only a finite number of them. Look at Weil: Exercises dyadiques.

Let’s say something about the “proof”.

ForN 6= 0 it is simple, because the kernel ofN is stable under the group. So supposeN = 0.

Now we only have a Weil representation, the Deligne aspect has vanished.

There is the fact that every irreducible representation overQ of a finitep-group has dimension

a power ofp. Thus is2 a power ofp, hencep = 2 as claimed. So assumep 6= 2. Suppose now

we are in case (iii). ConsiderP(V ) the set of lines in the vector space: it has trivialIp-action or

not. These two cases give the result, which is not difficult. In general the problems come from

(iv).

Let’s make a remark: What about the non-F -semi-simple ones? TheirF -semi-simplifications

are all in case (i).

For a fixed modular formf the Weil-Deligne representationρf,p is unramified for almost all

p, actually for allp - level(f) = conductor(πf ).

The semi-simplification ofρf,p corresponds toπf,p. The left one is given by the two eigen-

values ofΦ, and the right one? We want to describe this in the following case:ρF -s.s.
f,p = α⊕ β.

For

µ1, µ2 : Q×p → Q×

we havev : Q×p → Z. Giveµ1, µ2 by giving an image for the preimage of1 ∈ Z. Make

V (µ1, µ2) := {f : GL2(Qp) → Q|fcontinuous, f(

(
x y

0 z

)
.g) = µ1(x)µ2(z)f(g)}.

On it we have aGL2(Qp)-action:(g.f)h = f(h.g).
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Another description.V (µ1, µ2) = Ind
GL2(Qp)
B (µ1, µ2) for the induction in a suitable category

of representations. Here

Borel � T = Q×p ×Q×p → Q×

with

(
x y

0 z

)
7→ (x, z) 7→ µ1(x)µ2(z).

Yet another description isH0
smooth(B\G, V ).

Why do we call this an induction?

HomG(W, IndG
BV ) = HomB(W, V )

Attention. Do not permute them (in case of finite groups in Frobenius reciprocity one may).

A remark: This is “naive” induction.B is not unimodular. People also use “unitary” induc-

tion (e.g. Langlands).

Theorem 3 If µ1µ
−1
2 6∈ {1, |.|2p}, thenV (µ1, µ2) is irreducible.

Notation:π(µ1, µ2) is called aprincipal series representation.

One has: π(µ1, µ2) ∼= π(µ′1, µ
′
2) if and only if (µ1, µ2) = (µ′1, µ

′
2) or

(µ′1, µ
′
2) = (µ2|.|p, µ1|.|−1

p ).

Theorem 4 (Langlands) If πf,p
∼= π(α, β), thenρF -s.s.

f,p
∼= α|.|p ⊕ β. (Local class field theory.

Wp
∼= Q×p )

As a reference one can consult the Barcelona text by J.-B. Nortier.
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